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1 Introduction

This introduction starts with an overview about classical twisted K-theory and an outline
of some of its applications, where we restrict our attention to the ones that were motivated
by mathematical physics. For the reader who is just interested in the main results and has
some background in twisted K-theory we recommend to go straight to section or [1.4]
which describe the goals of the project underlying this thesis and contain summaries of the
papers that came out of it. In particular, section is meant as a reading guide for the
following chapters.

1.1 Twisted K-theory

Twisted K-theory was first introduced by Donovan and Karoubi in [56], where it was called
“K-theory with local coefficients”. It is a functor from a category of algebra bundles over
spaces to graded abelian groups. More precisely: Let X be a locally compact, paracompact
Hausdorff space and let A — X be a locally trivial bundle of simple finite-dimensional Z/27Z-
graded complex associative unital algebras. The twisted K-group K’j(X) is defined to be
the nth K-group obtained from the Banach category of graded finitely generated projective
modules over the section algebra Cy(X, A), i.e. K4(X) = K, (Co(X, A)). The local triviality
of A — X implies that the groups are locally indistinguishable from ordinary K-theory,
which yields a justification for the name twisted K-theory.

Twisted K-theory shares some similarities with the local coefficient version of ordinary
cohomology in that it allows to circumvent orientability conditions. For example, there is
a twisted version of the Thom isomorphism, which takes the following form: Let M be a
smooth manifold and let V' — M be an oriented real vector bundle equipped with a positive
definite quadratic form. Let r be the rank of V. Then there is an isomorphism [82, Thm. 4.1]

K&(V)(M) — K"(V).

The left hand side of this map is the nth twisted K-group of M with the twist given by the
Clifford bundle of V. If V' is K-orientable, which is the case if and only if V' carries a spin®-
structure, a choice of such an orientation induces an isomorphism Kg; (M) = K" (M).
This is most easily seen for vector bundles of even rank, since then the choice of a spin®-
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structure yields a Morita equivalence between C(M,Cl(V')) and C(M). In both cases the
above isomorphism boils down to the ordinary Thom isomorphism K"(M) — K" (V).

The collection of all bundles 7: A — X as above yields objects in a category B, in which
the morphisms are given by bundle maps that are fiberwise algebra homomorphisms. They
fit into commutative diagrams of the form

A2 N

ﬂl lﬂ/

X—_>X/
@

Twisted K-theory defines a functor K: B — GrAb to the category of Z-graded abelian
groups. For this functor all of the properties of a generalized cohomology theory still hold,
i.e. it is homotopy invariant, there is a relative version K;(X,Y") for pairs of spaces X DY
and corresponding long exact sequences, which boil down to 6-term exact sequences via Bott
periodicity. There is a corresponding Mayer-Vietoris sequence and K% (X) is a module over
ordinary K-theory in a natural way.

The property of being a module can be extended to a multiplicative structure on twisted
K-theory reflecting the fact that the above twists can be organized into a group. In fact,
the family of algebras considered above is closed with respect to forming tensor products.
Thus, if A — X and A" — X are two algebra bundles representing twists, their fiberwise
graded tensor product A ® A" — X yields another one. Moreover, if A is isomorphic to the
Z/27-graded endomorphism bundle End(E) — X of a Z/2Z-graded vector bundle £ — X,
the space of continuous sections Cy(X, E) provides a Morita equivalence between Cy(X)
and Cy(X,.A). In particular, K% (X) is in this case isomorphic to K*(X). A crucial caveat
in this observation is that the isomorphism is non-canonical. It depends on the choice of
E. Motivated by these facts, we define the following equivalence relation: Call two algebra
bundles A and A’ over X equivalent if there exist graded vector bundles E and E’ and an
isomorphism

A®End(E) 2 A @ End(E') . (1.1)

The equivalence classes of algebra bundles form a group classifying these twists of K-theory.
This group is called the graded Brauer group GBr(X) in [56, Sec. 2 and 3|. It was proven in
[56, Thm. 11] that for a finite CW-complex X there is a natural isomorphism

GBr(X) = H%(X,Z/27) x H'(X,Z/27) x Tor(H*(X,7Z)) (1.2)
where the group structure on the right hand side is given by

(z,y,2) - (@, )= (@ +2"y+y, 2+ 2+ By v))



1.1 Twisted K-theory

and B: H*(X,Z/27Z) — H?3(X,Z) is the Bockstein homomorphism. The multiplicative
structure of twisted K-theory alluded to above uses the fiberwise tensor product of bundles,
respectively the tensor product over Cy(X) of the corresponding section algebras and yields

Ki(X)® K(X) = K (X)

which adds the classes of the twists.

The first two factors on the right hand side of are related to the grading of the
fibers. If we consider bundles with trivially graded fibers, i.e. the ungraded Brauer group
Br(X), only the last factor survives. We have an isomorphism Br(X) — Tor(H3(X,Z))
given by the Dixmier-Douady class of a bundle of matrix algebras A — X constructed as
follows: The automorphisms of M, (C) are all inner by a theorem of Skolem and Noether,
i.e. Aut(M,(C)) = PGL,(C). Therefore this group fits into a central extension of the form

1-C"—-GL,(C) - PGL,(C) — 1.

The Dixmier-Douady class is the obstruction against lifting the automorphism bundle of A
to a principal GL,(C)-bundle. It lies in the sheaf cohomology group H?*(X,C*) & H*(X,Z)
and is torsion by a theorem of Serre [67, Thm. 1.6]. This class vanishes if and only if
A is the endomorphism bundle of a vector bundle, and it is additive with respect to the
fiberwise tensor product, which explains why it factors over the equivalence relation
to a homomorphism Br(X) — Tor(H?(X,Z)). Dixmier and Douady studied these classes in
the more general context of continuous fields of elementary C*-algebras [55], of which section
algebras of matrix bundles are particular examples.

The section algebras are also contained in the class of continuous trace C*-algebras.
These are C*-algebras that have Hausdorff spectrum, say X, and are locally Morita equiv-
alent to Cy(X). This observation was used by Rosenberg in [122] to extend the above
definition to non-torsion twists classified by the full Brauer group H3(X,Z), not just the
torsion part. Let K be the algebra of compact operators on a separable infinite dimen-
sional Hilbert space H. The group of x-automorphisms Aut(K) is a topological group when
equipped with the pointwise norm topology. It still just consists of inner automorphisms, i.e.
it is isomorphic (as a topological group) to the projective unitary group PU(H) equipped
with the strong-* operator topology. The unitary group U(H) is contractible in this topology
[54, Thm. 10.8.2], therefore PU(H) is a model for the Eilenberg-MacLane space K(Z,2).
Locally trivial algebra bundles with fiber K are thus classified by

X, BAut(K)] 2 [X, BPU(H)] = [X, K(Z,3)] = H3(X,Z) .

The section algebras Cy(X,.A) of such bundles correspond precisely to the stable continuous
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trace C*-algebras. If A — X represents the class [A] € H?(X,Z), then the definition
K (X) = K,(Cy(X, A)) of the corresponding twisted K-groups is just the same as above.

Atiyah and Segal chose a slightly different approach to twisted K-theory in [8], which
is closer to index theory and uses bundles of Fredholm operators. This point of view is
motivated by a theorem of Atiyah and Janich, which states that the space Fred(H ). of
Fredholm operators on an infinite dimensional separable Hilbert space H equipped with the
norm topology represents the group K°, i.e. K%(X) = [X, Fred(H). ]. By Kuiper’s theo-
rem the unitary group equipped with the norm topology U(H)). is contractible, hence if
PU(H)|.| denotes the projective unitary group equipped with the corresponding quotient
topology, then we still have BPU(H )., ~ K(Z,3). The group PU(H)).| acts continuously
on Fred(H)|. . Thus, if A — X denotes the bundle of compact operators associated to
a principal PU(H)).-bundle P — X and F|; — X is the associated bundle with fiber
Fred(H)).|, we obtain an isomorphism K7%(X) = [X, F|.], where the right hand side de-
notes the homotopy classes of sections of F . The major disadvantage of this setup is,
however, that it does not generalize easily to the case of equivariant twisted K-theory, since
projective unitary actions of compact groups are often only strongly continuous and not
norm-continuous.

Atiyah and Segal found an elegant solution for this problem: Instead of Fred(H ). they
considered the space

Fred (H) = {(A, B) € B(H) x B(H) | AB—1 €K, BA—1€K}

equipped with the subspace topology inherited from the embedding (A, B) — (A, B, AB —
1, BA—1) into B(H)x B(H) x Kx K, where B(H ) denotes the bounded linear operators on H
equipped with the compact-open topology and K are the compact operators with the norm
topology. The topological group PU(H) equipped as above with the strong-* topology acts
continuously on Fred'(H). Thus, if P is a principal PU(H)-bundle with associated bundle
of compact operators A and associated Fred'(H)-bundle Fred'(P), we have an isomorphism
K*%(X) 2 [X,Fred'(P)] by [8, Thm. 3.4]. Let G be a compact group acting continuously
on the space X and choose H = L*(G) ® (*(N). Let P — X be a G-equivariant principal
PU(H )-bundle over X with local trivialisations that are compatible with the stabiliser groups
[8, Section 6]. The equivariant twisted K-theory can now be defined as the homotopy classes
of equivariant sections of the associated bundle F — X with fiber Fred'(H). This definition
was carefully studied and refined for discrete and proper actions in [10].

10



1.2 Applications of twisted K-theory

1.2 Applications of twisted K-theory

1.2.1 Loop groups and twisted K-theory

Let G be a compact, simple, connected and simply connected Lie group. In a series of three
papers Freed, Hopkins and Teleman proved a surprising isomorphism between the equivariant
twisted K-theory of G acting on itself by conjugation and the representation theory of the
free loop group LG [62, [64, 63]. The assumptions on G imply that H3(G,Z) = Z. An
explicit equivariant twist A — G representing the generator is constructed in [62, Sec. 2.4]
in terms of a central U (1)-extension of a groupoid, but we will not go into the details here. Let
A(k) = A®* where we understand negative values of k to mean the |k|th tensor power of the
bundle of opposite algebras. Let h(G) € Z be the dual Coxeter number of G. By a positive
energy representation of LG at level £ we mean a unitary representation of [jék x T, on a
Hilbert space H, where LG), denotes a central U (1)-extension of LG (these are parametrized
by k € Z) and the torus group T acts via rotations. Furthermore, H satisfies the positive
energy condition, which means that the weight decomposition

H=DH(n)

neL

with @ € T acting by €™ on H(n) satisfies H(n) = 0 for n < 0 and dim(H (n)) < oo for
n > 0. Denote by Rep,”(LG) the additive group completion of the monoid of isomorphism
classes of positive energy representations at level k with respect to the direct sum. This
group is in fact a ring with respect to the fusion product which preserves the level. It is
called the Verlinde ring. The main theorem of [64] states the following:
K& i (G) = Repp™(LG) .

This is an isomorphism of rings, where the multiplicative structure on the left hand side
arises from the push-forward with respect to the group multiplication yu: G x G — G.

The above theorem is particularly interesting in light of Chern-Simons theory, since it
proves that its dimension reduction is related to twisted K-theory. To see what this means,
let Cob,, ,—1 be the category, which has (n — 1)-dimensional closed smooth manifolds as its
objects and n-dimensional cobordisms between them as its morphisms. The composition is
given by gluingﬂ The category Cob,, ,,—1 is a monoidal category, where the tensor product is
defined to be the disjoint union and the unit object is the empty set. Classically, a topological
quantum field theory is a monoidal functor Z: Cob,, ,,—1 — Vectk, where Vectyi denotes the

!The details of the precise construction of Cob,, ,—1 are quite technical. Since we just aim at giving a sketch
of the setup here, we omit them.

11
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linear category of K-vector spaces. The category Cob,, ,_1 can be extended to a 2-category
Coby, n—1,n—2, which has closed smooth (n — 2)-manifolds as its objects, (n — 1)-cobordisms
as l-morphisms and n-cobordisms between the (n — 1)-cobordisms as 2-morphisms (these
have to be manifolds with corners). Likewise, there is a natural extension of the right hand
side given by the 2-category Caty of K-linear categories. Again, both sides can be equipped
with suitable monoidal structures. An extended (3-tier) topological field theory consists of a
monoidal functor Z: Cob,, 1 n—2 — Caty. In the case n = 3 Reshetikhin and Turaev proved
that Z(S%) is a modular tensor category, which completely determines the functor Z. They
also managed to construct a 3-tier TQFT starting from a given modular tensor category
[143, Chap. IV]. Since the category of positive energy representations of a Lie group G as
above is modular, there is a corresponding TQFT with K = C associated to it, which is
Chern-Simons theory. Given a 3-tier TQFT Z it is easy to construct an ordinary TQFT from
it via Z/(M) = Z(M x S'). This process is called dimension reduction. For n = 3 this will
be a 2-dimensional TQFT. These have been fully classified [I]. Again they are completely
determined by the vector space Z'(S'), which turns out to be a Frobenius algebra. In the
case of Chern-Simons Theory the dimension reduction is the complex Verlinde ring and
the Freed-Hopkins-Teleman theorem can be seen as the statement that twisted K-theory
provides its integral refinement [61].

1.2.2 D-Branes and twisted K-theory

Another application of twisted K-theory is also closely related to theoretical physics. To
motivate the idea, we consider classical electromagnetism first: The (vacuum) Maxwell equa-
tions on a spacetime M with Lorentzian metric g can be written as dF' = 0 and d*F = 0 for
a 2-form F € Q*(M). They are obtained by minimizing the action

S:/F/\*F.
M

The 2-form F'is called the strength of the electromagnetic field. However, it does not describe
the field completely as it does not account for topological effects like the Aharanov-Bohm
effect. The more fundamental object is a hermitian line bundle L — M together with a
unitary connection that induces a parallel transport

Ay Ly — L,

for a smooth path ~v: I — M with v(0) = x and (1) = y. The field strength corresponds
to the curvature of the connection on L and can be obtained from A by applying it to
infinitesimally small closed curves.

12



1.2 Applications of twisted K-theory

A similar situation occurs in string theory [I30]: By general relativity the pseudo-
riemannian metric g of a spacetime M satisfies Einstein’s field equations, which can be
reformulated by saying that it is a critical point of the action

S(M,g) :/ R dvol,
M

where R is the scalar curvature of g. The low energy expansion of the action in string theory
contains the above term as its zeroth order and can be written as

SlOW(M,g,H):/(Rdvolg+H/\>kH)

M

with H € Q3(M). Following the above philosophy, H should again be a curvature of a con-
nection on some bundle. However, since it is a 3-form it does not fit into the classical setup.
This lead to the definition of gerbes, which are generalizations of line bundles. Isomorphism
classes of them are classified by H?(M,Z) instead of H*(M,Z). The gerbe that appears in
string theory is called the B-field on M and can also be viewed as a line bundle over the
loop space LM. Tt has H € Q*(M) as its 3-curvature, which turns out to be closed and
represents the image of the class of the B-field in H?(M,R). Note that in this picture we
can also view the B-field as a twist of K-theory over M.

The connection on the B-field yields a notion of parallel transport along surfaces ¥ in
M (called world sheets in string theory). In this picture ¥ should be seen as a generalized
path in M from a set of ingoing boundary circles to outgoing boundary circles. Instead of a
moving point, > describes moving closed strings in M. In recent years string theorists also
considered moving open strings (i.e. intervals) in M. In this case, the submanifolds Y C M,
on which strings are allowed to start respectively end are called D—Branesﬂ

If the B-field is trivial, then the D-Branes come equipped with vector bundles carrying
connections. They describe the boundary conditions at the end of the string and their class
in K-theory is called the charge of the D-Brane [I52]. This is no longer true in the presence
of a non-trivial B-field, where the transition data for the vector bundle over the D-Brane is
modified by the gerbe. However, this data still yields a class in twisted K-theory, where the
twist is classified by the Dixmier-Douady invariant of the gerbe in H*(M,Z).

These observations motivated the definition of bundle gerbes [2I]. They can be de-
scribed as central U(1)-extensions of certain groupoids. Modules over bundle gerbes yield
an elegant geometric picture of twisted K-theory in case of torsion twists. The classes here
are represented by twisted versions of vector bundles as described above.

2The D stands for Dirichlet as in “Dirichlet boundary conditions”.

13



1 Introduction

1.2.3 Topological T-Duality

As we have seen in the last section, twisted K-theory arises quite naturally when dealing with
the low energy approximation of string theory. Given a spacetime M with pseudo-riemannian
metric g and B-field B, string theory associates — at least heuristically — a conformal field
theory to the triple (M, g, B). It is interesting to note that different spacetimes may in fact
produce the same field theory this way. This happens for example for the flat torus T" with
trivial B-field and the dual torus T™, i.e. the quotient of the dual euclidean space by the
dual lattice (this procedure changes for example the radius of a circle from r to 1/r).

If we consider the above situation as the local instance of a global phenomenon, we
might wonder what will happen if M is not the torus itself, but a bundle with fiber T" to
which we apply the above duality fiberwise. Since many spacetimes in string theory have
torus fibers in form of compactified dimensions, this is more than just a toy example. If
we forget about the metric and just consider the topological data, which consists of pairs of
a torus bundle together with a B-field, we obtain topological T-Duality [27]. Even though
it was motivated by string theory, it has developed a life of its own outside the realm of
theoretical physics with important applications in mathematics [52] [132].

As we will see, topological T-Duality fits quite naturally into the non-commutative
framework of twisted K-theory: Fix a compact Hausdorff space X and let A be a stable
continuous trace C*-algebra, such that its spectrum P is a principal T"-bundle over X. Since
A is isomorphic to the section algebra of a bundle L — P with fiber K, this is a valid model
for a space P with a twist of K-theory over P. We call two such algebras A and A" T-Dual
to each other if the induced R"-action on P (with stabilizer Z") lifts to an action of R™ on
A and we have A’ =2 A x R".

The question of whether A has a T-dual therefore boils down to a lifting problem for
the R"-action on A and a classification problem for the the crossed product. In fact, if the
action lifts and the crossed product is a stable continuous trace C*-algebra, it follows that
the spectrum of A” = A x R"™ is again a principal T"-bundle P’ — X with a canonical
R"-action on A’ such that A" x R® = A [97, Thm. 3.1].

1.3 Higher twisted K-theory and C*-algebras

If we ignore the graded twists for simplicity and restrict to the ones classified by the group
H?3(X,7Z), then we can summarize the properties of twisted K-theory introduced in the first
section as follows:

(a) Twisted K-theory X +— K7%(X) is a homotopy invariant functor from the category of
bundles of compact operators over locally compact topological spaces to graded abelian

14
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groups. There is a corresponding version of this functor for pairs and it has long exact
sequences, Mayer-Vietoris sequences, Bott periodicity and satisfies excision.

(b) The twisted K-groups K% (X) are modules over untwisted K-theory K*(X) in a natural
way.

(c) The isomorphism classes of twists form a group, the full Brauer group H*(X,Z), with
respect to the fiberwise tensor product.

From the point of view of homotopy theory the twists classified by the full Brauer group
H3(X,Z) are not the most general ones. This was already pointed out by Atiyah and Segal
in [8].

To get an intuition for what the most general twists look like, observe that PU(H) ~
K(Z,?2) is a model for the classifying space of hermitian line bundles. In fact, the line bundle
obtained from a map f: X — PU(H) is associated to the pullback of the universal principal
U(1)-bundle U(H) — PU(H). Now let A — X be a bundle of compact operators and
denote by P — X its principal PU(H)-bundle. Choosing a trivialising cover (U;);c; of X
and local trivialisations for P over the U;, we obtain transition maps U;; — PU(H) (with
Ui;; = U; N Uj) giving line bundles L;; — U;;. Over triple intersections Uy, = U; N U; N Uy,
there is a multiplication map ;5 Lij ® L, — L, and there is an associativity constraint
over U;jp. This is precisely the data of a gerbe.

A line bundle L — X represents an invertible element in K°(X) and the fact that we can
twist K-theory by PU(H)-bundles is a “delooped version” of the observation that forming
the tensor product with a line bundle yields a K*( X )-module isomorphism K*(X) — K*(X).
This also makes sense from another point of view: If R is a commutative ring, the classifying
space for locally trivial bundles of R-modules with fibers isomorphic to R is BGL;(R),
where GL;(R) is the group of units of the ring. With this in mind, twisting K-theory by
more general invertible elements in K°(X) seems to be the natural generalization. It is an
exercise to check that these invertibles are precisely the ones that are represented by virtual
line bundles, i.e. classes [E] — [F] € K°(X), such that dim(F) — dim(F) € {£1}.

Let BU be the colimit over N of the classifying spaces BU(n). This is the classifying
space of stable hermitian vector bundles. There is a natural isomorphism K°(X) = [X, KU],
where KU = BU x Z and the Z-factor takes care of the virtual dimension. Let GL,(KU) =
BU x {£1}. If GL1(K°(X)) denotes the units in the ring K°(X), we have

GL(K°(X)) =[X,GLi(KU)] .

Notice that the group operation on both sides is induced by the tensor product of virtual
line bundles, which turns GL;(KU) into an H-space. The classifying space for the twists

15



1 Introduction

of K-theory should be BGL(KU), but to make sense of this, we need to ensure that the
H-space structure is associative enough. It needs to be an A,.- or even better an F..-space.

It was proven by Segal in [129] that the tensor product H-space structure on BU can
in fact be extended to that of an E,.-space. It is straightforward to modify his argument to
work for the whole space GLi(KU) as well. Thus, GL;(KU) is an infinite loop space, which
implies that we obtain a unit spectrum of K-theory via succesive deloopings of GL;(KU).
It was shown later by May, Quinn and Ray that any F..-ring spectrum has an analogous
unit spectrum [104] and for highly structured ring spectra such as symmetric ones, Sagave
and Schlichtkrull found models for these unit spectra in terms of commutative Z-monoids
[124, [123]. Another approach to unit spectra and twists of K-theory and TMF was developed
by Ando, Blumberg and Gepner in [5] and by Ando, Blumberg, Gepner, Hopkins and Rezk
in [6]. This uses the language of stable co-categories.

Thus, the group [X, BGL;(KU)] generalizes the (graded) full Brauer group of X and in
this homotopy theoretic picture a (higher) twist corresponds to a map f: X — BGL,(KU).
The corresponding twisted K-groups K}'E(X ) can be defined using the parametrized stable
homotopy theory as developed by May and Sigurdsson [102] or via generalized Thom spectra
as in [B], Sec. 5]. We will not go into the details here.

What is missing in both cases is a description of the higher twists via non-commutative
geometry, i.e. in terms of bundles of C*-algebras, which was one of the main motivations for
this thesis. To make this precise, we can formulate the following questions as a guideline:

Questions. (a) Just as BAut(K) ~ BPU(H) ~ K(Z,3) is a model for the twists classified
by H3(X,Z), are there C*-algebras A, such that BAut(A ® K) ~ BGL,(KU)?

(b) The torsion elements in H*(X,Z) are represented by bundles of matriz algebras instead
of compact operators. If A is an algebra as in (@, is 1t still true that torsion elements
in [X, BAut(A ® K)| can be represented by bundles with fiber M, (A)?

(c) If A — X is a locally trivial bundle of C*-algebras with fiber A @ K as in (@), we can
define higher twisted K-theory via K%(X) = K.(C(X,A)). How does this definition
relate to the homotopy theoretic ones?

1.4 Outline of the papers

The papers outlined below take the above questions as a starting point and give complete
answers to all of them in terms of strongly self-absorbing C*-algebras. In this section, their
main theorems will be indicated and put into context.
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1.4.1 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

To address question () we have to find a C*-algebra A such that BAut(A®K) is an infinite
loop space with respect to the fiberwise tensor product of locally trivial bundles. For this
to make sense it is necessary that A is self-absorbing, i.e. A ® A = A. This generalizes the
situation for A = C, in which case we get BAut(K) = BPU(H) ~ K(Z,3). Just as in
this case, we also want that the trivial bundle provides a neutral element for the monoid
Bunx (A ® K) of isomorphism classes of locally trivial bundles with fiber A ® K over X.
These considerations lead quite naturally to the following class of C*-algebras, which was
first studied by Toms and Winter [139] and plays a fundamental role in Elliott’s classification
program.

Definition 1.4.1. A separable unital C*-algebra A is called strongly self-absorbing if there
is an isomorphism ¢: A - A ® A and a continuous path u: [0,1) - U(A ® A) into the
unitary group of A ® A, such that lim; . |[¥(a) — u(a @ 14)ur]| =0 .

The Cuntz algebras Oy and O, are strongly self-absorbing, as are the Jiang-Su algebra Z
and all infinite UHF-algebras. The class is closed under taking tensor products.

Let A be a strongly self-absorbing C*-algebra. The main theorems of chapter 2] reveal
that Buny(A®K) is in fact an abelian group coming from a generalized cohomology theory
just as the Brauer group Br(X) = H3(X,Z) arises from ordinary cohomology. Of course,
we obtain Br(X) in the special case A = C. More precisely we have:

Theorem 1.4.2. Let X be a compact metrizable space and let A be a strongly self-absorbing
C*-algebra.

(a) BAut(A ® K) is an infinite loop space with respect to the tensor product (Cor.[2.3.7).

(b) The monoid Bunx(A®K) of isomorphism classes of locally trivial bundles over X with
fiber A® K is an abelian group. BAut(A @ K) is the first space in a spectrum defining
a cohomology theory E% with E4(X) = Bunx(A®K) (Thm. [2.3.8).

Further evidence that Buny (A ® K) is the correct generalization of the Brauer group is
provided by the group homomorphism Aut(K) — Aut(A ® K) given by a +— ids ® . On
classifying spaces it induces a map BAut(K) — BAut(A®K) giving a natural transformation
H3(X,7Z) — Bunx(A®K). We also prove that Aut(A) is contractible in the pointwise norm
topology (Thm. 2.2.3)), which yields a generalization of [51, Cor. 3.1].

Instead of section algebras of locally trivial bundles Dixmier and Douady studied con-
tinuous fields of elementary C*-algebras in [55]. Continuous fields (also called continuous
Co(X)-algebras) were introduced by Kasparov in [84]. As the name suggests, they are C*-
algebras A carrying an action of Cy(X) for a locally compact Hausdorff space X such that
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for all @ € A the norm function z + ||a(x)|| is continuous. Section algebras are examples,
but the notion is much more general and closer in spirit to sheaf theory.

It was shown in [55] that a continuous Cy(X)-algebra B with fibers K is isomorphic to
the sections of a locally trivial bundle if and only if B satisfies Fell’s condition. We were able
to generalize this fact to our setup in the following way: Let A be strongly self-absorbing.
We say that a continuous Cy(X)-algebra B with fiber A ® K satisfies the generalized Fell
condition if for every point x € X there exists a closed neighborhood V' and a projection
pv € B(V), such that py(z) € GL(Ky(B(z))) for all z € V (Def. 2.4.1)). For A = C we
obtain the original Fell condition, which ensures the existence of local rank 1-projections for
every point.

In the second main result of that paper, we could prove that for locally compact spaces X
of finite covering dimension the generalized Fell condition is equivalent to local triviality for
continuous Cp(X)-algebras with stabilized strongly self-absorbing fibers (Thm. [2.4.2).

The generalized cohomology theory E%(X) is computable via the Atiyah-Hirzebruch
spectral sequence. These computations enable us to define rational characteristic classes
in case A satisfies the universal coefficient theorem (which is conjectured to be true for all
strongly self-absorbing C*-algebras). Let Mg be the universal UHF-algebra with Ko(Mg) =
Q and K;(Mg) = 0. The construction of the class 6, € H***1(X,Q) for k > 1 is based on
the observation that A ® Mg ® Os ® K= Mg ® O ® K, which induces a map

Bunyx(A®K) — Bunx (Mg ® Oy @ K) =2 H'(X,Q*) @ H H*(X, Q)

neN

and ¢ is given by projecting to the corresponding factor of the product. The existence
of these characteristic classes and the E?-term of the Atiyah-Hirzebruch spectral sequence
support the conjecture that BAut(A @ K) is the first space of the unit spectrum of the
multiplicative cohomology theory X +— K,(Cy(X) ® A), which will be proven in the next

paper.

publication status: This is a joint paper with Marius Dadarlat that was accepted for
publication by Journal fiir die reine und angewandte Mathematik [47].

1.4.2 Unit spectra of K-theory from strongly self-absorbing C'*-algebras

Let A be a strongly self-absorbing C*-algebra. Consider the contravariant functor X +—
K3 (X) := K,.(Cy(X) ® A) from locally compact Hausdorff spaces to graded abelian groups.
This is a generalized cohomology theory, which has a multiplicative structure induced by

p: Ko(Co(X) @A) @ K (Co(X)®A) - K(Co(X x X))@ A® A) = K. (Co(X) @ A)
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1.4 Outline of the papers

where the first map is given by the tensor product on K-theory and the second uses the
pullback via the diagonal map A*: Cy(X x X) — Cy(X) together with an isomorphism
A® A — A. The homomorphism p does not depend on the choice of this isomorphism
by the contractibility of Aut(A) (Thm. 2.2.3). In the cases A € {C, 2,0} the above
functor coincides with topological K-theory. If A is an infinite UHF-algebra, it agrees with
a localization of K-theory and for A = Mg we obtain its rationalization. For A = O, the
functor associates the trivial group to every space.

To give a complete answer to question @ we define a commutative symmetric ring
spectrum KU# representing X + K*(X), find a suitable model for its unit spectrum and
compare BAut(4A @ K) and BGL,(KU?%) via a zig-zag of continuous maps.

For the definition of KU we can build upon previous work by Joachim [79] and Higson
and Guentner [69]. They constructed a commutative symmetric ring spectrum representing
K-theory. A slight modification yields the desired model KU# for K% (X) (Def. . We
use commutative Z-monoids to describe the unit spectrum of KU as in [124]. These are
functors from a small model for the category of finite sets and injective maps to topological
spaces together with a multiplication map and a unit (Def. . Each commutative Z-
monoid M has a I'-space I'(M) in the sense of Segal associated to it [129].

We adopt the notation from [124] and denote the Z-monoid model for the unit spectrum
by Q*(KU4)*. Likewise, there is an Z-monoid for the automorphism group, which we call
Ga: T — Grp and which is defined by Ga(n) = Aut((A ® K)®"). The natural action of
Aut(A ® K) on KU induces a map of Z-monoids G4 — Q°(KU4)*. For strongly self-
absorbing A # C it yields an isomorphism on all 7, for n > 0 and is the inclusion of positive
invertible elements into all invertible elements on 7y (Thm. . In particular, it is a weak
equivalence if A is in addition purely infinite.

The only problem with this comparison is that there are two H-space structures on
Aut(A ® K): The first one is just composition, the second one uses the tensor product of
automorphisms and conjugation by an isomorphism (4 ® K)*? 2 A @ K. If we denote the
first one by v and the second by pu, then we have two classifying spaces B,G 4 and B, G 4.
The first one is a model for BAut(A ® K), i.e. it classifies locally trivial bundles with fiber
A ® K while the second one is (almost) weakly equivalent to BGL;(KU?) via the map
G4 — Q®(KUA)* as discussed above (and in Thm. [3.3.8). To show that both agree as
infinite loop spaces, we note that

(@@p)o(d@p)=(aoa)®(B0f)

for a, o/, 3,8 € Aut(A ® K). This is a graded version of the Eckmann-Hilton condition.

We therefore define Eckmann-Hilton Z-groups (Def. [3.3.1)), keeping G 4 in mind as our pri-
mary example. The main theorem about EH-Z-groups is Thm. |3.3.6| stating that the above
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condition suffices to ensure that B,G4 and B,G 4 agree stably up to homotopy. Since the
infinite loop space structure on BAut(A ® K) was defined using a permutative category in
chapter [2| we have to compare these two approaches as well, which is done in Thm. [3.3.13]

Finally, we are in the position to answer question @ and identify the infinite loop spaces
for all known strongly self-absorbing C*-algebras. These results are summarized in the main
applications — Thm. and Thm. [3.4.8 In short, we have BGL;(KU) ~ BAut(Ox @ K),
BBUg ~ BAut(Z2 ® K) and BGL,(KU[1/p]) ~ BAut(My~ ® O ® K).

publication status:  This is a joint paper with Marius Dadarlat that appeared in print in
Algebraic & Geometric Topology [49].

1.4.3 The Brauer group in generalized Dixmier-Douady theory

Let D be a strongly self-absorbing C’*—algebraﬂ In general, the group Aut(D ® K) is not
connected. Let Auty(D ® K) be the connected component of the identity. Locally trivial
bundles with structure group Auty(D ® K) correspond to a natural subgroup Ei(X) C
EL(X) = Bunx(D ® K), which is also denoted by €4k (X) in the paper. It is obtained
from a generalized cohomology theory, namely the first connected cover of gf;(KUP). We
call such bundles orientable. A bundle A — X in Bunx(D ® K) is orientable if and only if
the associated bundles of Ky-groups, obtained by taking the K-theory functor fiberwise, is
trivialisable. To give some examples, we have

E, (X) = EZ(X) = [X, BBUy)] .

The classical (ungraded) Brauer group consists of the torsion elements in EA(X) = H3(X,Z),
which are represented by bundles of matrix algebras. In chapter 4 we answer question @
concerning whether the same holds true in generalized Dixmier-Douady theory: Are torsion
elements in £} (X) represented by locally trivial continuous fields with fiber M,, (D) for some
n € N7 The main result of that chapter is Thm. [4.2.10] which states that for an orientable
locally trivial continuous field A the following statements are equivalent:

(i) A represents a torsion element in FL(X),
(ii) all rational characteristic classes dx(A) vanish,

(iii) there exists a locally trivial continuous field B over X with fibers isomorphic to M, (D)
for some n € N such that B@ K= A.

3In this chapter we changed the notation from A to D, which is more common in the literature.
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The order of the torsion element and the dimension n of the matrix algebra are related as
well. More precisely, if the order is n* for some k € N, then B can be chosen to have fiber
isomorphic to M, (D) for some [ € N as is proven in Thm. [£.2.11]

The generalized Brauer group Brp(X) consisting of all torsion elements in EL(X) can
be defined using an equivalence relation similar to : Two locally trivial continuous
fields A;, i € {1,2} are equivalent, if they become isomorphic after forming tensor products
with the endomorphism algebras of locally trivial fields of finitely generated projective right
Hilbert D-modules (Def. [4.2.13)). In the case A = C this recovers (1.1

However, not every construction from the classical theory carries over to the generalized
setting so easily: It is straightforward to see that the inverse of a class [A] € H*(X,Z)
represented by A — X with fibers K is given by the bundle A°® — X of opposite algebras.
We calculate the effect of this operation on the rational characteristic classes in Thm. [£.3.4]
and give an example of a locally trivial continuous field, where the inverse in the E%L(X) is
not given by the opposite bundle in Ex. [4.3.5

publication status: This chapter consists of a joint paper with Marius Dadarlat that
appeared in the Journal of non-commutative geometry [48].

1.4.4 A noncommutative model for higher twisted K-theory

Let D be a strongly self-absorbing and purely infinite C*-algebra. The outcome of the first
two chapters is a homotopy equivalence BGL;(KUP) ~ BAut(D ® K), which identifies
EL(X) = [X, BAut(D ® K)] with the group of twists of the multiplicative cohomology
theory X — K35 (X). If D is strongly self-absorbing, but not purely infinite, we obtain a
subgroup of [X, BGL,(KUP)]. Just as in the case of bundles of compact operators, we now
expect the higher twisted K-groups to be given by

K4(X) = K.(Co(X, A)) (1.3)

where A — X is a locally trivial bundle of C*-algebras with fiber D®QK. The goal of chapter [j
is to compare this definition of K with the homotopy theoretic ones in the literature, i.e.
to answer question (d.

To obtain a symmetric spectrum representing K% we first define a module spectrum
KUPmod gyer KUP, which is equivalent to KUP as a module over itself and carries an
action of Aut(D ® K) (see Def. [5.2.3). We then define a bundle with fiber KUP™¢ over
BAuwt(D @ K) by #UP = EAut(D ® K) X aus(pex) KUP™d . Let f: X — BAut(D ® K)
be a continuous map classifying a principal Aut(D ® K)-bundle P — X. The higher twisted
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K —groupsﬁ K3 (X, B) for a pair of compact Hausdorff spaces are defined as the (stable)
homotopy groups of the corresponding space of sections of f*#UP (see Def. .

In Thm. [5.2.7] we prove that this functor has all the properties to be expected from
twisted K-theory: homotopy invariance, Kj-module structure, six-term exact sequences
and excision. Moreover, we have a natural isomorphism between K5(X,0) and (where
A is understood to be the algebra bundle associated to P).

The definition of twisted K-theory via parametrized stable homotopy theory [102] uses
orthogonal spectra. Instead of developing the analogue of the ¢ f-model structure for symmet-
ric spectra, which takes a considerable amount of work in [102] , we restrict the comparison
to the cases D € {C, O, Z}. In these cases we have good orthogonal models. In principle
these models would also work for general D at the expense of replacing the KUP-module
structure with just the one over KU®. It is proven in Thm. that the two versions of
twisted K-theory agree.

Whereas the comparison of the different versions of twisted K-theory was quite straight-
forward, the arguments for the dual theory are more involved. Motivated by we define
analytic twisted K-homology to be the functor X — K7 (X) = KK_,(Cy(X,.A), D), where
D ® K is the fiber of A. The topological version of twisted K-homology from [5] uses a
generalized Thom spectrum. Since we have a bundle of symmetric spectra at hand, this
boils down to Def. for finite CW-complexes X.

The comparison of these two functors is based on a Mayer-Vietoris argument and the
proof for the untwisted case given by Baum, Higson and Schick in [12]. The idea is to
use framed bordism to define an intermediate generalized homology theory, called k7 (see
Def. , which maps isomorphically to topological as well as analytic K-homology. A
subtle detail in the comparison of k7 with its analytic counterpart is that the transformation
uses a twisted version of Poincare duality proven by Echterhoff, Emerson and Kim [57]. This
duality inverts the twists, which — as we have seen above — is more complicated than just
taking the opposite bundle. We circumvent these problems by building inverses into the extra
data, when defining our source category CW%' in Def. . The main result is Thm. ,
where the two functors are compared for strongly self-absorbing C*-algebras D that satisfy
the UCT. It is shown that they are naturally isomorphic.

We conclude the chapter by giving a detailed description of the higher twists for spaces
that are suspensions. In this case the twists are parametrized by invertible elements in K-
theory and can be obtained from linking algebras of Morita equivalences. We compute the
twisted K-groups for these spaces, in particular for all spheres in Thm. and Cor. [5.4.6]

4In this chapter we label the twisted K-groups by P instead of A, which is just a notational issue.
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publication status: The material in this chapter was accepted for publication by the
Journal of Topology [111].

1.4.5 Deformations of nilpotent groups and homotopy symmetric
C*-algebras

The material in this chapter is not directly related to twisted K-theory. However, it fits
into the theme of applications of homotopy theory to operator algebras. The definition of
strongly self-absorbing C*-algebras can be rephrased into the statement that there exists an
isomorphism D — D ® D, which is asymptotically unitarily equivalent to the embedding
d — d ® 1p. Even though this looks very similar to unitary equivalence it is a much more
flexible notion. More generally, we can consider asymptotic morphisms, which are families
of maps ¢;: A — B between two C*-algebras A and B parametrized by the half-line [1, c0),
such that they satisfy the axioms of a x-homomorphism in the limit t — oo, i.e.

(i) for all a € A the map t +— ¢;(a) is norm-continuous and bounded,
(i) Timyoofle(a 4+ Ab) = (pr(a) + A@u(0)]| = 0, limysoo |01 (a”) = pr(a)*|| = 0,
(iif) Timy oo [ (ab) = pi(a)pi(B)] = 0 .

Let [[A, B]] denote the homotopy classes of asymptotic morphisms, [[A, B]]P are the ho-
motopy classes of completely positive contractive asymptotic morphisms and [[A, Bl]y are
homotopy classes of discrete asymptotic morphisms parametrized by N instead of [1,00).
The importance these notions is underlined by the fact that E-theory as well as K K-theory
may be expressed by them. More precisely, we have [34] [73]:

E(A,B)=[[SA,SB®K]] , KK(A B)~[SA SB&K|® .

The suspension functor provides a monoid homomorphism S: [[4, B ® K|] — E(A, B)
and similarly for K K-theory. The question, which E-theory classes may be naturally rep-
resented by asymptotic morphisms A — B ® K is interesting for the classification program
and boils down to finding a condition which ensures that S is an isomorphism. Dadarlat
and Loring proved in [45, Thm. 4.3] that S is an isomorphism for all separable C*-algebras
B if and only if [[idagk]] € [[A ® K, A ® K]] has an additive inverse. These C*-algebras A
are called homotopy symmetric. It is straightforward to check that A ® K can not contain
non-zero projections if A is homotopy symmetric.

As elegant as the condition in [45] is, it is still quite hard to check. In chapter @We define
property (QH), which is based on discrete asymptotic morphisms: A satisfies property (QH)
if we have an injective discrete asymptotic morphism 7,: A — K, which is nullhomotopic
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(Def. . This is equivalent to homotopy symmetry for nuclear C*-algebras as we show
in our the main theorem (Thm. . The proof uses the comparison of discrete and
continuous asymptotic morphisms from [136].

Our new property is very closely related to approximate representations, which makes
it easier to check. It also has very good permanence properties as we show in Thm. [6.3.3]
One of these is a 2-out-of-3-property for split exact sequences. Using it we can prove that a
separable continuous C'(X)-algebra over a compact metrizable space X with nuclear fibers
is homotopy symmetric if this is true for one of the fibers (Cor. .

Let G be a discrete countable torsion-free abelian group. We have C*G = C (@), where
G is the Pontryagin dual of G. The kernel [ (G) of the trivial representation C*G — C
corresponds to Co(G \ {e}). In particular I(G) is homotopy symmetric, which rises the
question whether the same holds for all discrete countable torsion-free amenable groups.
This was conjectured by Dadarlat in [44]. We prove this conjecture for discrete countable
torsion-free nilpotent groups G in Thm. [6.4.3] The proof uses an induction over the length
of the upper central series together with Thm. based on Cor. [6.3.4]

publication status:  The material in this chapter is contained in a joint paper with Marius
Dadarlat and is submitted for publication, but still under review [46].

1.4.6 Crossed module actions on continuous trace C*-algebras

As we have seen above, the basic setup for T-duality consists of a principal T"-bundle P — X
over a locally compact Hausdorff space X together with a continuous trace C*-algebra A
with spectrum P. To construct a T-dual for A we have to lift the canonical R™-action on P
to A. In the case n = 1 this always works in a unique way, but for higher dimensional tori
there are topological obstructions, which arise from the fact that A may be non-trivial over
the orbits of the action.

In case the action of R™ on P lifts to A, the crossed product A" = A x R" is either again
a continuous trace C*-algebra or a continuous field of non-commutative tori [97, Thm. 3.1].
In the first case the spectrum P’ of A’ turns out to be again a principal T"-bundle over X
and A’ is a classical T-dual of A. If there is no lift, Bouwknegt, Hannabuss and Mathai
suggested in [22] that non-associative C*-algebras might play the role of the T-dual.

In the main theorems of this chapter we prove that even though the R™-action might not
lift to A, a crossed module extension H of R™ always acts on A. Crossed modules represent
strictifications of 2-groups, which are 2-categorical analogues of ordinary groups. The weak
2-group G, which we consider, has a point as its object space, R™ as its space of 1-morphisms
and the trivial A’R”-bundle over R as its space of 2-morphisms. It has trivial unitors, but
a non-trivial associator (Def. [7.2.2)). If we strictify, we obtain the crossed module H. Let
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G x P and ‘H x P be the associated transformation bigroupoids.

In Thm. [7.4.3] we construct a continuous action of G x P on A via correspondences
as defined in section . In essence this means that we send p € P to the fiber 4,, a
l-morphism ¢ € R" to a Morita bimodule between A, and A,,) and the 2-morphisms to
bimodule maps. All of this data has to satisfy certain consistency conditions. In Thm. [7.4.
we note that we can strictify this action to one of H x P.

We also define the equivariant Brauer group Bry (P) in our setting as equivalence classes
of continuous trace C*-algebras carrying an action of H (compare with [36]). Note that
Br(P) and Bry(P) denote the full Brauer groups here, not just the torsion part as above.
The group Bry/(P) fits into an exact sequence as proven in Thm. [7.4.4] The upshot of this
construction is that it combines all topological obstructions into one structure and it yields a
non-associative Fell bundle, which encodes the T-dual in the same way as the non-associative
algebras in [22].

publication status:  The material in this chapter is contained in a joint paper with Ralf
Meyer and is submitted for publication, but still under review [105].
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2 A Dixmier-Douady theory for strongly
self-absorbing C'*-algebras

We show that the Dixmier-Douady theory of continuous fields of C*-algebras with compact
operators K as fibers extends significantly to a more general theory of fields with fibers AQK
where A is a strongly self-absorbing C*-algebra. The classification of the corresponding
locally trivial fields involves a generalized cohomology theory which is computable via the
Atiyah-Hirzebruch spectral sequence. An important feature of the general theory is the
appearance of characteristic classes in higher dimensions. We also give a necessary and
sufficient K-theoretical condition for local triviality of these continuous fields over spaces of
finite covering dimension.

2.1 Introduction

Continuous fields of C*-algebras are employed as versatile tools in several areas, includ-
ing index and representation theory, the Novikov and the Baum-Connes conjectures [32],
(deformation) quantization [I17, 89] and the study of the quantum Hall effect [14]. While
continuous fields play the role of bundles in C*-algebra theory, the underlying bundle struc-
ture is typically not locally trivial. Nevertheless, these bundles have sufficient continuity
properties to allow for local propagation of interesting K-theory invariants along their fibers.
Continuous fields of C*-algebras with simple fibers occur naturally as the class of C*-algebras
with Hausdorff primitive spectrum.

In a classic paper [55], Dixmier and Douady studied the continuous fields of C*-algebras
with fibers (stably) isomorphic to the compact operators K = K(H) (H an infinite dimen-
sional Hilbert space) over a paracompact base space X. In this article we develop a general
theory of continuous fields with fibers A® K where A is a strongly self-absorbing C*-algebra.
We show that the results of [55] fit naturally and admit significant generalizations in the new
theory. The classification of these fields involves suitable generalized cohomology theories.
An important feature of the new theory is the appearance of characteristic classes in higher
dimensions.

As a byproduct of our approach we find an operator algebra realization of the classic
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spectrum BBUg,. Let us recall that for a compact connected metric space X the invertible
elements of the K-theory ring K°(X) is an abelian group K°(X)* whose elements are rep-
resented by classes of vector bundles of virtual rank £1, corresponding to homotopy classes
[X,Z/2 x BUg|. The group operation is induced by the tensor product of vector bundles.
Segal has shown that BUg, is in fact an infinite loop space and hence there is a cohomology
theory bu},(X) such that K°(X)* is just the O-group bul(X) of this theory [129], but gave
no geometric interpretation for the higher order groups. Our results lead to a geometric
realization of the first group bug (X) as the isomorphism classes of locally trivial bundles
of C*-algebras with fiber the stabilized Cuntz algebra O, ® K where the group operation
corresponds to the tensor product, see [49].
Let us recall two central results of Dixmier and Douady from [55].

Theorem 2.1.1. The isomorphism classes of locally trivial fields over X with fibers K form
a group under the operation of tensor product and this group is isomorphic to H*(X,Z).

Theorem 2.1.2. If X is finite dimensional, then a separable continuous field B over X
with fibers isomorphic to K is locally trivial if and only if it satisfies Fell’s condition, i.e.
each point of X has a closed neighborhood V' such that the restriction of B to V contains a
projection of constant rank 1.

The corresponding characteristic class 6(B) € H*(X,Z) is now known as the Dixmier-
Douady invariant. Most prominent among its applications is its appearance as twisting class
in twisted K-theory [56], 122, [8, 9], which is the natural home for D-brane charges in string
theory [130} 23]. A recent friendly introduction to the Dixmier-Douady theory can be found
in [125].

The class of strongly self-absorbing C*-algebras, introduced by Toms and Winter [139],
is closed under tensor products and contains C*-algebras that are cornerstones of Elliott’s
classification program of simple nuclear C*-algebras: the Cuntz algebras Qs and O, the
Jiang-Su algebra Z, the canonical anticommutation relations algebra Ms~ and in fact all
UHF-algebras of infinite type. These are separable C*-algebras singled out by a crucial
property: there exists an isomorphism A — A ® A, which is unitarily homotopic to the
map a — a ® 1y, [51, 150]. Using this property, which is equivalent to, but formally much
stronger than the original definition of [I39], we prove that

e Aut(A) is contractible in the point-norm topology.
o Aut(A ® K) is well-pointed and it has the homotopy type of a CW-complex.

e The classifying space BAut(A ® K) of locally trivial C*-algebra bundles with fiber
A ® K carries an H-space structure induced by the tensor product. Moreover, this
tensor product multiplication is homotopy commutative up to all higher homotopies
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and therefore equips BAut(A ® K) with the structure of an infinite loop space by
results of Segal and May.

These properties mirror entirely the corresponding properties of Aut(K) = PU(H) and
BAut(K) = BPU(H) obtained by their identification with the Eilenberg-MacLane spaces
K(Z,2) and respectively K(Z,3) which we implicitly reprove as they correspond to the case
A = C. Recall that if X is paracompact Hausdorff, then H"(X,Z) = [X, K(Z,n)], [75].

It is worth noting that while the obstructions to having a natural group structure on the
isomorphism classes of locally trivial continuous fields with fiber A ® K — such as nontrivial
Samelson products [I08, Sec.6] — do vanish in the strongly self-absorbing case, that is not
necessarily true for general self-absorbing C*-algebras, i.e. those with A ® A =2 A. This
motivates yet again our choice of fibers. In complete analogy with Theorem we have:

Theorem A. Let X be a compact metrizable space and let A be a strongly self-absorbing
C*-algebra. The set Bunx(A®K) of isomorphism classes of locally trivial fields over X with
fiber AR K becomes an abelian group under the operation of tensor product. Moreover, this
group is isomorphic to EY(X), the first group of a generalized connective cohomology theory
E%(X) defined by the infinite loop space BAut(A ® K).

We also show that the zero group EY(X) computes the homotopy classes [X, Aut(A ®
K)] and it is isomorphic to the group of positive invertible elements of the abelian ring
Ko(C(X)® A), denoted by Ko(C(X)® A)Z, for A # C. In particular, we fully compute the
coefficients of E%(X), as they are given by the homotopy groups

w g
r(AUt(A D K)) = {KO(A)+ ifi=0
K;(A) ifi>1.
Ky(A) has a natural ring structure with unit given by the class of 14. Ky(A)* denotes the
group of multiplicative elements of Ky(A) and Ky(A)Z is its subgroup consisting of positive
elements.

The Atiyah-Hirzebruch spectral sequence then allows us to obtain classification results
for locally trivial A ® K-bundles over X. In the case of the universal UHF algebra Mg,
bundles with fiber Mg ® K are essentially classified by the ordinary rational cohomology
groups of odd degree of the underlying space:

Bunx (Mg ® K) = Ey, (X) = H(X, Q) & @ H*"(X, Q).

k>1

A similar result holds for bundles with fiber O, ® Mg ® K, see Corollary It follows
that if A is any strongly self-absorbing C*-algebra that satisfies the UCT, then there are
rational characteristic classes 0y : Bunyx(A ® K) — H?***1(X,Q) such that 0,(B; ® By) =
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

Ox(By) + 0 (B2).

An unexpected consequence of our results is that for any strongly self-absorbing C*-
algebra A, if two bundles By, By € Bunx(A ® K) become isomorphic after tensoring with
Ow, then they must be isomorphic in the first place, see Corollary [2.4.9]

Our result concerning local triviality is the following generalization of Theorem [2.1.2
which involves a K-theoretic interpretation of Fell’s condition.

Theorem B. Let X be a locally compact metrizable space of finite covering dimension and let
A be a strongly self-absorbing C*-algebra. A separable continuous field B over X with fibers
abstractly isomorphic to A ® K is locally trivial if and only if for each point x € X, there
ezist a closed neighborhood V' of x and a projection p € B(V') such that [p(v)] € Ko(B(v))*
forallveV.

A notable consequence of Theorem B is that any separable continuous field of C*-
algebras over X with all fibers abstractly isomorphic to Mg®K is locally trivial and therefore,
by Theorem A, it is determined up to isomorphism by its class in Ej, (X) = H'(X,Q%) @
Dyon H? (X, Q).

The condition that X is finite dimensional is essential in Theorem B, as shown by
examples constructed in [55] for A = C, [72] for A = Mg and [43] for A = Os.

Let us recall that a C*-algebra isomorphic to the compact operators on a separable
(possibly finite dimensional) Hilbert space is called an elementary C*-algebra. Dixmier and
Douady gave two other results concerning continuous fields of elementary C*-algebras:

(i) If B is a continuous field of elementary C*-algebras that satisfies Fell’s condition,
then B ® K is locally trivial.

(ii) The class 6(B) € H3(X,Z) can be defined for any continuous field of elementary C*-
algebras that satisfies Fell’s condition. Moreover B is isomorphic to the compact operators
of a continuous field of Hilbert spaces if and only if §(B) = 0.

We extend (i) and the first part of (ii) to general strongly self-absorbing C*-algebras, but
we must require finite dimensionality for either the fiber or the base space in order to obtain

a perfect analogy with these results, see Corollaries [2.4.10{and [2.4.11] These restrictions are

necessary. Indeed, while any unital separable continuous field of C*-algebras with fiber C
over X is locally trivial (in fact isomorphic to Cy(X)), automatic local triviality fails if C is
replaced by strongly self-absorbing C*-algebras such as Mg and O, see [72] and [43].

This fact also explains why the second part of (ii) is specific to fields of elementary C*-
algebras. Our set-up allows us to associate rational characteristic classes to any continuous
fields (satisfying a weak Fell’s condition) whose fibers are Morita equivalent to strongly
self-absorbing C*-algebras which are not necessarily mutually isomorphic. Such fields are
typically very far from being locally trivial. We refer the reader to Section for further
discussion.
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2.2 The topology of Aut(A ® K)

The homotopy equivalence Aut(A ® K) ~ Ky(A)F x BU(A) (see Corollary
suggests that the generalized cohomology theory associated to Aut(A ® K) is very closely
related to the umit spectrum GL;(KU?) of topological K-theory with coefficients in the
group Ky(A). This is again parallel to the Dixmier-Douady theory, where we have Aut(K) =
PU(H) ~ BU(1) C GLy(KU). We will make this connection precise in [49]. Let us just
mention here that the homotopy equivalence Aut(Z ® K) ~ BU deloops to a homotopy
equivalence BAut(Z®K) ~ B(BUg). This unveils a very natural operator algebra realization
of the classic Q-spectrum B(BUy) introduced by Segal [129].

The authors are grateful to Johannes Ebert, Peter May and Jim McClure for a number
of useful discussions.

2.2 The topology of Aut(A ® K)

The automorphism group Aut(B) of a separable C*-algebra B, equipped with the point-
norm topology, is a separable and metrizable topological group. In particular its topology
is compactly generated. We are going to show in this section that if A is a strongly self-
absorbing C*-algebra, then Aut(A ® K) is well-pointed and has the homotopy type of a
CW-complex. This will enable us to apply the standard techniques of algebraic topology, in
particular when it comes to dealing with its classifying space. We denote by ~ the relation
of homotopy equivalence.

2.2.1 Strongly self-absorbing C*-algebras

Let us recall from [139] that a C*-algebra A is strongly self-absorbing if it is separable, unital
and there exists a *-isomorphism ¢ : A — A ® A such that v is approximately unitarily
equivalent to themap I : A - A® A, l(a) = a®14. It follows from [51] and [I50] that ¢» and
[ must be in fact unitarily homotopy equivalent, see Theorem M(b) Note that, unlike
[139], we don’t exclude the complex numbers C from the class of strongly self-absorbing
C*-algebras. For future reference, we collect under one roof an important series of results
due to several authors.

Theorem 2.2.1. A strongly self-absorbing C*-algebra A has the following properties:

(a) A is simple, nuclear and is either stably finite or purely infinite; if it is stably finite,
then it admits a unique trace, see [I39] and references therein.

(b) Let B be a unital separable C*-algebra. For any two unital *-homomorphisms «, 3 :
A — B ® A there is a continuous path of unitaries (u)icp,1) in B ® A such that
up = 1 and limy_; ||wpa(a)u; — B(a)|| = 0 for all @ € A. This property was proved in
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

[51, Thm.2.2] under the assumption that A is Kj-injective. Winter [I50] has shown
that any infinite dimensional strongly self-absorbing C*-algebra A is Z-stable, i.e.
A® Z = A, and hence A is Kj-injective by a result of Rgrdam [120].

(c) Any unital Z-stable C*-algebra has cancellation of full projections by a result of Jiang
[77, Thm.1]. In particular, if B is a separable unital C*-algebra and A # C, then B® A
is isomorphic to B ® A ® Z and hence it has cancellation of full projections.

(d) If B is a unital Z-stable C*-algebra, then mo(U(B)) = K;(B), by [77, Thm.2].

(e) If A satisfies the Universal Coefficient Theorem (UCT) in KK-theory, then K;(A) =0
by [139]. If in addition A is purely infinite, then A is isomorphic to either Oy or O,
or a tensor product of O, with a UHF-algebra of infinite type [139, Cor.5.2].

Notation. For C*-algebras A, B we denote by Hom(A, B) the space of full x-homomor-
phisms from A to B and by End(A) the space of full x-endomorphisms of A. Recall that
a x-homomorphism ¢ : A — B is full if for any nonzero element a € A, the closed ideal
generated by p(a) is equal to B. If A is a unital C*-algebra, we denote by Ky(A), the
subsemigroup of Ky(A) consisting of classes [p| of full projections p € A ® K.

2.2.2 Contractibility of Aut(A)

While it is known from [51, Cor.3.1] that Aut(A) is weakly contractible in the point norm-
topology, we can strengthen this result by combining it with the idea of half-flips from [139).

Let B be a separable C*-algebra and let e € B be a projection. Consider the following
spaces of x-endomorphisms of B endowed with the point-norm topology.

End.(B) = {a € End(B): a(e) =€}, Aut.(B)={a € Aut(B): ale) =e}.
Let [,r: B — B ® B (minimal tensor product) be defined by I(b) = b® e and 7(b) = e ® b.

Lemma 2.2.2. Suppose that there is a continuous map ¢ : [0,1] — Hom(B, B ® B) such
that 1(0) =1, (1) =7, ¥(t)(e) = e®e and V¥(t) is a x-isomorphism for allt € (0,1). Then
Aut.(B) and End.(B) are contractible spaces.

Proof. First we deal with Aut.(B). Consider H: I x Aut.(B) — Aut.(B) defined by

o fort =0
H(t,a) =< v(#t)to(a®idg)op(t) forO<t<1, (2.1)
idp fort=1.
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2.2 The topology of Aut(A ® K)

Note that H(t,a)(e) = e since 9(t)(e) = e ® e. Observe that (a« ® idg) ol =loa. It is
straightforward to verify the continuity of H at points («,t) with ¢t # 0 and ¢ # 1. Let
be B,lett, € (0,1) be a net converging to 0 and let o; € Aut.(B) be a net converging to
a € Aut.(B). The estimate,

1 ()" o (s @idp) 09 (ta))(b) — a(d)]| = [[(as @ idp) 0 9 (tn)(b) — P(tn) o a(b)]]
< (e @idp) 0 (ta)(b) — (@i @idp) o U] + [[(e: @ idp) 0 I(b) — (a ®idp) o L(b)]]
+ l(a®idp) o l(b) —(tn) o a(b)]
< () (0) = L) + [lei(b) — a(b)]| + [[(r @ idg) © 1(b) — (tn) 0 (b)]|

implies the continuity of H at («,0). An analogous argument using (o« ® idg) o 7 = r shows
continuity at («,1). We also have H(t,idg) = idp for all ¢ € [0,1]. Thus, H provides a
(strong) deformation retraction of Aut.(B) to idg. The argument for the contractibility of
End.(B) is entirely similar. One observes that equation also defines a map H: [ X
End.(B) — End.(B) which gives a deformation retraction of End.(B) to idp.. O

Theorem 2.2.3. Let A be a strongly self-absorbing C*-algebra. Then Aut(A) and End; , (A)
are contractible spaces.

Proof. Let l,r: A — A®A be the maps [(a) = a®14 and r(a) = 14®a. Fix an isomorphism
¢¥: A — A® A. It follows from Theorem [2.2.1(b) that there exists a continuous path of
unitaries u: (0,1 - U(A® A) with u(1) = 1454 such that

lim|[u(t) P(a) u(t)” = Ua)l| = 0.

Define ¢;: (0,1] — Iso(A, A® A) by ¢y(t) = Adyq) o . Likewise there is a continuous path
of unitaries v: [0,1) = U(A ® A) with v(0) = 1454 and such that

limnl[o(t) (a) v(t)” — r(a)]| =0

Define v,: [0,1) — Iso(A, A ® A) by ¢,(t) = Adyu) o ¢. By juxtaposing the paths 1, and
1, we obtain a homotopy from [ to r» which satisfies the assumptions of Lemma [2.2.2| with
e = 14. It follows that Aut(A) and End;,(A) are contractible spaces. O

The following is a minor variation of a result of Blackadar [18, p.57] and Herman and
Rosenberg [68].

Lemma 2.2.4. Let A and B be separable AF-algebras and let e € A be a projection. Suppose
that p,v : A — B are two x-homomorphisms such that p(e) = ¥(e) and v, = ¥, : Ko(A) —
Ko(B). Then there is a continuous map u : [0,1) — U(B™) with u(0) = 1, [u(t),¥(e)] =0
for all t € [0,1) and such that limy_,q ||u(t)(a)u(t)* — ¢(a)|| =0 for all a € A.
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

Proof. If B is a nonunital C*-algebra, we regard B as a (C*-subalgebra of its unitization
B*. Write A as the closure of an increasing union of finite dimensional C*-subalgebras
A, C A, 41 with Ag = Ce. Since ¢, = 1, for each n > 0 we find a unitary u,, € U(B™) such
that u,y(z)u), = p(x) for all x € A, and uy = 1. Observe that w, = u)  u, is a unitary
in the commutant C,, of ¢¥/(A4,) in BT. This commutant is known to be an AF-algebra, see
[68, Lemma 3.1]. Therefore there is a continuous path of unitaries t — W, (t) € U(C,),
t € [n,n + 1], such that W,(n) = w, and W,(n + 1) = 1. Define a continuous map
u : [0,00) = U(B) by u(t) = up1Wy(t), t € [n,n + 1]. One verifies immediately that
[u(t),1(e)] = 0 for all ¢t and that w(t)y(z)u(t)* = p(z) for all z € A, and t € [n,n+ 1]. Tt
follows that lim; . ||u(t)(a)u(t)* — ¢(a)|| = 0 for all a € A. O

Theorem 2.2.5. Let A be a strongly self-absorbing C*-algebra and let e € K be a rank-
1 projection. Then the stabilizer group Autig.(A ® K) and the space Endig.(A ® K) are
contractible.

Proof. We shall use the following consequence of Lemma[2.2.4] Let ¢, ¢1 : K — K®K be two
*-homomorphisms such that ¢g(e) = ¢i(e) = e ® e. Fix a x-isomorphism 1,5 : K - K® K
with 1 /5(e) = e ® e. By applying Lemma to both pairs (¢;,%1/2), i = 0,1, we find a
continuous map v : [0, 1] — Hom(K, K®K) such that 1(0) = ¢o, (1) = ¢1, ¥(t)(e) = e®e
and 1 (t) is a x-isomorphism for all ¢t € (0,1).

We proceed in much the same way as the proof of Theorem by an application
Lemma[2.2.2] Let I,r: A — A® A be defined by l(a) = a® 14 and r(a) = 14 ® a. We have
seen in the proof of Theorem that there is a continuous map ¢ : [0, 1] — Hom(A, A® A)
such that ¥(0) =, ¥(1) = r, and (¢) is a *-isomorphism for all ¢ € (0, 1).

Let Ix, 7k : K — K®K be given by Ix(z) = x®e, rx(r) = e®x. Using the remark from
the beginning of the proof, we find a continuous map ¥k : [0, 1] - Hom(K, K® K) such that
Yk (0) = Ik, Yx(1) = rx, Yx(t)(e) = e ® e and k() is a *-isomorphism for all £ € (0, 1).

Let Ax = A ® K and consider the x-homomorphisms Z, r: Ax — Ax ® Ag with

[=0o(l®lg) and F=o00(r®mr),

where 0: A® (ARK)®K — (A®K) ® (A ®K) interchanges the second and third tensor
factor. Note that [(a® z) = (a®2) @ (14 ®e¢) and #la®z) = (14 ®e) ® (a@z) fora € A
and z € K. Define ¢ : [0,1] — Hom(Ag, Ax ® Ag) by ¢ = 0 o () ® 1x). Then 1(0) = I,
P(1) =7, ht)(1a®e) = (14 ®@e)® (1 ®e) and (t) is an isomorphism for all ¢ € (0,1). It
follows by Lemma that Autige(A ® K) and End;g.(A ® K) are contractible. O

Remark 2.2.6. Taking A = C, Thm. reproves the contractibility of U(H) in the strong
topology.
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2.2.3 The homotopy type of Auty(A ® K)

For a C*-algebra B we denote by Autg(B) and Endy(B) the path-connected component of
the identity. We have seen in Theorem that for a strongly self-absorbing C*-algebra A
the space Aut(A) is contractible. In particular, it has the homotopy type of a CW-complex.
In this section, we will extend the latter statement to the space Auto(A ® K), which is no
longer contractible, but has a very interesting homotopy type. We start by considering the
subspace of projections in A ® K, denoted by Pr(A @ K).

Lemma 2.2.7. Let B be a C*-algebra. The space Pr(B) has the homotopy type of a CW-
complez.

Proof. Let B, be the real Banach space of self-adjoint elements in B. Consider the subset
U of By, consisting of all elements which do not have 1/2 in the spectrum. Since invertibility
is an open condition, U is an open subset of By, and therefore has the homotopy type of
a CW-complex by [93, Cor.5.5, p.134]. Since o(p) C {0,1} for any projection p € B, we
have Pr(B) C U. Let f be the characteristic function of the interval (3, 00). By functional
calculus, f induces a continuous map U — Pr(B), a — f(a) , which restricts to the identity
on Pr(B). Thus, Pr(B) is dominated by a space having the homotopy type of a CW-
complex. By [93, Cor.3.9, p.127] it is homotopy equivalent to a CW-complex itself. m

Let e be a rank-1 projection in K. We define Pro(A®K) to be the connected component
of I®e € Pr(A®K). It does not depend on the choice of e as long as the rank of e is equal
to 1.

Lemma 2.2.8. Let A be a unital C*-algebra and let e € K be a rank-1 projection. Then
the maps Auty(A ® K) — Pro(A ® K) and Endy(A ® K) — Pro(A ® K) which send o to
a(l®e) are locally trivial fiber bundles over a paracompact base space and therefore Hurewicz
fibrations.

Proof. This is a particular case of a more general result, which we will prove for Endg(A®QK).
The proof for the sequence of automorphism groups is entirely analogous. Let B be a C*-
algebra, let ¢ € Pr(B) and let Pry(B) be the path-component of ¢q. Then 7 : Endy(B) —
Pro(B), m(a) = a(qg) is in fact a locally trivial bundle with fiber End,(B). The map 7 is
well-defined. Indeed, if o is homotopic to idg, then the projection «(q) is connected to ¢ by
a continuous path in Pr(B).

Let Uy(B™T) denote the path-component of 1 in the unitary group of the unitization
of B. Thus, for u € Uy(B") we have Ad, € Auto(B) C Endyg(B). By definition any
p € Pro(B) is homotopic to q. Therefore p and ¢ are also unitarily equivalent via a unitary
u € Up(B™T). Since w(Ad,) = p it follows that 7 is surjective. Let py € Pro(B) and let U
be its the open neighborhood given by U = {p € Pro(B) | ||p — poll < 1}. If p € U, then
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zp = pop + (1 — po)(1 — p) is an invertible element of B*. It follows that u, = :Cp(x;xp)’% is
a unitary in Up(B*) and the map p — u, is continuous with respect to the norm topologies
[17, Prop.I1.3.3.4]. Choose a unitary v € Uy(B™) such that py = vqgv*. Then o,,: U —
Auto(B), p = Ad,, is a continuous section of 7 over U and ky: U x End,(B) — Endy(B)
defined by ky(x, ) = 0, (z) 0 B is a local trivialization with inverse 7y : Endo(B) — U X

End,(B) given by 7(8) = (8(q), 0p,(8(¢)) "' o ). This completes the proof. O

Corollary 2.2.9. Let A be a strongly self-absorbing C*-algebra. Then the spaces Auty(ARK)
and Endy(A®K) both have the homotopy type of a CW-complex; they are homotopy equivalent
to Pro(A®K) ~ BU(A).

Proof. By Lemma[2.2.8land Theorem [2.2.5|the spaces Auty(A®K) and Endy(A®K) are total
spaces of fibrations where both base and fiber have the homotopy type of a CW-complex.
Now the statement follows from [126, Thm.2|, Theorem , except that it remains to
argue that Pro(A ® K) ~ BU(A). This is certainly known. The group U(M (A ® K)) acts
continuously and transitively on Pro(A ® K) via u — u(l ® e)u* with stabilizer U(A) x
U(M(A ® K)). By the contractibility of U(M(A ® K)) [37], U(A) - U(M(A®K))/14 x
UM(A®K)) = Pro(A®K) is the universal principal U(A)-bundle. One uses the map
p — u, constructed in the proof of Lemma in order to verify local triviality. Thus
Pro(A®K) is a model for BU(A). O

2.2.4 The homotopy type of Aut(A ® K)

In this section we compute the homotopy classes [X, End(A ® K)] and [X, Aut(4A ® K)] in
the case of a strongly self-absorbing C*-algebra A and a compact metrizable space X, see
Theorem A similar topic was studied for Kirchberg algebras in [42]. Throughout
this subsection e is a rank-1 projection in K. Given a unital ring R, we denote by R*
the group of units in R. It is easily seen that Ky(C(X) ® A) carries a ring structure with
multiplication induced by an isomorphism ¢ : AQK - AR K ® A® K which maps 14 ® e
to 14 ® e ® 14 ® e. This structure does not depend on the choice ¢ by Theorem [2.2.5 Let
End(A @ K)* = {8 € End(A ® K) | 5(1 ® e) invertible in Ky(A)}. We identify the space
of continuous maps from X to End(A ® K) with Hom(A ® K, C(X) ® A ® K) and with
Endex)(C(X) ® A ® K). Similarly, we will identify the space of continuous maps from X
to Aut(A ® K) with Autex)(C(X) ® A® K).

Lemma 2.2.10. Let A and B be unital separable C*-algebras. Suppose that p € BRK is a
full projection such that there is a unital x-homomorphism 0 : A — p(B ® K)p. Then there
is a x-homomorphism ¢ : AR K — B ® K such that p(1 ® e) = p. If 0 is an isomorphism,
then we can choose ¢ to be an isomorphism.
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Proof. We denote by ~ Murray-von Neumann equivalence of projections. Let us recall that
if ¢,7 € B ® K are projections, then ¢ ~ r if and only if there is u € U(M(B ® K))
such that uqu* = r, [106, Lemma 1.10]. Since p is a full projection in B @ K, by [24],
there is v € M(B ® K ® K) such that v'v = p® [ and vv* = 1 ® [ ® I. Then ~ :
p(BK)p®K - BRK®K, v(a) = vav*, is an isomorphism with the property that
Yp®e) =v(pRe* ~ (pRe)(v'v)(pRe) =pRe. Themap K - KK, z— z®eis
homotopic to a #-isomorphism as observed in the proof of Theorem [2.2.5] It follows that the
map BOAK - BRIK®XK, b®x — b® x ® e is also homotopic to a x-isomorphism . Note
that u(p) ~p® e ~v(p®e). Thus, after conjugating p by a unitary in M (B ® K) we may
arrange that u(p) = v(p ® e). It follows that ¢ = ' oy o (f ® idx) € Hom(A ® K, B ® K)
has the property that p(1®e) = p. Finally note that if # is an isomorphism then so is ¢. [

Corollary 2.2.11 (Kodaka, [86]). Let A be a separable unital C*-algebra and let p € AR K
be a full projection. Then p(A® K)p = A if and only if there is a € Aut(A ® K) such that
a(l®e) =p.

Proposition 2.2.12. Let A be a strongly self-absorbing C*-algebra and let B be a sepa-
rable unital C*-algebra such that B = B ® A. Let o, : AR K — B ® K be two full
x-homomorphisms. Suppose that [p(14 ® )] = [Y(1a ® €)] € Ko(B). Then (i) ¢ is homo-
topic to 1 and (i) ¢ is approximately unitarily equivalent to 1, written ¢ /2, 1.

Proof. (i) For C*-algebras A, B we denote by [A, BJ; the homotopy classes of full *-homo-
morphisms ¢ : A — B. The inclusion A = A ® e — A ® K induces a restriction map
p:[A®K,B®K]; = [A, B ®K];. Thomsen showed that p is bijective, see [135, Lemma
1.4]. Since the map [¢] — [¢(1 ® e)] factors through p, it suffices to show that the map
[A,B® K]y — Ko(B), ¢ — [p(1)] is injective. Let p,9 : A — B ® K be two full *-
homomorphisms. Suppose that [¢(1)] = [¢(1)]. Since B has cancellation of full projections
by Theorem [2.2.1c), after conjugation by a unitary in the contractible group U(M(B®K)),
we may assume that ¢(1) = (1) = p € Pr(B ® K). The C*-algebra p(B ® K)p is A-
absorbing by [139, Cor.3.1]. It follows that the x-homomorphisms ¢, 9 : A — p(B ® K)p are
homotopic by Theorem [2.2.1(b).

(ii) It suffices to prove approximate unitary equivalence for the restrictions of ¢ and
Y to A® M,(C) for any n > 1. Let (e;;) denote the canonical matrix unit of M, (C),
pij = p(1 ®ei5), ¢j = V(1 ®eij), pp = (1 ®1,) and ¢, = (1 ® 1,). By reasoning as
in part (a), we find a partial isometry v € B ® K such that v*v = py; and vv* = ¢1;. By
[106, Lemma 1.10] there is a partial isometry w € M(B ® K) such that w*w = 1 — p,
and ww* = 1 — g,. It follows that V = w + >}, graupix is a unitary in M (B ® K)
such that V(1 ® z)V* = (1 ® z) for all z € M,(C). Thus after conjugating ¢ by a
unitary we may assume that (1 ® ) = (1 ® x) for all z € M,(C). Let us observe that
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if a € Aand u € Ulpn(B ® K)py1), then U = (1 — p,) + > p_ priupie € U(M(B ® K))
satisfies Up(a ® €;;)U* —¢(a ® e;5) = pir (ugp(a ® ep)u* —Y(a® 6]_]_))p]_j. This reduces our
task to proving approximate unitary equivalence for the unital maps A ® e — p(B ® K)p
induced by ¢ and 1, where p = p(1 ® ¢e). Since p(B ® K)p is A-absorbing, this follows from
Theorem [2.2.1|(b). O

Next we consider the case when B = C(X) ® A in Lemma [2.2.10, We compare two
natural multiplicative H-space structures on End(A ® K).

Lemma 2.2.13. Let X be a topological space, let A be a strongly self-absorbing C*-algebra
and let p: AQK — (AR K) ® (A®K) be a x-isomorphism. The two operations * and o on
G = [X,End(A ® K)| defined by

o]« [B] = [0 o (a®B)oy] and [a]o[B] =[aop],

where a® 3: X — End((A®@K)®?) denotes the pointwise tensor product, agree and are both
associative and commutative. Moreover, x does not depend on the choice of 1 and is a group
operation when restricted to Aut(A ® K).

Proof. First, let ¢, [ and # be as in the proof of Theorem and use ¢ = 1&(%) in the
definition of the operation *. Given «, 5,0 and v € C(X,End(A ® K)) we have

(o]« [B) o (Y] *[0]) = ™" o (a®B) oot~ o (y®4) 0 ¥)]
= o ((aoy) @ (Bod)) ot = ([a]o[]) * ([B] o [4]) -

Thus, the Eckmann-Hilton [59] argument will imply that % and o agree and are both
associative and commutative for this particular choice of ¢ if we can show that idsgx
is a unit for the operation *. Just as in the proof of Theorem [2.2.5] we can see that
O(t/2)" o (o ® idagk) 0 ¥(t/2), t € [0,1], is a homotopy from a to ¥~ o (a ® idgx) o ¥
with respect to the point-norm topology on End(A ® K) proving that idagxk is a right unit.
The analogous argument for ¥ ((t 4+ 1)/2)"! o (idagx @ a) 0 h((t + 1)/2) shows that id 4ex is
also a left unit.

If 4 is chosen arbitrarily, we have ¢ = zﬁ(%) o k for some k € Aut(A ® K). We denote
the corresponding operations by s, and *; and have

~ ~

[@] #y [B] = [ 07 (3) o (@@ B) 0 d(3) o k] = [ '] o ([a] %4 [B]) o [+] = [a] %, [5]

by the homotopy commutativity of o. This proves the independence of * from the choice of
the isomorphism 1. O]

We denote by =, the relation of approximate unitary equivalence for *-homomorphisms.
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Lemma 2.2.14. Let A be a strongly self-absorbing C*-algebra. If p € A ® K is a nonzero
projection, the following conditions are equivalent:

(1) p(AK)p= A
(i1) There is a € Aut(A ® K) such that o(1 ® e) = p.

(iii) [p] € Ko(A)F
We denote by Pr(A @ K)* the set of all projections satisfying these equivalent conditions.

Proof. (i) < (ii) This follows from Corollary [2.2.11]

(ii) = (iii) As an immediate consequence of Lemma one verifies that the map
O : mo(End(A @ K)) — Ky(A), Oa] = [a(1 ® e)] is multiplicative, i.e. Ola o ] = O[a]O[F].
Let ¢ := a (1 ®e). Then [p][q] = Olaoa™!| =O[id] = [1].

(iii) = (i) By assumption there is a full projection ¢ € A ® K such that [p][¢] = [1] in
Ko(A). By Lemma[2.2.10|there are ¢, ¢ € End(A®K) such that ¢(1®e) = p and ¢(1®e) = q.
Since [p][¢] = [1] in Ko(A), it follows that [p o ¢)] = [ o ¢] = [idagk] € [A ® K, A ® K].
Therefore @ 01 =, idsex ~, ¥ o @ by Proposition By [119] Cor.2.3.4] it follows that
there is an automorphism ¢y € Aut(A ® K) such that ¢y ~, ¢. Set py = @o(la ® €). The
map o induces a #-isomorphism A = (14 ®¢e)(ARK)(14®e) — po(ARK)py. We conclude
that A = p(A ® K)p since py is unitarily equivalent to p. ]

If A is a separable unital C*-algebra, Brown, Green and Rieffel [25] showed that the
Picard group Pic(A) is isomorphic to the outer automorphism group of A®K, i.e. Pic(A) =
Out(4A ® K) = Aut(A ® K)/Inn(A ® K). One can view Out(A) as a subgroup of Pic(A).
Kodaka [86] has shown that the coset space Pic(A)/Out(A) is in bijection with the Murray-
von Neumann equivalence classes of full projections p € A ® K such that p(A ® K)p = A.
From Lemmas [2.2.13) and [2.2.14] we see that if A is strongly self-absorbing, then Out(A) is

a normal subgroup of Pic(A) and we have:

Corollary 2.2.15. If A is strongly self-absorbing, then there is an exact sequence of groups
1 — Out(A) — Pic(A) — Ko(A) — 1.

If moreover A is stably finite, then its normalized trace induces a homomorphism of
multiplicative groups from Ky(A)Z onto the fundamental group F(A) of A defined in [107].

Lemma 2.2.16. Let A be a strongly self-absorbing C*-algebra. The sequences Autige(A ®
K) - Aut(A ® K) — Pr(A ® K)* and End;g.(A ® K) — End(4A ® K) — Pr(4 ® K)*
where the first map is the inclusion and the second sends « to a(1 ® e) is a locally trivial
fiber bundle over a paracompact base space and therefore it is a Hurewicz fibration.

39



2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

Proof. Lemma [2.2.14] shows that the map to the base space is surjective. With this remark,
the proof is entirely similar the proof of Lemma [2.2.8 O

Corollary 2.2.17. Let A be a strongly self-absorbing C*-algebra. Then Aut(A @ K) ~
End(A ® K)* has the homotopy type of a CW complex, which is homotopy equivalent to
Ko(A)x x BU(A).

Proof. The equivalence Aut(A ® K) ~ End(A ® K)* follows from Lemma and The-
orem . Moreover, Aut(A ® K) is the coproduct of its path components, all of which
are homeomorphic to Auty(A ® K). By Theorem and Lemma [2.2.8 Auty(4 ® K) is
homotopy equivalent to Pro(A ® K). By Lemma , To(Pr(A® K)*) = Ky(A)X. Thus,
using Corollary we have

Aut(A ® K) ~ mp(Pr(A® K)*) x Pro(A® K) ~ Ko(A); x BU(A).

U

In the case A = C this reproves the well-known fact that Aut(K) ~ BU(1) ~ K(Z,2)
and hence the only non vanishing homotopy group of Aut(K) is me(Aut(K)) = m(BU(1)) =
m(U(1)) = Z. At the same time, for A # C, we obtain the following.

Theorem 2.2.18. Let A # C be a strongly self-absorbing C*-algebra. Then there are iso-
morphisms of groups
Ko(A)S ifi=0

m(Aw(A @ K)) = {K(A) i

Proof. We have seen in the proof of Corollary that mo(Aut(4A @ K)) = Ko(A)Y. If
i > 1, then by Corollary [2.2.17, m;(Aut(A ® K)) = m;(BU(A)) = m;_1(U(A)). On the other
hand, since A is Z-stable, we have that m;_;(U(A)) = K;(A) by [77, Thm.3]. O

Corollary 2.2.19. Let A be a strongly self-absorbing C*-algebra. There is an exact sequence
of topological groups 1 — Auty(A ® K) — Aut(A @ K) — Ko(A)F — 1.

Remark 2.2.20. The exact sequence 1 — Autg(Os @ K) = Aut(Op @ K) — Z/2 — 1 is
split, since by [16] there is an order-two automorphism « of O, ® K such that o, = —1 on
Ky(Ou).

Corollary 2.2.21. Let A # C be a strongly self-absorbing C*-algebra. The natural map
Autp(A @ K) = Autp(Ox ® A @ K) is a homotopy equivalence.

Proof. Autg(A ® K) — Autg(Or ® A ® K) is given by a — idp, ® «. Both spaces have
the homotopy type of a CW-complex by Corollary and they are weakly homotopy
equivalent by Thm. [2.2.18| O
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Theorem 2.2.22. Let A # C be a strongly self-absorbing C*-algebra and let X be a compact
metrizable space. The map O: [X,End(A @ K)] — Ko(C(X) @ A); given by O([a]) =
[a(1®e)] is an isomorphism of commutative semirings. © restricts to a group isomorphism
(X, Aut(A @ K)| — Ko(C(X) @ A)X. If X is connected, then Ko(C(X)® A)X = Ko(A)S @
Ko(Co(X \ o) ® A). If A is purely infinite, then Ko(C(X)® A)y = Ko(C(X)® A) and ©
s an isomorphism of rings.

Proof. Let ¢: A® K — (A®K)®? and [ be as in Lemma [2.2.13] The additivity of © is
easily verified. Let o, 8 € C'(X, End(A ® K)), then by Lemma [2.2.13}

[(aep)1®e)]=[(a*B)(l@e)] =" o(a@B)ov(l®e)
=W (e(l®e)@B(1l®e)) =[a(1@e)] [B(1®e)],

which shows that ©: [X, End(A ® K)] - Ky(C(X) ® A); is a homomorphism of semirings.
Let p € C(X) ® A® K be a full projection. Then, p(C(X) ® A® K)p is A-absorbing by
[139, Cor.3.1]. It follows that © is surjective by Lemma For injectivity we apply
Proposition [2.2.121).

Next we show that the image of the restriction of © to [X, Aut(A ® K)] coincides with
Ko(C(X)® K)X. Let p € Pr(C(X)® A®K)*. By assumption, there is ¢ € Pr(C(X) ®
A ® K)* such that [p|][g] = 1 in the ring Ky(C(X) ® A). By Lemma there are
v, € Hom(A @ K, C(X) ® A ® K) such that p(1 ® ¢) = p and (1 ® €) = ¢. Let
@1 € Endex) (C(X) ® A®K) be the unique C'(X)-linear extensions of ¢ and 1. Note that
if 1: A®K — C(X) ® A® K is the inclusion t(a) = 1o(x) ® a, then I = ide(x)gpagk. Since
pla) = [1] in o(C(X) ® A), it follows that [5oy] = [fog] =[] € [ABK, C(X) ® A K]
By Proposition (ii) it follows that ¢ o1 ~, ¢ A, ¥ o ¢. This clearly implies that
Gohrs, ide(x)eask ~u Yo@. By [119, Cor.2.3.4] it follows that there is an automorphism
a € Autex)(C(X) ® A® K) such that o ~, ¢. In particular we have that [o(1 ® e)] =
& e)] = o]

It remains to verify the isomorphism Ko(C(X)® A)F = Ko(A)X @ Ko(Co(X \ z0) @ A).
Evaluation at  induces a split exact sequence 0 — Ky(Co(X \zo)®A) = Ko(C(X)®A) —
Ky(A) — 0. Arguing as in the proof of [42, Prop.5.6], one verifies that Ky(Co(X \ z¢) ® A)
is a nil-ideal of the ring Ko(C(X) ® A). Thus an element 0 € Ky(C(X) ® A) is invertible
if and only if its restriction o,, € Ky(A) is invertible. Consequently Ko(C'(X) ® A)* =
Ko(A)* & Ko(Co(X \ z9) ® A). It remains to verify that an element 0 € Ky(C(X) ® A)
is positive if o,, € Ko(A)+ \ {0}. It suffices to consider the case when A is stably finite.
Let 7 denote the unique trace state of A. Its extension to a trace state on A ® M, (C) is
denoted again by 7. Then any continuous trace n on C(X) ® A ® M,(C) is of the form
n(f) = [y 7(f)dp for some finite Borel measure p on X. Write o = [p] — [¢] where p,q €
Pr(C(X)®A® M,(C)) are full projections. Let r be a nonzero projection in A® M,,(C) such
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

that [p(xo)] — [q(z0)] = [r]. Since X is connected it follows that [p(x)] — [¢(x)] = [r] € Ko(A)
for all x € X. From this we see that any point x € X has a closed neighborhood V' such that
lpv] — [av] = [r] € Ko(C(V) ® A). Since 7(r) > 0 it follows immediately that n(p) > n(q)
for all nonzero finite traces n on A ® M, (C). We apply Corollaries 4.9 and 4.10 of [120] to
conclude that [p] — [¢] € Ko(C(X)® A). O

Corollary 2.2.23. Let X be a compact connected metrizable space. Then there are isomor-
phism of multiplicative groups

(X, Aut(Z @ K)] = KO(X)X =1+ K°(X),

(X, Aut(On @ K)] & KO(X)* = £1 + K°(X).

2.2.5 The topological group Aut(A ® K) is well-pointed

Since we would like to apply the nerve construction to obtain classifying spaces of the
topological monoids Aut(A ® K) and End(A ® K)*, we will need to show that Aut(A ® K)
is well-pointed. This notion is defined as follows:

Definition 2.2.24. Let X be a topological space, A C X a closed subspace. The pair
(X, A) is called a neighborhood deformation retract (or NDR-pair for short) if there is a
map u: X — I = [0,1] such that «='(0) = A and a homotopy H: X x I — X such that
H(z,0) =z forallz € X, H(a,t) =afora € Aand t € [ and H(z,1) € A if u(x) < 1.
A pointed topological space X with basepoint zy € X is said to have a nmon-degenerate
basepoint or to be well-pointed if the pair (X, o) is an NDR-pair.

Recall that a neighborhood V' of zy deformation retracts to xzq if there is a continuous
map h : V x I — V such that h(z,0) = z, h(zg,t) = x¢ and h(z,1) = x¢ for all z € V and
t € I. The following Lemma is contained in [131, Thm.2].

Lemma 2.2.25. Let (X, zg) be a pointed topological space together with a continuous map
v: X — I such that zg = v~ 1(0) and V = {x € X: v(z) < 1} deformation retracts to x.
Then (X, xg) is an NDR-pair.

Proposition 2.2.26. Let A be a strongly self-absorbing C*-algebra. Then the topological
monoids Aut(A @ K) and End(A ® K)* are well-pointed.

Proof. We will prove this for Aut(A ® K), but the proof for End(A ® K)* is entirely similar.
Let e € K be a rank-1 projection and set pg =1®e. Let U = {p € Pr(A®K) | ||p — pol| <
1/2}. If w: Autg(A ® K) — Pro(A @ K) denotes the map  +— [(py), we will show that
71 (U) deformation retracts to idagx € Autg(A ® K). As we have seen in the proof of
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Lemma [2.2.8] the principal bundle Autg(A ® K) — Pro(A ® K) trivializes over U, i.e. there
exists a homeomorphism 7~ *(U) — U X Aut,, (A @ K) sending idaggk to (po,idagk). Thus,
it suffices to show that the right hand side retracts. Let x be the characteristic function of
(1/2,1]. Then h(p,t) = x((1 —t)p + tpo) is a deformation retraction of U into p,. This is
well-defined since 1/2 is not in the spectrum of a = (1 — t)p + tpy as seen from the estimate
|(1—2a)— (1—2po)|| < 1. We have shown in Theorem that Aut,,(A®K) deformation
retracts to idagx. Combining these homotopies we end up with a deformation retraction
of 771(U) into idagk. Let d be a metric for Aut(A ® K). Then v: Aut(A ® K) — [0,1],
v(a) = max{min{d(«,idagx), 1/2}, min{1,2||a(ps) — pol|}} and V := 7~ 1(U) satisfy the
conditions of Lemma relative to the basepoint id ggx. O

2.3 The infinite loop space structure of BAut(A ® K)

2.3.1 Permutative categories and infinite loop spaces

We will show that BAut(A ® K) is an infinite loop space in the sense of the following
definition [2].

Definition 2.3.1. A topological space E = Ej, is called an infinite loop space, if there exists
a sequence of spaces E;, i € N, such that E; ~ QF;,; for all i € Ny (~ denotes homotopy
equivalence).

The importance of these spaces lies in the fact, that they represent generalized cohomol-
ogy theories, i.e. for a CW-complex X, the homotopy classes of maps E*(X) := [X, F;] are
abelian groups and the functor X — FE*(X) is a cohomology theory. There may be many
inequivalent delooping sequences starting with the same Ey leading to different theories. The
sequence of spaces E; forms a connective (2-spectrum. There is a well-developed theory to
detect whether a space belongs to this class [99, 129]. One of the main sources for infinite
loop spaces are classifying spaces of topological strict symmetric monoidal categories, called
permutative categories in [101].

A topological category has a space of objects, a space of morphisms and continuous
source, target and identity maps. Such a category C carries a strict monotidal structure if it
comes equipped with a functor ®: C x C — C that satisfies the analogues of associativity and
unitality known for monoids. The strictness refers to the fact that these hold on the nose,
not only up to natural transformations. C is called symmetric if it comes equipped with a
natural transformation ¢: ® ot — ®, where 7: C x C — C x C is switching the factors. This
should behave like a permutation on n-fold tensor products. We will assume all permutative
categories to be well-pointed in the sense that the map obj(C) — mor(C), x — id, is a
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cofibration. For a precise definition, we refer the reader to [I0I, Def.1]. Note further that
all categories we consider in this paper will be small.

Any topological category C can be turned into a simplicial space N,C via the nerve
construction. Let NyC = obj(C), N;C = mor(C) and

Ni€={(f1,---, fi) €mor(C) x --- xmor(C) | s(fi) =t(fis1)} -

The face maps df: N C — Nj_1C and degeneracies sf: N, C — N1 C are induced by com-
position of successive maps and insertion of identities respectively. The geometric realization
of a simplicial space X, is defined by

1 X.| = (H X xAk) / ~

k=0

where A, C R*¥*! denotes the standard k-simplex and the equivalence relation is generated
by (d¥z,u) ~ (z,0F 'u) and (sly,v) ~ (y,0™ ) for z € Xj, u € A1, y € X;, v € Xi41,
where §; and o; are the coface and codegeneracy maps on the standard simplex. For details
about this construction we refer the reader to [99, Sec.11].

The space |N,C| associated to a category C is called the classifying space of C. 1If C is
the category associated to a monoid M, then we denote |N,C| by BM. Having a monoidal

structure on C yields the following.

Lemma 2.3.2. Let C be a strict monoidal topological category. Then |NGC| is a topological
monoid.

Proof. The nerve construction N, preserves products in the sense that the projection functors
m;i: C x C — C induce a levelwise homeomorphism No(C x C) — N¢C x N,C. Therefore N,C
is a simplicial topological monoid and the lemma follows from [99, Cor.11.7]. ]

A permutative category C provides an input for infinite loop space machines [101}, Def.2].
Due to the above Lemma, there is a classifying space B|N,C|. The following has been proven
by Segal [129] and May [100, Thm.4.10]

Theorem 2.3.3. Let C be a permutative category. Then QB|NGC| is an infinite loop space.
Moreover, if mo(|NeC|) is a group, then the map |NoC| — QB|NC| induced by the inclusion
of the 1-skeleton S' x |[N,C| — B|N,C| is a homotopy equivalence of H-spaces.

2.3.2 The tensor product of A ® K-bundles

Let A be a strongly self-absorbing C*-algebra, X be a topological space and let P, and P, be
principal Aut(A ® K)-bundles over X. Fix an isomorphism ¢): AQK — (AR K)® (AR K).
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This choice induces a tensor product operation on principal Aut(A ® K)-bundles in the
following way. Note that P, xx P, — X is a principal Aut(4A ® K) x Aut(A ® K)-bundle
and v induces a group homomorphism

Ady-1: At(A®K) x Awt(A®K) - Awt(A®K) ; (0,f) = o(a®B)ot .
Now let
Py @y Py = (P1 Xx P2) Xaq, ., Aut(A®K) = ((P1 xx P) x Aut(A@K))/ ~

where the equivalence relation is (p; «,p2 5,7) ~ (p1,p2, Ady-1(cr, B)y) for all (p1,p2) €
P, xx Py and «, 3,7 € Aut(A ® K). This is a delooped version of the operation * from
Lemma 2.2.13

Due to the choice of ¢, which was arbitrary, ®, can not be associative. We will show,
however, that — just like % — it is homotopy associative and also homotopy unital.

To obtain a model for the classifying space BAut(A ® K), let B be the topological
category, which has as its object space just a single point and the group Aut(A ® K) as
its morphism space. Since we have shown that Aut(A ® K) is well-pointed (see Propo-
sition [2.2.26)), [103, Prop.7.5 and Thm.8.2] implies that the geometric realization |N,B| has
in fact the homotopy type of a classifying space for principal Aut(A ® K)-bundles, i.e.

BAuwt(A®K) = |[NB,| .

Choosing an isomorphism ¢: AQK — (ARK)®(A®K), we can define a functor ®,: BxB —
B just as above, which acts on morphisms «, 5 € Aut(A ® K) by

(a, B) = a®y B :=Ady-1(c, B) .

This is in fact functorial since composition is well-behaved with respect to the tensor product
in the following way

(aod) @y (Bof)=1 " o(aod)® (Bof) oy
=y 'o(a®@B)ovporplo(d @) o= (a®yB)o () Ry ).

The functor induces a multiplication map on the geometric realization
ty: BAut(A ® K) x BAut(A @ K) - BAut(A @ K) .

Observe that a path connecting two isomorphisms 4,9’ € Iso(Aut(A ® K), Aut(A4 ® K)®?)
induces a homotopy of functors B x B x I — B, where [ here is the category, which has
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[0, 1] as its object space and only identities as morphisms. After geometric realization this
in turn yields a homotopy between ji,, and gy (observe that |[1] = [0, 1]).

Lemma 2.3.4. Let A be a strongly self-absorbing C*-algebra and let B be the category defined
above. Let p: AQK = (A®K) ® (A®K) be an isomorphism, then u, defines an H-space
structure on BAut(A ® K), which has the basepoint of BAut(A ® K) as a homotopy unit
and agrees with the H-space structure induced by the tensor product ®, of A ® K-bundles.
Different choices of ¢ yield homotopy equivalent H-space structures.

Proof. The proof of this statement is very similar to the one of Lemma [2.2.13] but we have
to take care that the homotopies we use run through functors on B. Let 1[}, [ and 7 be just
as in Theorem and consider ¢ = zﬂ(%) first. By Theorem , there is a path between
(¢ ® idagk) o ¥ and (idagx ® v) 0 9, since both these morphisms map 1 ® e to (1 @ e)®3,
This proves the homotopy associativity in this case.

To prove that the basepoint provides a homotopy unit we have to show that the two
functors a — a ®y idagx and o — idagk ®, a are both homotopic to the identity functor.
The argument for this is the same as in the proof of Lemma [2.2.13]

Now let ¢: AQK — (A®K)®(A®K) be an arbitrary isomorphism. As in Lemmal[2.2.13]
we have ¢ = 1[} ok for some automorphism x € Aut(A®K). If we denote homotopic functors
by ~, we have

a®yB=r"o(a®;B) ok~ (k& idagk) " o (idasx @y (@ ®; B)) o (1 ®y idask)
= idagk ®y (a Q0 B) ~ (a Q4 B) .

Note that every stage of this homotopy provides functors Bx B — B. Geometrically realizing
this homotopy we see that different choices of 1 yield the same H-space structure up to
homotopy.

Let EG — BG be the universal G-bundle where G = Aut(A®K) [103] section 7]. Using
its simplicial description, we see that uy EG = 77 EG @y 13 EG, where m;: BG X BG — BG
are the canonical projections. Now, given two classifying maps fr: X — BG and the
diagonal map A: BG — BG x BG, we have

(hy o (f1, f2) o A)EG = A% o (f, f3) o iy BEG = [{EG @y [ EG

proving that the multiplication induced by the H-space structure on [ X, BAut(A®K)] agrees
with the tensor product ®,. O

Definition 2.3.5. For a strongly self-absorbing C*-algebra A we define (Bunx(A ® K), ®)
to be the monoid of isomorphism classes of principal Aut(A ® K)-bundles with respect to
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2.3 The infinite loop space structure of BAut(A ® K)

the tensor product induced by ®,. By the above Lemma, this is independent of the choice
of .

To apply the infinite loop space machine, we need a permutative category encoding the
operation ®y,. Let Bg be the category, which has Ny = {0, 1,2,... } as its object space (where
n € Ny should be thought of as (A ® K)®" with (A ® K)®® = C). The morphisms from n
to m are given by homg,(n,m) = {o € Hom((A ® K)®", (A ® K)®™") | KK («) invertible}
for n > 1 and homg, (0,m) = {& € Hom(C, (A ® K)*™) | [a(1)] € Ko((A ® K)®™)*} for
n = 0. We equip these spaces with the point-norm topology. The ordinary tensor product
of *-homomorphisms induces a strict monoidal structure ®: Bg X Bg — Bg, where n®@m =
n +m. Likewise, we have a symmetry ¢, ,, on Bg, where c¢,,, € Aut((4A ® K)®"+m) is the
automorphism (AR K)*"® (A K)*" - (A®K)*"® (A®K)®" switching the two factors.
With these definitions Bg becomes a permutative category. Define

BEnd(A® K)X = | N.Bg) .

Lemma 2.3.6. The inclusion functor J : B — Bg induces a homotopy equivalence of the
corresponding classifying spaces BAut(A ® K) — BEnd(A ® K)3. Given an isomorphism
v: AQK — (A®K)®2, the diagram

BxB—2r.B (2.2)

= l‘]

B@ XB®&B®

commutes up to a natural transformation. In particular, the H-space structure of BAut(A®
K) agrees with the one on BEnd(A ® K)g up to homotopy.

Proof. To prove the first statement we will construct auxiliary categories £, H and B}
together with inclusion functors B — & — H — BY — By that give a factorization of J. We
then show that each of these functors induces a homotopy equivalence on classifying spaces.
We will use the following two facts.

(a) Given two topological categories C and D together with continuous functors F': C —
D, G: D — C and natural transformations F o G = idp, G o ' = idg, it follows that F' and
(G induce a homotopy equivalence of the corresponding classifying spaces. This is a corollary
of [128, Prop.2.1].

(b) Consider two good simplicial spaces X, and Y, (“good” refers to [129, Definition
A.4]) together with a simplicial map fo: Xo — Y,. If f,,: X, — Y}, is a homotopy equivalence
for each n € Ny, then |fo|: |Xe¢] — |Ya| is also a homotopy equivalence. This is proven in
[129, Proposition A.1 (ii) and (iv)]. Note in particular, that the nerve N,C of a topological
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

category C is good, if the map obj(C) — mor(C), which sends an object to the identity on
it, is a cofibration. This holds for all categories in this proof by Proposition [2.2.26]

The object space of £ consists of a single point and its morphism space is End(A ® K)*.
From Lemma and Theorem we obtain that Aut(A ® K) — End(A @ K)* is a
homotopy equivalence. Thus each component N.B — N,& of the simplicial map N,B — N,&
induced by the inclusion functor B — £ is a homotopy equivalence of spaces. This yields a
homotopy equivalence |[N,B| — |N.E| by (b) above.

The category B} is the full subcategory of By containing the objects 0 and 1. To see
that the inclusion functor ¢: By — By is an equivalence of categories, we argue as follows:
Define an inverse functor 7: By — By for ¢, such that 7(m) = min{m, 1} on objects. Let
1 = id¢ and fix isomorphisms 1: A ® K — (A ® K)®* for k € N with ¢; = idsgk. Define
7(8) = ¢, " o Boy for B € homg, (k,¢). We have 701 = idBéb and the 1, yield a natural
transformation ¢ o 7 = idg,. Thus, the map [NJBj| — |NoBg| induced by ¢ is a homotopy
equivalence by (a).

Let H be the topological category with object space {0, 1} and morphism spaces

homy(0,0) = {idagx} , homy(0,1) =homy(1,1) = End(A® K)*

and hom(1,0) = (). The composition is induced by the composition in End(A ® K)*. Note
that there is a restriction functor H — B, which takes # € homy(0,1) = End(4 ® K)*
to § € homp (0,1) = homg, (0,1), where B(\) = AB(1®e) for A € C. It maps the spaces
homy(0,0) and homy,(1,1) identically onto homg (0,0) and homp (1,1) respectively. By
Lemma and Theorem the restriction map End(A ® K)* — Hom(C, A @ K)* =
Pr(A ® K)* is a homotopy equivalence. Therefore the simplicial map NyH — N,Bj is a
homotopy equivalence for each k, and hence |[NJH| — |N.B;§| is a homotopy equivalence
by (b).

Let te: & — H be the inclusion functor. Let 7¢: H — & be the functor, which maps the
two objects of H to the one of £ and which embeds the spaces homy (0, 0), homy(0,1) and
homy(1,1) into End(A ® K)* in a canonical way. We have 7¢ o 1g = idg. There is a natural
transformation k: idy, = tgo7e with k; = idagx € homy(1,1) and kg = idagx € homy (0, 1).
It follows that g also induces an equivalence on classifying spaces by (a). This concludes
the proof of the first statement.

Let 1, 52 be morphisms in B, then (J o ®,)(f1,82) = 1 Qp B =100 (81 ® Bs) 0th €
homg, (1,1), whereas ® o (J x J)(51,82) = B1 ® B2 € homg,(2,2) and ¥ € homg,(1,2)
provides a natural transformation J o ®, = ® o (J x J). Thus these two functors induce
homotopic maps of classifying spaces by [128, Prop.2.1]. This completes the proof. O

Corollary 2.3.7. The space BAut(A @ K) inherits an infinite loop space structure via the
homotopy equivalence BAut(A ® K) — BEnd(A ® K)5 in such a way that the induced
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2.3 The infinite loop space structure of BAut(A ® K)

H-space structure of BAut(A ® K) agrees with the one given by .

Proof. By Theorem m BEnd(A ® K)g is an infinite loop space with H-space structure
induced by the tensor product of Bg. By Lemma [2.3.6, BAut(A ® K) — BEnd(A ® K) is
a homotopy equivalence and a map of H-spaces. O

Theorem 2.3.8. Let A be a strongly self-absorbing C*-algebra.

(a) The monoid (Bunx(A®K),®) of isomorphism classes of principal Aut(A @ K)-bundles
1s an abelian group.

(b) BAut(A ® K) is the first space in a spectrum defining a cohomology theory E% with
E%(X) = [X,Aut(A ® K)] and E4(X) = Bunx(A ® K).

(c) If X is a compact metrizable space and A # C, then E4(X) = Ko(C(X) ® A)}.

Proof. By Corollary the space BAut(A ® K) is an infinite loop space with H-space
structure given by with ®,, which implies the first part. As described above, an infinite
loop space yields a spectrum and therefore a cohomology theory via iterated delooping. If
we consider BAut(A ® K) as the first space of the spectrum, we obtain the Oth one by
forming the loop space. But this is

QBAut(A® K) ~ Aut(A @ K) |

which proves the second statement. The last statement follows from Theorem [2.2.22] O

Corollary 2.3.9. For any strongly self-absorbing C*-algebra A the space BAuty(A ® K) is
an infinite loop space with respect to its natural tensor product operation. The corresponding
cohomology theory is denoted by E%(X).

Proof. The proof is entirely similar to the proof of Theorem [2.3.8 except that we replace
the category B by the topological category B° which has as its object space just a single
point and the group Auty(A ® K) as its morphism space. Likewise we replace the category
Bg by the category BY defined as follows. The object space of BY is Ny. The morphisms
hom(n, m) are given by those maps « in hom((A ® K)®", (A @ K)®™) with the property
that [a((1 ® €)®")] = [(1 ® €)®™] in Ko((A @ K)®™). The proof of Lemma [2.3.6] still works
with the following modifications: There are straightforward replacements £°, (Bé)o and
HO of the categories £, BY and H by taking those endomorphisms that preserve the K-
theory class of 1 ® e. The isomorphisms v, used in the proof can be chosen such that
(1 ®e) = (1 ®e)®*. The restriction functor H® — (Bé)o still induces an equivalence by
Lemma 2.2.§ and Theorem 2.2.5 O

49



2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

Remark 2.3.10. We have seen that the classifying space BAut(A ® K) has the homotopy
type of a CW complex. Since its homotopy groups are countable, it follows that this space
is homotopy equivalent to a locally finite simplicial complex and hence to an absolute neigh-
borhood extensor, see [93, Thm.6.1, p.137]. It follows that E(X) is a continuous functor in
the sense that if X is the projective limit of projective system (X, ), of compact metrizable
spaces, then B} (X) = ligE}‘(Xn), see [60, Thm.11.9, p.287]. Since any compact metrizable
space X is the projective limit of a system of finite polyhedra (X,,), by [60], one can ap-
proach the computation of E4(X) by first computing E(X,,) using the Atiyah-Hirzebruch
spectral sequence.

2.4 A generalized Dixmier-Douady theory

Recall from [54] 10.4] that if B = ((B(2)).ex,©) is a continuous field of C*-algebras over
a locally compact space X, the C*-algebra B associated to B consists of all elements 6 of
© such that the function x +— ||f(x)|| vanishes at infinity. As it has become customary in

the literature, the C*-algebra B will be also referred to as a continuous field of C*-algebras.
Note that B = 0O if X is compact.

Definition 2.4.1. Let B be a continuous field of C*-algebras over a locally compact metriz-
able space X whose fibers are stably isomorphic to strongly self-absorbing C*-algebras, which
are not necessarily mutually isomorphic. We say that B satisfies the Fell condition if for
each point x € X, there is a closed neighborhood V' of z and a projection p € B(V') such
that [p(v)] € Ko(B(v))* for all v € V. If one can choose V' = X, then we say that B satisfies
the global Fell condition.

Theorem 2.4.2. Let A be a strongly self-absorbing C*-algebra. Let X be a locally compact
space of finite covering dimension and let B be a separable continuous field of C*-algebras
over X with all fibers abstractly isomorphic to A @ K. Then B is locally trivial if and only
iof it satisfies Fell’s condition. If X is compact, then B is trivial if and only if B satisfies the
global Fell condition.

Proof. Suppose that there is a projection p € B(V') such that [p(v)] € Ko(B(v))* for all v
in a compact subset V' of X. We will show that B(V) = C(V) ® A ® K. First we observe
that by Lemma it follows that p(v)B(v)p(v) = A, since B(v) & A ® K. Therefore
pB(V)p is a unital continuous field over a finite dimensional space with fibers isomorphic to
A and hence pB(V)p = C(V) ® A by [50]. Second, since p is a full projection, we have that
pB(V)p@ K= B(V)®K as C(V)-algebras by [24]. Third, B(V) ® K = B(V) by [(2] since

V' is finite dimensional and each fiber of B is stable. Putting these facts together we obtain
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2.4 A generalized Dixmier-Douady theory

the desired conclusion:
BV)=B(V)aK=pB(VpeaK=C(V)e Ao K. 0

Corollary 2.4.3. Let X be a locally compact space of finite covering dimension. Any sepa-
rable continuous field of C*-algebras over X with all fibers abstractly isomorphic to Mg ® K
18 locally trivial.

Proof. Let B be a continuous field as in the statement. In view of Theorem it suffices
to show that B satisfies the Fell condition. Fix 2 € X and let py € B(x) = Mg ® K be a
non-zero projection. Since C is semiprojective, we can lift py to a projection in A(V') for some
closed neighborhood V' of . Since A is a continuous field, the map v — ||p(v)|| is continuous.
Thus by shrinking V' we can arrange that p(v) # 0 for all v € V| since ||p(z)|| = ||po]| = 1.
Since B(v) = Mg ® K it follows that [p(v)] € Ko(Mg) \ {0} = Q* = Ky(Mg)*. O

Having obtained an efficient criterion for local triviality, we now turn to the question of
classifying locally trivial continuous fields of C*-algebras by cohomological invariants. Let
X be a finite connected CW complex. Let R = Ky(A) and let R} denote the multiplicative
abelian group Ky(A)f. If A is purely infinite, then Ky(A)F = Ko(A)* and so R} = R*.
Suppose that A satisfies the UCT. Then K;(A) = 0 by [139)].

The coefficients of the generalized cohomology theory E%(X) were computed in Theo-
rem . Consequently, by [71], the Fy-page of the Atiyah-Hirzebruch spectral sequence
for the generalized cohomology E%(X), A # C, looks as shown below.

0 1 2 3

0| HUX.RY) H'X.RY) H(X,RY) H*(X,R)

—2| HYX,R) HYX,R) HXX,R) H3X,R)

-3 0 0 0 0

—4! HYX,R) H'X,R) H*X,R) H3X,R)

If A= C, all the rows of the Fy-page of E{(X) are null with the exception of the (—2)-row
whose entries are H?(X,Z), p > 0. Since the differentials in the Atiyah-Hirzebruch spectral
sequence are torsion operators, [7, Thm.2.7], we obtain the following.
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

Corollary 2.4.4. Let X be a finite connected CW complex such that H*(X, R) is torsion
free. If A # C satisfies the UCT, then

Bunx(A®K) = E\(X) = H'(X, RY) x [ H*"(X,R) .

k>1

Corollary 2.4.5. Let X be a compact metrizable space and let Mg denote the universal
UHF-algebra with Ko(Mg) = Q. Then there are natural isomorphism of groups

Bunx (Mg © K) = Ej, (X) = H'(X,Q}) & @ H*'(X,Q) .

k>1

Bunx (Mg ® O @ K) = E}y o0 (X) = H'(X, Q%) & (P H*(X,Q) .

E>1

Proof. Set h*(X) = E4(X), h*(X) = E%(X) (see Cor. and R = Ky(A) where A is
either Mg or Mg ® O.. We will show that there are natural isomorphisms (i) h'(X) =
HY(X,RY) ® hY(X) and (i) hY(X) = @,., H*(X,Q). Note that h*(pt) = tQ[t] with
deg(t) = —2 and h*(pt) = R @ tQJt]. Suppose first that X is a finite connected CW-
complex. Then (ii) follows by applying the isomorphism established in equation (3.20) of
[71], p.48] since h*(pt) is a vector spaces over Q. If G is a topological group and H a
normal subgroup of G such that H — G — G/H is a principal H-bundle, then there is
a homotopy fibre sequence G — G/H — BH — BG — B(G/H) and hence an exact
sequence of pointed sets [X, G| — [X,G/H] — [X, BH] — [X, BG| — [X, B(G/H)|. Using
this for the principal bundle from Corollary we obtain an exact sequence of groups
0 — AYX) — RY(X) 2% HY(X, RY). We want to compare this sequence with the exact
sequence 0 — F?h*(X) — hY(X) — H'(X,RY) — 0 given by the Atiyah-Hirzebruch
spectral sequence. Recall that F?h!'(X) = ker(h!'(X) — h'(X;)), where X; is the 1-skeleton
of X. Since both maps with target H'(Xy, R}) are injective in the following commutative
diagram induced by X; — X

hi(X) —"~ H'(X, RY)

| |

h(Xy) —= H'(X,, RY)

we deduce that F?h!(X) = ker(dy) = h'(X) and hence obtain an exact sequence 0 —
hY(X) — hY(X) — HY(X, RY) — 0. Since h'(X) is a divisible group it follows that h'(X)
splits as H'(X, RY) & hl( ). To verify that there is a natural splitting one employs the
natural transformation h*(X) — h*(X) induced by the coefficient map h*(pt) — h*(pt),
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2.4 A generalized Dixmier-Douady theory

(r, f(t)) — f(t), see [T1, Thm.3.22].
For the general case we write X as a projective limit of a system of polyhedra (X,),
and then we apply the continuity property of E(X) as discussed in Remark [2.3.10} O

Let A 22 Oy be a strongly self-absorbing C*-algebra that satisfies the UCT. Then A ®
Mg ® O = Mgy ® Oy by [139]. The canonical unital embedding A -+ A ® Mg ®@ O =
Mg ® O induces a morphism of groups Aut(A ® K) — Aut(Mg ® O ® K) and hence a
morphism of groups

§: E4(X) = Eigeo. (X) = H(X, Q") & @ H*' (X, Q).

k>1

Definition 2.4.6. We define rational characteristic classes dg : Bunyx(A®K) — H'(X, Q%)
and d;, : Bunx(A ® K) — H**(X,Q), k > 1, to be the components of the map § from
above. It is clear that &y is lifts to a map dy : Bunx (A ® K) — H*(X, Ko(A)Y) induced
by the morphism of groups Aut(A ® K) — mo(Aut(A ® K)) = Ky(A)% and which gives the
obstruction to reducing the structure group to Auty(A ® K). We will see in Corollary
that d; also lifts to an integral class with values in H?(X,Z) for A = Z. One has 6,(B;®Bs) =
Ox(B1) + 0k (B2), k > 0.

Since the differentials in the Atiyah-Hirzebruch spectral sequence are torsion operators
we deduce:

Corollary 2.4.7. Let A be a strongly self-absorbing C*-algebra that satisfies the UCT. Let
X be a finite connected CW complex such that H*(X,7Z) is torsion free. Then:
(i) By, By € Bunx(A ® K) are isomorphic if and only dx(B1) = dx(B2) for all k > 0.
(i) Bunx(Z @ K) = @,., H**Y(X,Z) and

Bunx (0 @ K) = H'(X,Z/2) © @ H*(X,Z) .

k>1

Corollary 2.4.8. Let X be a compact connected metrizable space. Let A be a strongly
self-absorbing C*-algebra, which satisfies the UCT. Then H'"?(X, Ko(A)) is a natural direct
summand of E4(X) for all i > 0. It follows that there is a natural homomorphism

610 BEY(X) — H*(X, Ko(A))
ging back the usual Dizmier-Douady class for A = C.

Proof. Recall that EL(X) = EL(X) = H™*2?(X,Z). Using the continuity properties discussed
in Remark [2.3.10], we may assume that X is a finite connected CW complex. Since A satisfies
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2 A Dixmier-Douady theory for strongly self-absorbing C*-algebras

the UCT, K;(A) = 0 and Ky(A) C Q is flat and satisfies Ko(A) ® Ko(A) = Ko(A). The
natural transformation of cohomology theories £ (X) — E%(X)®Ky(A) is an isomorphism
since it is so on coefficients. The unital map C — A induces a natural transformation
of cohomology theories T: EA(X) ® Ko(A) — E4(X) ® Ko(A) = E%(X). The desired
conclusion follows now from the naturality of the Atiyah-Hirzebruch spectral sequence since
all the rows of the Fy-page of E5(X) ® Ky(A) are null with the exception of the (—2)-row
and 7" induces the identity map on this row due to the isomorphism m(Aut(K)) ® Ko(A) —
To(Aut(A @ K)) ® Ko(A) = mo(Aut(A @ K)), see Theorem [2.2.18] The edge homomorphism
E\(X) — H™*?(X, Ky(A)) and T give the splitting. O

Corollary 2.4.9. Let X be a compact metrizable space and let A be a strongly self-absorbing
C*-algebra. Two bundles By, By € Bunx (A ® K) are isomorphic if and only if By ® Oy =
By ® O.

Proof. Without any loss of generality we may assume that X is a finite CW-complex. By
Corollary [2.2.19| there is a commutative diagram with exact rows

0

| | |

00— Autp(Oo ® ARK) —= Aut(Op, ® A @ K) — K((A)* —0

Passing to classifying spaces we obtain a commutative diagram:

0 X, BAuto(A ® K)] X, BAut(A ® K)] HY(X, Ko(A)X)

| | |

0 — [X, BAutg(Os ® A Q@ K)] — [X, BAut(O ® A @ K)] — H' (X, Ko(A)*)

This is a diagram of abelian groups by Theorem [2.3.8 and Corollary 2.3.9] The map j is
injective. This follows from the exactness of the sequence H(X, Ry) — H°(X, Ry/Ry) —
HY(X,R;) — H'(X, Ry) induced by an inclusion of discrete abelian groups Ry < Ry. Let us
argue that the map i is also injective. If A # C, this follows from Corollary 2.2.21] whereas
for A = C this was proved in Corollary The five lemma implies now that the map
T:E}(X) = Elgo_ (X) is injective. O

Finally we address the question to what extent the results (i) and (ii) of Dixmier and
Douady mentioned in the introduction admit generalizations to our context. The following
statement corresponds to (i) and the first part of (ii).
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Corollary 2.4.10. Let B be a separable continuous field of C*-algebras over a compact
metrizable space whose fibers are Morita equivalent to the same strongly self-absorbing C*-
algebra A. Suppose that B satisfies Fell’s condition. Then for each x € X, there is a closed
netghborhood V' of x with the following property. There exists a unital separable continuous
field D over V' with fibers isomorphic to A such that B(V) @ K =2 D @ K. If A is finite
dimensional or if X is finite dimensional, then B @ K s locally trivial and therefore we can
associate to it an invariant 6(B) € E4(X) which classifies B ® K up to isomorphism of
continuous fields, and B up to Morita equivalence over X.

Proof. Let x € X. Let p and V be as in Definition Letting D := pB(V)p we have
already seen in the proof of Theorem that B(V) ® K = D ® K and that all the
fibers of D are isomorphic to A. If A is finite dimensional, then A = C, and so obviously
D = C(V). This corresponds to the result (i) of Dixmier and Douady. If X is finite
dimensional, then B(V) ®@ K = C(V) ® A® K by Theorem [2.4.2] We conclude the proof by
applying Theorem [2.3.8 O

As we have just seen, the class 6(B) € F}4(X) is defined for continuous fields with
fibers Morita equivalent to A which satisfy Fell’s condition. Furthermore, one can associate
rational characteristic classes to certain continuous fields which are typically very far from
being locally trivial and whose fibers are not necessarily Morita equivalent to each other.

Corollary 2.4.11. Let B be a separable continuous field of C*-algebras over a finite di-
mensional compact metrizable space whose fibers are Morita equivalent to (possibly different)
strongly self-absorbing C*-algebras satisfying the UCT. Suppose that for each x € X there is
a closed neighborhood V' of x and a projection p € B(V') such that [p(v)] # 0 in Ko(B(v))
for allv € V. Then By := B ® Oy ® Mg ® K is locally trivial and so we can associate
“stable” rational characteristic classes to B, by defining 6;''(B) = 6;x(By) € H* (X, Q).
These cohomology classes determine By up to an isomorphism.

Proof. The fibers By(z) = B(z) ® Ox ® Mg ® K satisfy the UCT and they are stabilized
strongly self-absorbing Kirchberg algebras not isomorphic to Oy ® K since Ky(B(zx)) # 0.
It follows by [139] that they are all isomorphic to O ® Mgy ® K and moreover that the
induced map Ko(B(x)) — Ko(Bj(z)) is injective for all z € X. It follows that By satisfies
Fell’s condition and hence it is locally trivial by Theorem [2.4.2] We conclude the proof by

applying Corollary [2.4.5] n
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3 Unit spectra of K-theory
from strongly self-absorbing C'*-algebras

We give an operator algebraic model for the first group of the unit spectrum gl; (KU) of
complex topological K-theory, i.e. [X, BGL;(KU)|, by bundles of stabilized infinite Cuntz
C*-algebras O, ® K. We develop similar models for the localizations of KU at a prime p
and away from p. Our work is based on the Z-monoid model for the units of K-theory by
Sagave and Schlichtkrull and it was motivated by the goal of finding connections between the
infinite loop space structure of the classifying space of the automorphism group of stabilized
strongly self-absorbing C*-algebras that arose in our generalization of the Dixmier-Douady
theory and classical spectra from algebraic topology.

3.1 Introduction

Suppose E* is a multiplicative generalized cohomology theory represented by a commutative
ring spectrum R. The units GL,(E°(X)) of E°(X) provide an abelian group functorially
associated to the space X. From the point of view of algebraic topology it is therefore a
natural question, whether we can lift GL; to spectra, i.e. whether there is a spectrum of
units gl (R) such that gl; (R)°(X) = GL(E°(X)).

It was realized by Sullivan in [I33] that gl;(R) is closely connected to questions of
orientability in algebraic topology. In particular, the units of K-theory act on the K-
orientations of PL-bundles. Segal [129] proved that the classifying space {1} x BU C Z x BU
for virtual vector bundles of virtual dimension 1 equipped with the H-space structure from
the tensor product is in fact a I'-space, which in turn yields a spectrum of a connective gener-
alized cohomology theory bu, (X). His method is easily extended to include the virtual vector
bundles of virtual dimension —1 to obtain a generalized cohomology theory gl (KU)*(X) D
bu},(X) answering the above question affirmatively: GL(K°(X)) & gl1(KU)%(X). Later
May, Quinn, Ray and Tornehave [104] came up with the notion of E.-ring spectra, which
always have associated unit spectra.

Since gl; (R) is defined via stable homotopy theory, there is in general no nice geometric
interpretation of the higher groups even though R may have one. In particular, no geometric
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

interpretation was known for gl;(KU)*(X). In this article we give an operator algebra
interpretation of gl;(KU)'(X) as the group of isomorphism classes of locally trivial bundles
of C*-algebras with fiber isomorphic to the stable Cuntz algebra O, ® K with the group
operation induced by the tensor product. In fact one can also recover Segal’s original infinite
loop space BBUg as BAut(Z ® K), where Z is the ubiquitous Jiang-Su algebra [139]. For
localizations of KU we obtain that gl; (KU))'(X) is the group of isomorphism classes of
locally trivial bundles with fiber isomorphic to the C*-algebra M,y ® O, ® K with the group
operation induced by the tensor product. Here M, is a C*-algebra with Ko(My)) = Zy),
K(My)) = 0 that can be obtained as an infinite tensor product of matrix algebras.

Our approach is based on the work of Sagave and Schlichtkrull [123] [124], who developed
a representation of gl; (R) for a commutative symmetric ring spectrum R as a commutative Z-
monoid. Motivated by the definition of twisted cohomology theories, we study the following
situation, which appears to be a natural setup beyond the case where R is K-theory: Suppose
G is an Z-space, such that each G(n) is a topological group acting on R,,. To formulate a
sensible compatibility condition between the group action s and the multiplication u® on
R, we need to demand that G itself carries an additional Z-monoid structure p“ and the
following diagram commutes:

G(m) x R, x G(n) x R, — "™ - R x R,
(uﬁ,nwﬁ,n)wl jufi,n

GmUn) X Ry 4y

Rm+n

Km4n

where 7 switches the two middle factors. Associativity of the group action suggests that
the analogous diagram, which has G(n) in place of R, and u® instead of uf, should also
commute. This condition can be seen as a homotopy theoretic version of the property needed
for the Eckmann-Hilton trick, which is why we will call such a G' an Eckmann-Hilton Z-group
(EH-Z-group for short). Commutativity of the above diagram has the following important
implications:

e the Z-monoid structure of G is commutative (Lemma (3.3.2)),

e the classifying spaces B,G(n) with respect to the group multiplication v of G form a
commutative Z-monoid n — B, G(n),

e if GG is convergent and G(n) has the homotopy type of a CW-complex, then the I'-spaces
associated to G and B, G satisty B,I'(G) ~I'(B,G), where B,I'(X) for a commutative
Z-monoid X denotes the I'-space delooping of I'(X') (Theorem [3.3.6)).

Let Q>*°(R)*(n) be the commutative Z-monoid with associated spectrum gl;(R). If G acts
on R and the inverses of G with respect to both multiplicative structures p¢ and v are
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compatible in the sense of Definition then the action induces a map of I'-spaces
I'(G) — I'(Q*(R)*). This deloops to a map B,I'(G) — B,I'(Q*(R)*) and we give suf-
ficient conditions for this to be a strict equivalence of (very special) I'-spaces.

In the second part of the paper, we consider the EH-Z-group G 4(n) = Aut((4 ® K)®")
associated to the automorphisms of a (stabilized) strongly self-absorbing C*-algebra A. This
class of C*-algebras was introduced by Toms and Winter in [139]. It contains the algebras
O and M, alluded to above as well as the Jiang-Su algebra Z and the Cuntz algebra O,.
It is closed with respect to tensor product and plays a fundamental role in the classification
theory of nuclear C*-algebras.

For a strongly self-absorbing C*-algebra A, X — K (C(X) ® A) turns out to be a
multiplicative cohomology theory. In fact, this structure can be lifted to a commutative
symmetric ring spectrum KU# along the lines of [69, 79, 53]. The authors showed in [47]
that BAut(A®K) is an infinite loop space and the first space in the spectrum of a generalized
cohomology theory E%(X) such that E}(X) = Ko(C(X)® A)Y, in particular Eg_(X) =
GLi(K°(X)), which suggests that Ep_(X) = gly(KU)*(X). In fact, we can prove:

Theorem 3.1.1. Let A # C be a separable strongly self-absorbing C*-algebra.

(a) The EH-I-group G4 associated to A acts on the commutative symmetric ring spectrum
KUZ2 inducing a map T'(G4) — T(Q®(KUA)*).

(b) The induced map on spectra is an isomorphism on all homotopy groups m, with n > 0
and the inclusion Ko(A)Y — Ko(A)* on m.

(¢) In particular BAut(A® Oy ®K) ~ BGL(KU?) and gl;(KU)Y(X) = Bun(A® 0, ®K),
where the right hand side denotes the group of isomorphism classes of C*-algebra bundles
with fiber A ® Oy @ K with respect to the tensor product.

We also compare the spectrum defined by the I'-space I'(B,G 4) with the one obtained
from the infinite loop space construction used in [47] and show that they are equivalent.
The group gl (KU#)'(X) alias E'(X) is a natural receptacle for invariants of not necessar-
ily locally trivial continuous fields of C*-algebras with stable strongly self-absorbing fibers
that satisfy a Fell condition. This provides a substantial extension of results by Dixmier and
Douady with gl; (KU#) replacing ordinary cohomology, [47]. The above theorem lays the
ground for an operator algebraic interpretation of the “higher” twists of K-theory. Twisted
K-theory as defined first by Donovan and Karoubi [56] and later in increased generality by
Rosenberg [122] and Atiyah and Segal [§] has a nice interpretation in terms of bundles of
compact operators [122]. From the point of view of homotopy theory, it is possible to define
twisted K-theory with more than just the K(Z,3)-twists [5, 102] and the present paper
suggests an interpretation of these more general invariants in terms of bundles with fiber
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

O ® K. We will pursue this idea in upcoming work.

3.2 Preliminaries

3.2.1 Symmetric ring spectra, units and Z-spaces

Since our exposition below is based on symmetric ring spectra and their units, we will recall
their definition in this section. The standard references for this material are [74] and [96].
Let X, be the symmetric group on n letters and let S = ST A--- A S? be the smash product
of n circles. This space carries a canonical ¥,-action. Define S° to be the two-point space.
Let Top be the category of compactly generated Hausdorff spaces and denote by T op, its
pointed counterpart.

Definition 3.2.1. A commutative symmetric ring spectrum R, consists of a sequence of
pointed topological spaces R, for n € Ny ={0,1,2,...} with a basepoint preserving action
by ¥, together with a sequence of pointed equivariant maps n,: S™ — R, and a collection
tm.n Of pointed X, x X,-equivariant maps

't By N Ry, = R
such that the following conditions hold:

(a) associativity: fipiqr © (Hpg AidR,) = pipgir © (idr, A tigr),

(b) compatibility: ti,.q0 (1, A1g) = Nptq and pp o0 (idg, Ano) = idg,, floq0 (o Aidg,) = idg,
where we identify S° A R, and R, A S° with R, via the canonical maps,

(c) commutativity: The following diagram commutes

Rm A Rn M) Rm+n

twl ij,n

where tw is the flip map and 7,,,, is the block permutation exchanging the first m letters
with the last n letters preserving their order.

In order to talk about units in a symmetric ring spectrum with respect to its graded
multiplication fiy,n: Ry A Ry, — Ryt we need to deal with homotopy colimits. Given
a small (discrete) indexing category J and a functor F: J — Top, i.e. a diagram in

60
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spaces, we define its homotopy colimit hocolim; F' to be the geometric realization of its
(topological) transport category Tr with object space [] jeobi(r) F (7) and morphism space
]_[jyj,@bj(j) F(j) x homz(7,j'), where the source map is given by the projection to the first
factor and the value of the target map on a morphism (z, f) € F(j) x hom(7,7") is F(f)(x)
[147, Proposition 5.7].

To define inverses for the graded multiplication p of R, we need a bookkeeping device
that keeps track of the degree, i.e. the suspension coordinate. We follow the work of Sagave
and Schlichtkrull [123, [124], in particular [124] section 2.2, which tackles this issue using
Z-spaces and Z-monoids.

Definition 3.2.2. Let Z be the category, whose objects are the finite sets n = {1,...,n} and
whose morphisms are injective maps. The empty set 0 is an initial object in this category.
Concatenation m LI n and the block permutations 7,,,: mUn — nUm turn Z into a
symmetric monoidal category. An Z-space is a functor X : Z — T op,.

Moreover, an Z-space X is called an Z-monoid if it comes equipped with a natural
transformation p: X x X — X o U of functors Z2 — T op,, i.e. a family of continuous maps

Pmn: X(m) x X(n) - X(mUn),

which is associative in the sense that i 1y 0 (idX(l) X i) = fitmn © (fm X idX(n)) for all
l,m,n € obj(Z) and unital in the sense that the diagrams

HO,n

X(0) x X(n) 2% X (n) X(n) x X(0) 2% X (n)

X(n) X (n)

commute for every n € obj(Z), where the two upwards arrows are the inclusion with respect
to the basepoint in X (0). Likewise we call an Z-monoid X commutative, if

X(m) x X(n) 2% X(m Un)

Swl le,n*

X(n) x X(m) 2% X(nUm)

commutes. We denote the homotopy colimit of X over Z by X7 = hocolimz(X). If X is
an Z-monoid, then (X,z, 1) is a topological monoid as explained in [124, p. 652]. We call
X grouplike, if mo(Xp7) is a group with respect to the multiplication induced by the monoid
structure.

Let NV be the category associated to the directed poset Ny = {0,1,2,...}. Note that
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

there is an inclusion functor N' — Z, which sends a map n — m to the standard inclusion
n — m. This way, we can associate a space called the telescope to an Z-space X: Tel(X) :=
hocolimy X. If X is convergent, then Tel(X) — X7 is a weak homotopy equivalence. Any
space Y together with a continuous self-map f: Y — Y yields a functor F': N' — Top with
F(n) =Y, F(n — m) = f™ ™ where f(™™™ denotes the composition of m — n copies of
f. We will denote the associated telescope by Tel(Y’; f) or Tel(Y) if the map is clear.

As described in [124], section 2.3|, a symmetric ring spectrum R, yields an Z-monoid
Q>°(R) as follows: Let Q*°(R)(n) = Q"(R,) with basepoint 7,. A morphism a: m — n
uniquely defines a permutation &@: n = 1L m — n, which is order preserving on the first [
elements and given by « on the last m entries. Mapping f € Q™(R,,) to

gn 2o gn ML p AR, X R, - R, .
yields the functoriality with respect to injective maps. The monoid structure is induced by
the multiplication of R, as follows
Umn(fy9): ST A sn I p ARy 22 R
for f € Q™(R,,) and g € Q*(R,). If R is commutative, then Q>(R) is a commutative
Z-monoid.

Let Q*°(R)* be the Z-monoid of units of R given as follows Q°°(R)*(n) is the union
of those components of 2°°(R)(n) that have stable inverses in the sense that for each f €
Q°(R)*(n) there exists g € Q®(R)(m), such that j,,,.(f,g) and fim, (g, f) are homotopic
to the basepoint of Q>°(R)(nUm) and Q> (R)(mUn) respectively. Define the space of units
by GL;(R) = hocolimz(Q>*(R)*).

If R is commutative, the spectrum of units associated to the I-space I'(2*°(R)*) will be
denoted by gl1(R). If R is convergent, then mo((Q2°(R)*)nz) = GL1(m(R)), T(Q2®(R)*) is
very special and gl;(R) is an {2-spectrum.

3.3 Eckmann-Hilton Z-groups

As motivated in the introduction, we study the following particularly nice class of Z-monoids.

Definition 3.3.1. Let Grp, be the category of topological groups (which we assume to be
well-pointed by the identity element) and continuous homomorphisms. A functor G: Z —
Grp, is called an Z-group. An Z-group G is called an Eckmann-Hilton Z-group (or EH-Z-
group for short) if it is an Z-monoid in Grp, with multiplication fi, ,, such that the following
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3.3 Eckmann-Hilton Z-groups

diagram of natural transformations between functors Z? — Grp, commutes,

(Hm,n X i, n ) 0T

G(m) x G(m) x G(n) X G(n) G(mUn) x G(mUn)

VUm XVn, l l/l/m-&-n

G(m) x G(n) G(mUn)

MHm,n

(where v,,: G(n) x G(n) — G(n) denotes the group multiplication and 7 is the map that
switches the two innermost factors). We call G convergent, if it is convergent as an Z-space in
the sense of [124, section 2.2]. If all morphisms in Z except for the maps 0 — n are mapped
to homotopy equivalences, the EH-Z-group G is called stable (this implies convergence).

Let ¢;,: 0 — m be the unique morphism. We say that an EH-Z-group has compatible
inverses, if there is a path from (¢, Uidm)«(g) € G(mUm) to (idmUt,y,).(g) for all m € obj(Z)
and g € G(m).

The above diagram is easily recognized as a graded version of the Eckmann-Hilton
compatibility condition, where the group multiplication and the monoid structure provide
the two operations. Thus, the following comes as no surprise.

Lemma 3.3.2. Let G be an EH-Z-group. Then the Z-monoid structure of G is commutative.

Proof. Let 1,, € G(m) be the identity element. If ¢,,: 0 — m is the unique morphism, then
tme(1g) = 1. For g € G(n)

Nm,n(lmag) = N’m,n(l/m*(lO);g) = (Lm U idn)*ﬂ(},n(loag) = (Lm U 1dn>*(g)

by naturality. Let g € G(n), h € G(m), then
Mm,n(gv h) = ,um,n(ym(]-m7 9)7 Vn(hu ]-n)) - Vm—i—n(,um,n(lmu g)u Mm,n(ha 1n))
= Vm+n((l'm U ldn)*(g)a (ldm U Ln)*(h))

= Vm+n(7—m,n* (ldn L Lm)*(g>7 Tm,n*(bn L ldm)*(h))
= Tm,n*Vn+m((idn U tn)«(9); (tn Uidm)«(h)) = Tm,n*ﬂn,m(h7 9)

In the last step we have used the fact that 7,,,. is a group homomorphism. O

Lemma 3.3.3. Let G be an EH-Z-group with compatible inverses, let g € G(m), then there
is a path connecting fimm(g,9~") € G(mUm) and 1, € G(mUm).

Proof. Just as in the proof of Lemma [3.3.2] we see that

Nm,m(ga g_l) = Vm-i-m((bm L idm)*(g): (idm U Lm)*(g_l)) .
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

But by assumption (idm U ,)«(g71) is homotopic to (¢, Uidm)«(g7!). We get

Vintm ((tm Uidm)«(g), (¢ U idm)*(gfl)) = (ty U idm)«(vm(g, g’l)) = (L Uidm)«(1)
proving the claim. O]

Let G be an EH-Z-group and let A,: Z — 7" be the multidiagonal functor that maps
n to (n,...,n) € obj(Z"). Then we obtain an Z-monoid G") from this via

G"(n) = (G x --- x G)oA,(n) = G(n)",
—_——
r times
where we define G(*)(n) to be the trivial group and G (n) = G(n). The multiplication is
given by
,uff;?n: G(m)" x G(n)" = (G(m) x G(n))" - G(mUn)"

where the first map is reshuffling the factors in an order-preserving way and the second map
iS . = 11, We can rephrase the fact that ¢, : G (m) — G(n) is a group homomorphism
for every ¢ € mor(Z) by saying that v,: (G x G) o Ay — G is a natural transformation.
Thus, we obtain face maps of the form

dip: G7(n) — G Y(n)

(92, -, 9r) ifi=0
(gla"'7g7")'_> (gla"'al/n(giagiJrl)a"'797") ifo<i<r
(gl,...,grfl) ifi=r

and corresponding degeneracy maps s;,,: G") — G+ which insert the identity of G(n)
after the ith element. Altogether, we see that G is a simplicial Z-space. If we fix n,
then G(*)(n) is a simplicial space. Its geometric realization is the classifying space of the
group G(n), which we will denote by B,G(n). Any morphism ¢: m — n in Z induces a
simplicial map G®)(m) — G®)(n) and therefore a map on the corresponding classifying
spaces: B,G(m) — B,G(n). This way n — B,G(n) becomes an Z-space, of which we can
form the homotopy colimit (B,G)z.

Alternatively, we can first form the homotopy colimit of the r-simplices to obtain the
simplicial space foz) = hocolimz G, Let B,(Ghz) = |G§;I) . As the notation already
suggests there is not much of a difference between these two spaces.

Lemma 3.3.4. Let J be a small (discrete) category, let X be a simplicial J-space, then ¢ —
| X®)(c)| is a J-space, r — hocolim; X ") is a simplicial space and there is a homeomorphism
lhocolim 7 X ()| 2 hocolimz|X®)| . In particular, we have (B,G)nr = B,(Gnz) =: B,Grz.
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3.3 Eckmann-Hilton Z-groups

Given another category J', a functor F: J — J', a simplicial J'-space X' and a natural
transformation k: X = X'oF, the following diagram, in which the vertical maps are induced
by F' and k, commutes

hocolim 7 X (*) hocolim 7| X (®)
T J

| l

lhocolim 7+ X"(*)]| hocolim ;| X"(*|

[

Proof. The first two statements are clear, since the face and degeneracy maps are maps of
J-spaces. In particular, the space X () of r-simplices is a J-space. Let Cg;) be the transport
category of X and let NSC? be the sth space of the nerve of c§§). This is a bisimplicial
space and we have

lhocolimy X®| = ||IN,CY|,|r 2 ||N,CY, |s 2 hocolimy| X .

The functor F' in combination with the natural transformation yield a map of bisimplicial
spaces NSCg) — NSC;). So the last claim follows from the fact that the homeomorphism
]]Nscg)]s],, = HNSCQMS is natural in the bisimplicial space. O

Lemma 3.3.5. Let G be a stable EH-Z-group, such that G(n) has the homotopy type of a
CW-complex for each n. The inclusion map G(1)™ — Gg;) induces a homotopy equivalence
for every m € N. In particular, B,G(1) — B,Gyz is a homotopy equivalence.

Proof. Since we assumed all maps G(m) — G(n) to be homotopy equivalences for every m >
1, the Lemma follows from [124, Lemma 2.1] together with [129, Proposition A.1 (ii)]. O

Due to the Eckmann-Hilton condition the following diagram commutes

()

G (m) x GO (n) —"~ GO (m Un)

di'dei’nl Ldi,mun

Gr=Y(m) x GV (n) —= G""Y(mUn)

i

Thus, G is a simplicial Z-monoid, which is commutative by Lemma m This implies
that n — B,G(n) is a commutative Z-monoid. Let B,G®: T* — Top, be the Z°-space
given by B,G®) (ny,...,n,) = B,G(n;) x --- x B,G(n,). As explained in [124] section 5.2]
there is a I-space I'( B, G) associated to B, G constructed as follows: For a pointed set (S, *)
let S =S\ {*} and let P(S) be the power set of S considered as a category with respect

to inclusion. We define D(S) to be the category of those functors P(S) — Z that map
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

disjoint unions of sets to coproducts of finite sets. The morphisms in D(S) are natural
transformations. Then

I'(B,G)(S) = hocolimpsy B,G™ o g

where mg: D(S) — 75 is the canonical projection functor, which restricts to one-point
subsets. All G are commutative Z-monoids. Therefore we have analogous I'-spaces I'(G())
and I'(G@). Following [129, Definition 1.3], we can deloop I'(G): Let Y*)(S) = I'(G)([k] A S).
This is a simplicial space and B,I'(G)(S) = |[Y*¥(S)| is another I'-space.

In [I1] Bousfield and Friedlander discussed two model category structures on I'-spaces: a
strict and a stable one. The strict homotopy category of very special ['-spaces is equivalent to
the stable homotopy category of connective spectra [I1], Theorem 5.1]. Instead of topological
spaces, Bousfield and Friedlander considered (pointed) simplicial sets as a target category.
The discussion in [127, Appendix B] shows that this difference is not essential. Recall
from [I1, Theorem 3.5] that a strict equivalence between I'-spaces X and Y is a natural
transformation f: X — Y, such that fg: X(S) — Y(5) is a weak equivalence for every
pointed set S with |S| > 2. This agrees with the notion of strict equivalence given in [127].

Theorem 3.3.6. Let G be a convergent EH-Z-group, such that each G(n) has the homotopy
type of a CW-complex. Let B,Gpz be the classifying space of the topological monoid (Gpz, ).
There is a strict equivalence of very special I'-spaces B,I'(G) ~ I'( B,G) inducing a stable
equivalence of the induced spectra in the stable homotopy category.

In particular, B,Gyr ~ B,Gpz. If G is stable, then B,Gyz is a classifying space for
principal G(1)-bundles and B,G(1) is an infinite loop space.

Proof. Let G : T — Top, be the simplicial Z*-space given by
G")(ny,...,n) =G (ny) x --- x G (ny) .

Observe that G%) o g is a simplicial D(S)-space with |G**) o 7g| = B,G® o 7g, therefore
Lemma [3.3.4] yields a homeomorphism I'(B,G)(S) = [['(G®)(S)|. By the commutatlwty
of the dlagram in Lemma m this is natural in S. Let |T(G®)|(S) := [T(G®)(S)|. We
obtain a levelwise homeomorphism of I'-spaces I'(B,G) = |I'(G®)]. In partlcular this is a
strict equivalence. The projection maps 7: G (n) = G(n)" — G(n) = GM(n) induce

7: T(GM)(S) = T(G)(S) x --- x T(G)(S) .
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For S = S° we have I'(G(™)(S) = GE:I), ['(G)(S) = Gpz.  fits into the commutative diagram

GEL? u Ghzx---XGhz

- T:

Tel(GM) — = Tel(G) x - -+ x Tel(G)

in which the homotopy equivalences follow from [124) Lemma 2.1], since G is convergent.
Note that 7 (Tel(G)")) = hﬂ(ﬂ'k(G(n)) X -+ X mp(G(n))), where the limit runs over the
directed poset Ny. Moreover, m(Tel(G)") = ligl(ﬁk(G(nl)) X «+» X mp(G(n,))), where the
limit runs over the poset Nj. The map 7 is induced by the diagonal A,: Ny — Nf. Since
the subset A,(Ny) is cofinal in Nj, we obtain an isomorphism on all homotopy groups and
therefore — by our assumption on G — a homotopy equivalence.

Let now S be arbitrary, let s = |S|. Let GELTI’S) = hocolimzs G"*). By [124, Lemma
5.1], the natural map I'(G™)(S) — G;LTI’S) is an equivalence. From the above, we obtain that
7 Gg:z’s) — GEZII’S) X e X GSI’S is an equivalence. The diagram

D(GM)(S) —=T(G)(8) x -+ x T(G)(S)

:l L:

7,8) T (1,s (1,8)
G/(ﬂ —~>GhI) XX Gy

shows that 7 is an equivalence for arbitrary S, which in turn implies that the induced map
7: B,I(G")(S) = B,I(G)(S)x---xB,I'(G)(S) is an equivalence as well. Now observe that
B,T(G®)|(S) & |B,I'(G®)|(S) and [k] — B,I(G®)(S) is a simplicial space satisfying the
properties of [I129, Proposition 1.5]. In particular, mo(B,['(G)(S)) = mo((B,Gnrz)?®) is trivial.
Therefore B,I'(G)(S) — QB I'(G®)|(S) = QB,|T'(G®)|(S) is a homotopy equivalence,
which is natural in S. Altogether we obtain a sequence of strict equivalences

I'(B,G) ~ QB,T'(B,G) ~ QB,|T(G®)| ~ B,T(G) .

We used that B, G is connected (and therefore I'( B, G) is a very special I'-space) in the first
step. S = SY together with Lemma yields B,G(1) ~ B,Gpr ~ B,Gpz in case G is
stable. 0

3.3.1 Actions of Eckmann-Hilton Z-groups on spectra

As was alluded to in the introduction, the compatibility diagram of an EH-Z-group G from
Definition [3.3.1] enables us to talk about the action of G on a commutative symmetric ring
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spectrum R.

Definition 3.3.7. Let G be an EH-Z-group and let R be a commutative symmetric ring
spectrum. Then G is said to act on R, if G(n) acts on R, via k,: G(n) x R, — R, such
that

(i) Kk, preserves the basepoint of R, and is ¥,-equivariant, where ¥, acts on G(n) X R,
diagonally and G(0) acts trivially on Ry,

(i) the action is compatible with the multiplication in the sense that the following diagram
commutes

G(m) x R,, x G(n) x R, —""™ ~ R AR,
(uﬁ,nXuﬁ,n)OTl l#ﬁ,n

GmUn) X Ry

Rm+n

Km4n
where 7 denotes the map that switches the two inner factors.
(iii) the action is compatible with stabilization in the sense that the following diagram

commutes for I,m,n € Ny with | +m = n, 01, = pm o (m Aidg,,) and the order
preserving inclusion ¢, ,: m — n onto the last m elements

! idsl/\lim I
G(m) x (S'A R,,) S'A Ry,
Lm,nx* XUl,ml Ol,m
G(n) x R, R,

Theorem 3.3.8. An action of an EH-Z-group G on a commutative symmetric ring spectrum
R defines a map of I-monoids G — Q°(R), which sends g € G(n) to g -1, := kn(g,mn) €
Q*(R)(n) = Q"R,,. If G has compatible inverses, this factors over a morphism G — Q>°(R)*
of commutative Z-monoids, which deloops to a map B,I'(G) — B,I'(Q*(R)*). In particular,
we obtain B,Grr — BGL1(R).

Proof. To see that G — Q°°(R) really defines a natural transformation, observe that each
morphism «: m — n factors as & = @ o ¢, with & € ,, as explained in the paragraph
after Definition B.2.2l Now note that

(g mm) =aopul (mA(g - 1m)) o a " =ao0 tmulg) on(mAng)oa™

=a(g)-aonoa " =ag) M

68



3.3 Eckmann-Hilton Z-groups

where we used (fij) and of Definition [3.3.7 That G — Q°°(R) is a morphism of Z-monoids
is a consequence of (ii). Indeed, for g € G(m), h € G(n)

/Lrlfz,n(g *Thms h - 7771) = ,unG@,n(ga h) ' M]Z,n(ﬁm» 7771) = ,unGz,n(ga h) *Nmdn -

If G has compatible inverses, then ¢! provides a stable inverse of ¢ € G(n) by Lemma m
Forming homotopy colimits, we obtain a morphism of topological monoids Gz — GL1(R),
which deloops. O

3.3.2 Eckmann-Hilton Z-groups and permutative categories

Given a permutative category (C, ®) and an object € obj(C), there is a canonical commuta-
tive Z-monoid E, associated to it: Let E,(n) = End¢(z®") (with 2%° = 1¢), let @ € X, be the
permutation associated to a morphism a: m — n as above and define a,.: E,(m) — E,(n)
by sending an endomorphism f to @o (idyen-m @ f) o @™, where the permutation group %,
acts on z®" using the symmetry of C. The monoid structure of E, is given by

pp: E;(m) x Ex(n) = E;(mUn) ; (f,g)— f®g.

Let A,(n) = Aute(2®™) together with the analogous structures as described above. This is
an Eckmann-Hilton Z-group. Let C, be the full permutative subcategory of C containing the
objects %", n € Ny

Definition 3.3.9. A strict symmetric monoidal functor #: Z — C, will be called a stabi-
lization of z, if (1) = x and for each morphism a: m — n in Z and each f € E,(m) the
following diagram commutes:

f(m) L, 6(m)

G(a)L j@(a)

0(n) m@(n)
Lemma 3.3.10. Let t1: 0 — 1 be the unique morphism in Z. The map that associates to
a stabilization 0 the morphism 0(11) € home(le, x) yields a bijection between stabilizations
and elements in home(1c, ).

Proof. Note that a stabilization is completely fixed by knowing 6(¢q), therefore the map is
injective. Let ¢ € home(1¢, x). Define #(n) = 2™ on objects. Let a: m — n be a morphism
in 7 and let & = @ 0 4, be the factorization as explained after Definition [3.2.2] Define
O(tmn) = P20™™ @ idyem: 2@ = 1?(n_m) ® x®™ — %" and let 6(@) be the permutation
of the tensor factors. The decomposition oo = @ o ¢, ,, is not functorial, due to the fact that

69



3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

Boaand Bo(idUa) differ by a permutation. Nevertheless 6(a) = 6(a) 00(i,,) turns out to
be functorial due to the permutation invariance of ¢®*. It is straightforward to check that
this is also strict symmetric monoidal. Let f: 2®™ — 2®™ be in E,(m). We have

f(a)o f=ao ("™ @idyem)o f=ao (idgon-—m @ f)oa o bB(a) = a.(f) o f(a) .

This shows that the map is also surjective. O

As sketched in [129] there is a ['-space I'(C) associated to a I'-category Ac, which is
constructed as follows: Let S be a finite pointed set and denote by S the complement of the
basepoint of S, then the objects of A¢(S) are families {zy; € obj(C) | U C S} together with
isomorphisms oy : y ® xy — xpuy, whenever U NV = (), compatible with the symmetry
of C and such that zyp = 1¢ and 2y ® xy — xy is the identity. The morphisms of A¢(S) are
families of morphisms By : 2y — xy+ in C such that

ay,v

Ty @ Ty Tyuv
Buy,u @By, l lBUUV,U’UV’
Ty ® Ty é{l[}/’vl Tyruv!

commutes. We define I'(C)(S) = | Ac(S5)|. Let C, be the full (permutative) subcategory of C
containing the objects 2" for n € Ny.

In the next lemma we will introduce a technical tool from simplicial homotopy theory:
The nerve of a topological category D is the simplicial space N, D = Fun([n|, D), where [n]
is the category of the directed poset {0,...,n}. We define the double nerve of D as the
bisimplicial space NyN,D with N,,N,D = Fun([m| x [n],D). It consists of an m x n-array
of commuting squares in D. The diagonal functors diag,, : [n] — [n] x [n] induce a simplicial
map ¢,: N,N,D — N,D.

Lemma 3.3.11. The simplicial map po induces a homotopy equivalence [NgNyD| — |NGD|.

Proof. To construct the homotopy inverse, let max,,: [n] x [n] — [n] be given by max,,(k, {) =
max{k, ¢}, which completely determines its value on morphisms. We have max, odiag, =
idp,. Let (k, £) € [n|x[n]. Thereis a unique morphism k¢ : (k,€) — (max{k, £}, max{k, (}).
Therefore there is a natural transformation x: idp,x, — diag, o max,. From k, we can
construct a functor h: [n] X [n] x [1] = [n] x [n], which induces

H: N,N,D x hom([n] x [n],[1]) = NN, D ; (F, f) = Foho (idpxm x f)o diag,) (s -

After geometric realization, H yields a homotopy inverse of diag,, o max,,. [

70



3.3 Eckmann-Hilton Z-groups

Let Sg: Cp — C, be the functor 28" — z®®*+D and f — f ®id,. Observe that
| Tel(NkCy; NiSe) |k = Tel(|NoCy|; [NeSg|) = Tel(| NoCy|)

by Lemma [3.3.4] and that 6 provides a natural transformation ide, — Sg. Therefore we
obtain a map Tel(|NoCy|) = |NeNoCy|.

Lemma 3.3.12. The map Tel(|NeC|) — |NeNoC.| constructed in the last paragraph is a
homotopy equivalence.

Proof. 0 yields a natural transformation ide, — Sg. Therefore |NoSg| is homotopic to the
identity and the map |N,C,| — Tel(]NoC;|) onto the 0-skeleton is a homotopy equivalence.
Likewise, |N¢C;| — |NoNoC.| induced by the simplicial map N,C, — N,N,C, sending a
diagram to the corresponding square that has ¢ copies of the diagram in its rows and only
identities as vertical maps is a homotopy equivalence by Lemma |3.3.11| since composition
with ¢, yields the identity on N,C,. The statement now follows from the commutative
triangle

Tel(]N.CwD |N0Nocx|
[ NoCe
which finishes the proof. m

Theorem 3.3.13. Let © € obj(C) and let 0: T — C, be a stabilization of x. Let G = A,.
There is a map of I'-spaces

Bg: T(B,G) — T(C,) .

If G is convergent and there exists an unbounded non-decreasing sequence of natural numbers
An, such that B,G(m) — |NoC,| is \,-connected for all m > n, then ®y is an equivalence as
well.

Proof. Lemma yields a homeomorphism I'(B,G)(S) = |T(G®)(S)| with
I'(G™)(S) = hocolimp(g) G o 7 .

The last space is the geometric realization of the transport category TCE,T)(S) with object
space [ yconinsy) G¥)(1s(d)) and morphism space

mor(7.7(8)) = ]_[ G (w5(d)) x hompsy(d, d') .
d,d'€obj(D(S))
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

Given a diagram d € obj(D(S)), we obtain ny = d(U) € obj(Z) for every U C S and define
n; = d({i}). Let (g1,...9s) € G"(n;) x --- x G (n,). We may interpret g; as an r-tupel
(9j4)jeqt,...ry of automorphisms g;; € G(n;) = Aute(6(n;)). If U,V C S are two subsets
with U NV = 0, then d yields two morphisms ny — ny_y and ny — ngyy, which form an
iSOIIlOI‘phiSIIl lyy: Ny Uny — nyuy in Z. Let ayy = G(LU7v)2 Q(DU) X 6’(11\/) — Q(IIUU\/).
Let ¢f;: n; — ny be induced by the inclusion {i} C U and define g; v = [ ;e ti.(9j,4)- This
does not depend on the order, in which the factors are multiplied. The elements g, fit into
a commutative diagram

O(ny) ® 6(ny) s O(nyuy)

gj,U®9j,vl lgj,UuV

Q(IIU) (029 9(nv> T,V- Q(HUU\/)

Thus, we can interpret the families g; 7 for j € {1,...,7} as an r-chain of automorphisms of
the object (0(ny), ayy) in Ac, (S).

Let d' be another diagram, let my = d'(U), 7y : my Umy — myyy and let Byy =
0(tyy)- A natural transformation d — d' consists of morphisms ¢y : ny — my for every

U e P(S). Let fy = 0(py), then the following diagrams commute:

0(ny) —=— 0 (ny) f(ny) ® O(ny) ——O(nyuy)
ij lfU fU®ij lfqu
0(my) We(mzj) f(my) ® 6(my) TH(mqu)

the first since 6 is a stabilization, the second by naturality of the transformation. This is
compatible with respect to composition of natural transformations of diagrams. Altogether
we have constructed a bisimplicial map Nﬂ'cgr)(S) — Ny¢N, Ac,(S). Combining this with
NeNeAc, (S) — NeAe,(S) from Lemma [3.3.11] we obtain I'(B,G)(S) — T'(C,)(S) after
geometric realization.

It remains to be proven that this map is functorial with respect to morphisms x: S — T
in ['?. Recall that

NTE(8) = 11 [T G (di({s})) x homps)(dy, da) x -+ x homp(s) (de—1, de)
dy,...,dg€obj(D(S)) s€ES

Let k,: NeTA(S) — NeTA(T) be the induced map as defined in [124] section 5.2]. We
have
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3.3 Eckmann-Hilton Z-groups

where h;j, = Hien—l(k) Lf;_l(k)*(gj,i). If the left hand side lies in the component (dy, ..., dy),
then the right hand side is in (k.dy, . . . , Kdy) With (k.dp ) (V) = dp(k72(V)) for V C T Like-
wise (k:0™)v = @1 (). The functor k.: Ae, (5) = Ac, (T) sends the object (zu, vy ) ves
to (I,ﬁq(g), Oéml((}),ml(f/))ﬁ,\?cf and is defined analogously on morphisms. Observe that the
composition N; T3 (S) = N, T8 (T) = NN, Ac, (T) maps (954)ies.jefo
automorphisms given by h;y: 0(k.d(V)) = 0(k.d(V)) with

]V = H H H* Od(L -1 gjz = H d l’ r1( g] 1) gjv’fil(v)

keVier—1(k) iex—1(V)

ry to the r-chain of

.....

for V.C T. The transformations ¢™ are mapped to (i o 1(V)) e V) . This implies the
commutativity of

NT(S) —— NTN(T)

q’ol j‘l’e
Rx

NN, A, (S) NN, A, (T)

and therefore functoriality after geometric realization.
To see that @y is an equivalence for each S it suffices to check that B,Gpzr — |NC,| is
a homotopy equivalence due to the following commutative diagram

[(B,G)(S) —=T(C:)(9)

Let Tel(|NoC.|) be the telescope of |[NoSg| as defined above. The conditions on the maps
B,G(n) — |N.C,| ensure that Tel(B,G) — Tel(|N,C,|) is a homotopy equivalence. Now we
have the following commutative diagram

BuGhI ‘NoNocx’ — ’Nocxl

:] TN

Tel(B,G) —— Tel(|N,C,|)

in which the upper horizontal map is the one we are looking for. This finishes the proof. [
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

3.4 Strongly self-absorbing C*-algebras and gl,(KU")

A C*-algebra A is called strongly self-absorbing if it is separable, unital and there exists a
x-isomorphism 9: A — A ® A such that v is approximately unitarily equivalent to the map
I:A— A® A, l(a) =a® 1,4 [139]. This means that there is a sequence of unitaries (u,) in
A such that ||u,p(a)u’ —l(a)|| = 0 as n — oo for all a € A. In fact, it is a consequence of
[51, Theorem 2.2] and [150] that ¢, l and r: A - A® A with r(a) = 14 ® a are homotopy
equivalent and in fact the group Aut(A) is contractible [47]. The inverse isomorphism ¢!
equips K,(C(X) ® A) with a ring structure induced by the tensor product. By homotopy
invariance of K-theory, the Ky-class of the constant map on X with value 1 ® e for a rank
1-projection e € K is the unit of this ring structure. Given a separable, unital, strongly
self-absorbing C*-algebra A, the functor X — K,(C(X)® A) is a multiplicative cohomology
theory on finite CW-complexes with respect to this ring structure.

3.4.1 A commutative symmetric ring spectrum representing K-theory

A C*-algebra B is graded, if it comes equipped Z/27Z-action, i.e. a x-automorphism a: B —
B, such that a? = idg. A graded homomorphism ¢: (B,a) — (B’,a') has to satisfy poa =
o o ¢. The algebraic tensor product B® B’ can be equipped with the multiplication and
*-operation

(a®b)(d OY) = (=1)" (ad’ BbY) and (a®b)* = (=1)?%(a* O b*)

where a,a’ € B and b,V € B’ are homogeneous elements and da denotes the degree of a. It
is graded via d(a ® b) = da + Ob modulo 2. The (minimal) graded tensor product B ® B’ is
the completion of B® B’ with respect to the tensor product of faithful representations of B
and B’ on graded Hilbert spaces. For details we refer the reader to [I8|, section 14.4].

We define S = Co(R) with the grading by even and odd functions. The Clifford algebra
C/, will be spanned by the even element 1 and the odd element ¢ with ¢ = 1. The algebra
K will denote the graded compact operators on a graded Hilbert space H = Hy & H; with
grading Ad,, u = (§ %), whereas we will use K for the trivially graded compact operators.
If we take tensor products between a graded C*-algebra and a trivially graded one, e.g.
Cl®K, we will write ® instead of ®. It is a consequence of [I8, Corollary 14.5.5] that
(Cl @ K)® (Cl @ K) = My(C) ® K 2 K, where M,(C) is graded by Ad, with u = (} °).

As is explained in [53, section 3.2], [79] section 4], the algebra S carries a counital, coas-
sociative and cocommutative coalgebra structure. This arises from a 1 : 1-correspondence
between essential graded x-homomorphisms S — Aand odd, self-adjoint, regular unbounded
multipliers of A [I41], Proposition 3.1]. Let X be the multiplier corresponding to the identity
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3.4 Strongly self-absorbing C*-algebras and gl;(KU*)

map on S , then the comultiplication A: S5 S®Sis given by 1® X + X ® 1, whereas the
counit €: S — C corresponds to 0 € C, i.e. it maps f +— f(0).

Definition 3.4.1. Let A be a separable, unital, strongly self-absorbing and trivially graded
C*-algebra. Let KU be the following sequence of spaces

KU = hom,, (5, (Cl, ® A@K)®") |

where the graded homomorphisms are equipped with the point-norm topology.

KU# is pointed by the 0-homomorphism and carries a basepoint preserving ¥,-action
by permuting the factors of the graded tensor product (this involves signs!). We set B®0 =C
and observe that KUg' is the two-point space consisting of the 0-homomorphism and the
evaluation at 0, which is the counit of the coalgebra structure on S.

Let i, be the following family of maps

fimn: KUANKUY - KUZ. 7 oAy = (p@Y)oA

To construct the maps 7,: S — KU

n’

note that t — tc is an odd, self-adjoint, regular
unbounded multiplier on Cy(R, Cl;). Therefore the functional calculus for this multiplier
is a graded *-homomorphism S - Co(R,C/¢y). This in turn can be seen as a basepoint
preserving map S! — homgr(§ ,Cty). Now consider

Co(R,Cly) — Ch(R,ClH @ ARK) 5 f=fo(l®e),

where e is a rank 1-projection in K. After concatenation, we obtain a graded x-homomor-
phism 7);: S = Co(R, Cl; ® A®K) and from this a continuous map 7;: S* — homg, (S, Cl; ®
A®K). We define n: S° — KU by sending the non-basepoint to the counit of S. Now let

A S = Co(R™, (ClH @ AR K)®)  with ), = (M® ... @ M) 0 A, |

where A, : S — S is defined recursively by Ay =idg, Ay = A and A, = (A ® id)o A1,
for n > 3. This yields a well-defined map 7,,: S — KUZ.

Theorem 3.4.2. Let A be a separable, unital, strongly self-absorbing C*-algebra. The spaces
KUZ together with the maps jiee and ne form a commutative symmetric ring spectrum with
coefficients

T (KUY = K,(A) .

Moreover, all structure maps KUA — QKU;‘Jrl are weak homotopy equivalences forn > 1.
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

Proof. 1t is a consequence of the cocommutativity of A that A, is X,-invariant, i.e. for a
permutation 7 € ¥,, and its induced action 7,: S®" — S®" we have 7,0 A, = A,,. If we let
T act on

Co(R™, (ClH ® AR K)®") = (Cy(R,ClH @ A @ K))®"

by permuting the tensor factors, then we have that 7, is invariant under the action of X,
since

T*Oﬁn:T*o(m@---@ﬁl)oAn = (ﬁl®---®ﬁl)oT*OAn =T
which proves that 7, is X,-equivariant. The ¥,, x ¥, -equivariance of (i, ,, is clear from the
definition of the X, ,-action on KU4 +n and the symmetry of the graded tensor product.
Associativity of jiee (see Definition [3.2.1] (a)) is a direct consequence of the coassociativity

of S and the associativity of the graded tensor product. The map fiy, »(7m A ny) corresponds
to the x-homomorphism

(Mm@ 1) 0 A =M ... o(An®A,) oA .
M._/
n+m times
By coassociativity we have (Am® A,) oA = A, ,. Therefore (ﬁm@) M) © A = i, which
translates into the first compatibility condition of Definition The other compatibility
conditions are consequences of the fact that S is counital. The commutativity of /ie o follows
from the definition of the permutation action and the cocommutativity of the coalgebra

structure on 3. Thus, the spaces KU/ indeed form a commutative symmetric ring spectrum.
To see that the structure maps induce weak equivalences, observe that for k£ > 1

T (KU = mo(QXKUY) = mo(homg: (3, Go(RY, (CH @ K A)™)))

The algebra Cl; ® K with trivially graded K is isomorphic as a graded C*-algebra to C&@]IA{,
where K = K(H, @& H_) is equipped with its standard even grading. Therefore

Co(R¥, (Cl; @ K ® A)®") = Co(RF, (CH ® A)PR KE" = Oy(RF, (C ® A)PMRK
and by [I41, Theorem 4.7]
mo(homg, (S, Co(RF, (Tl @ A)PMRK) = KK(C, Cy(R*, (Cl; @ A)FM) = K, (A)

where we used Bott periodicity and the isomorphism A®™ = A in the last map. The
structure map KU;' — QKUZ, | is now given by exterior multiplication with the class
in KK(C,Cy(R,Cl; @ A)) represented by 7;. But by definition this is a combination of the
Bott element together with the map A ® K — (A4 ® K)®? that sends a to a ® (1 ® e), which
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3.4 Strongly self-absorbing C*-algebras and gl;(KU*)

is homotopic to an isomorphism, since A is strongly self-absorbing. Thus, both operations
induce isomorphisms on K-theory and therefore also on all homotopy groups. Finally, we
have for n € Z

Tn(KUZ2) = colimy_ye ik (KUR) =2 K, (A) . O

Remark 3.4.3. As can be seen from the above proof, the fact that A is strongly self-
absorbing (and not just self-absorbing, which would be A =2 A ® A) is important for the
spectrum to be positive fibrant.

Remark 3.4.4. Note that the spectrum KUZ is not connective. However, the Z-monoid
Q*(R)* of a symmetric ring spectrum R only “sees” the connective cover. In fact, Q>®°(R);z
is its underlying infinite loop space. This was already remarked in [123], Section 1.6] and was
the motivation for the introduction of J-spaces to also capture periodic phenomena.

3.4.2 The Eckmann-Hilton Z-group G4

Let A be a separable, unital, strongly self-absorbing algebra and let G 4(n) = Aut((A®K)®")
(with (A®K)®? := C, such that G 4(0) is the trivial group). Note that o € %, acts on G4(n)
by mapping g € G4(n) to 0 o go o~ !, where o permutes the tensor factors of (A @ K)®".
Let g € G4(m) and a: m — n. We can enhance G4 to a functor G4: Z — Grp, via

a.(g) = o (idagryee-—m @ g)oa "

with & as explained after Definition Moreover, GG 4 is an Z-monoid via
Pmn: Ga(m) X G4(n) - Ga(mUn) ; (g,h)—g®h.

Note that fi,,, 0 and i, are induced by the canonical isomorphisms C®(ARK)®" = (AQK)®"
and (A @ K)®" ® C = (A ® K)®™ respectively.

Theorem 3.4.5. G4 as defined above is a stable FH-I-group with compatible inverses in

the sense of Definition|3.5.1].

Proof. The commutativity of the Eckmann-Hilton diagram in Definition is a conse-
quence of (g @ h)- (¢ @h) = (g-¢) @ (h-h) for g, € Ga(m) and h,h' € G4(n).
Well-pointedness of G 4(n) was proven in [47, Prop. 2.6]. To see that non-initial morphisms
are mapped to homotopy equivalences, first observe that G 4 maps permutations to homeo-
morphisms, therefore it suffices to check that

Aut(A@K) = Aut((A@ K)®") ; g+ g®idagrem-n
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

is a homotopy equivalence. But the target space is homeomorphic to Aut(A ® K) via con-
jugation with a suitable isomorphism. Altogether it is enough to check that we can find an
isomorphism ¢: A ® K — (A ® K)®? such that

Aut(A®K) - Aut(A®K) ; g 'o(g®idagk) o

is homotopic to idau(agk). Let v I x (A®K) = (A®K)®? be the homotopy of [47, Thm.
2.5] and let ¢ = 1(3). Then
D(L) o (g@idagk) od(L) for0<t<1

H: I x Aut(A®K) - Aut(ARK) ; g+—
g fort =0

satisfies the conditions.

Let g € Ga(m). To see that there is a path connecting (tm, Uidm).(g) = idagk)em ® g
to g ® id(agk)em, observe that 74: A® A - A® A with 74(a ® b) = b ® a is homotopic to
the identity by the contractibility of Aut(A ® A) = Aut(A) [47, Thm. 2.3]. Similarly, there
is a homotopy between 7x: K@ K — K® K with 7 (S ® T') = T'® S and the identity since
Aut(K ® K) = PU(H) is path-connected.

Thus, we obtain a homotopy between the identity on (A ® K)®" ® (A ® K)®™ and the
corresponding switch automorphism 7,,,: (AQK)®*"® (AQK)*"™ — (AK)*"® (AQK)®™.
But, 7, o (id(A®K)®m ®g)oT l=9g® id agk)em. O

Recall that KU = homgr(g ,(Cl; ® A®K)®"). There is a unique isomorphism, which
preserves the order of factors of the same type:

On: (Cl @ ARK)E" = (CH)®P" @ (AR K)®"

where — as above — the grading on both sides arises from the grading of C/; and A ® K
is trivially graded. In particular, if o € %, is a permutation and o,: (Clf; ® A ® K)®" —
(Cl ® A®K)®" is the operation permuting the factors of the graded tensor product, then

0,00, = (05" @) 00, (3.1)

where o€ (C0;)®" — (C61)®" and 029K (A ® K)®" — (A @ K)®" are the corresponding
permutations. Thus, we can define an action of G4(n) on KU} via

kot Gan) X KU = KU 5 (g,0) = 0, 0 (idye. @ g) 0 b 09

Theorem 3.4.6. Let A # C be a separable, unital, strongly self-absorbing C*-algebra. Then
the EH-I-group G 4 associated to A acts on the commutative symmetric ring spectrum KUZA
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3.4 Strongly self-absorbing C*-algebras and gl;(KU*)

via ke as defined above. We obtain a map of very special T'-spaces T'(G 4) — T(Q®(KU4)*),
which induces an isomorphism on all homotopy groups m, of the associated spectra withn > 0
and the inclusion Ko(A)Y — Ko(A)* on mo. If A is purely infinite [119, Def. 4.1.2], this is
an equivalence in the stable homotopy category.

Proof. Tt is clear that r, preserves the basepoint of KU#. The X,-equivariance is a direct
consequence of (3.1). Indeed, we have for a permutation o € %,,, g € G4(n) and p € KUA:

O_A®]K O'A®K) -1

'%n( ogo( ’0'090)
= 9;1 o (id ® (UA®K ogo (UA®K)71)) Oen coop
=0 0 (0" ® ") o (id® g) o (6" @ ) 1o h,000¢p

=000, o(id®g)ob,0p=0c0k(g,¢),

where we omitted the stars from the notation.
Let 7: C/ @ (A@ K)E"RCE" @ (A @ K)®* — CE™ ™R (A ® K)2™" be the
permutation of the two middle factors, then 7 o (6,, ® 0,) = 01 This implies that

(Fm(9,9) ® kin(h, 1)) 0 A = Fipin(g ® b, (pR1) 0 A)

for g € G4(m),h € Ga(n), ¢ € KUA ¢ € KU, which is the compatibility condition in
Definition (il). The same argument shows that for [ +m = n, g € G(m) and ¢ € KU/

~

(ﬁl@/ﬁm(g;@)) oA = ’in(ld@ga (ﬁl@@) OA) y

which is the crucial observation to see that diagram in Definition commutes.
Thus, we have proven that G = G4 acts on the spectrum KU#. By Theorem [3.3.§
together with Theorem we obtain a map of I'-spaces

[(B,Ga) = B,(Ga) = B,L(QX(KUA))

where the first map is a strict equivalence. We see from Lemma that Gjz is in fact a
grouplike topological monoid, i.e. Gz — QB,Gpz is a homotopy equivalence. Thus, to finish
the proof, we only need to check that Gz — GL(KU?) = Q®(KU%);; has the desired
properties. Consider the diagram

e GL\(KU%)
G(1) — Q®(KUA)*(1)
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

where the vertical maps are given by the inclusions into the zero skeleton of the homotopy
colimit. The latter are equivalences by [124, Lemma 2.1]. By this lemma, we also see that
To(GL (KUA)) = GL(mo(KU?)) = GL(Ky(A)) = Ko(A)*. It remains to be seen that

0: Aut(A®K) — QKU = homg (S, Co(R,Cl) ® AQK) ;g r1(g, )

induces an isomorphism on all homotopy groups ,, with n > 0 and the inclusion Ky(A); —
Ky(A) on my. The basepoint of the target space is now given by 7; instead of the zero
homomorphism. © fits into a commutative diagram

Aut(4A ® K) ° homy, (S, Cy(R, Cly) @ A @ K)

\/

Pr(A ® K)*

with ®(g) = g(1 ® e) and V(p) = 1 ® p, where 7; € homgr(g, Co(R,Cty)) arises from the
functional calculus of the operator described after Definition . It was shown in [47,
Thm. 2.16, Thm. 2.5] that ® is a homotopy equivalence. Let € € homgr(§ ,C) be the counit
of S. The map V¥ factors as

U: Pr(A®K)* = homg (S, AR K) = homg (5, Co(R,Cl) © A @ K)

where the first map sends a projection p to e- (g g) and the second sends ¢ to ¢ ® 7; 0 A and
applies the graded isomorphism to shift the grading to Cy(R,C¢;) only. Since the second
map induces multiplication with the Bott element, it is an isomorphism on 7m,. It was proven
in [47, Cor. 2.17] that mo(Pr(A @ K)*) =2 Ky(A)Z. The discussion after the proof of [I41]
Thm. 4.7] shows that the first map induces the inclusion Ky(A)Y — K¢(A) on .

Let B be a graded, o-unital C*-algebra and define K] (B) to be the kernel of the map
K'(C(S")® B) — K'(B) induced by evaluation at the basepoint. Here, we used the notation
K'(B) = WO(hOmgr<§, B® K)) introduced in [I41]. The five lemma shows that K7 (B) is in
fact isomorphic to K, (B), if we identify the latter with the kernel Ky(C(S™)® B) — Ky(B).
For n > 0 we have the commutative diagram

Ta(PrA®K)*, 1 ® €) —— 1, (QKUA, 7))

l~

K! (Co(R,Cly) ® A)

where the lower horizontal map sends [p] — [¢] € K, (A) = ker(Ky(C(S") @ A) — Ky(A))

80



3.4 Strongly self-absorbing C*-algebras and gl;(KU*)

to [ ® (4 2)} € K/ (Co(R,Cl;) ® A). The same argument as for my above shows that this
is an isomorphism. Every element 7v: (S",z9) — (Pr(A® K),1 ® e) induces a projection
py € C(S") ® A ® K. The vertical map on the left sends [y] to [p,| — [len) ® 1 ® €] €
Ko(C(S™, 29) ® A) =2 K, (A). This map is an isomorphism by Bott periodicity. Finally, we
can consider 7/: S™ — QKU;! as an element ¢., € homgr(é\, C(S")®@CyH(R,Cl) @ ARK) (K
trivially graded!). The vertical map on the right hand side sends [v'] to [(wgl 10(53)@”71 )] €
K] (Co(R,Cly) ® A). It corresponds to the ‘subtraction of 1°, i.e. it corrects the basepoint
by shifting back to the component of the zero homomorphism. Its inverse is given by 1 —
b D (1c(576>®ﬁ1 8)7 where @ is the addition operation described in [141].

If A is purely infinite, we have Ky(A)} = Ko(A)*, which implies the last statement.
This finishes the proof. 0

3.4.3 Applications

In this section we apply the above results to some examples of strongly self-absorbing C*-
algebras starting with O, and Z. It is a consequence of [I39, [I50] that any unital *-
homomorphism between two strongly self-absorbing C*-algebras is unique up to asymptotic
unitary equivalence. From a categorical point of view, the Jiang-Su algebra Z is characterized
by the property that it is the unique infinite dimensional strongly self-absorbing C*-algebra
which maps into any other infinite dimensional strongly self-absorbing C*-algebra by a unital
s-homomorphism. In this sense it is initial among those [I50]. Likewise the infinite Cuntz
algebra O, is the unique purely infinite strongly self-absorbing C*-algebra that maps uni-
tally into any other purely infinite strongly self-absorbing C*-algebra. Alternatively, O, is
the universal unital C*-algebra generated by countably infinitely many generators s; that
satisfy the relations s}s; = d;; 1. For any locally compact Hausdorff space X the unit homo-
morphisms C — O, and C — Z induce natural isomorphisms of multiplicative cohomology

theories K°(X) = Ko(C(X)) = Ko(C(X) ® Z) and K°(X) = Ko(C(X) ® Ou).

Theorem 3.4.7. The very special I'-spaces T'(Go,,) and I'(Q>(KU)*) are strictly equivalent,
which implies that the spectrum associated to I'(Go,,) is equivalent to gly(KU) in the stable
homotopy category. In particular, BAut(Oy ®@K) is weakly homotopy equivalent to BBUg, X
B(Z/2Z). Likewise, the spectrum associated to I'(Gz) is equivalent to sly(KU), the 0-
connected cover of gli(KU), and BAut(Z ® K) is weakly homotopy equivalent to BBUy.

Proof. The unit homomorphism C — O, yields ['(Q®(KU®)*) — T(Q>°(KU%<)*). To see
that this is a strict equivalence, it suffices to check that GL,(KU) — GL,(KU®=) is a weak
equivalence. Let X be a finite CW-complex. The isomorphism

[X, QUKUT>)] = Ko(C(X) ® Ox)
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

constructed above restricts to [X, GL; (KU%<)] & GL,(Ky(C(X)® O)) and similarly with
C instead of Q4. The composition

GL(K°(X)) 2 [X,GL(KU)] = [X,GL(KU%®)] 2 GL (Ky(C(X) ® Ou))

is the restriction of the ring isomorphism K°(X) — Ky (C(X) ® O) to the invertible
elements.

By Theorem we obtain a strict equivalence I'(Gp_ ) — I'(Q®(KU%<)*). There-
fore the zig-zag I'(Go,,) — T(Q®(KU%<)*) < T'(Q>(KU)*) proves the first claim. From
this, we get a weak equivalence between BGL,(KU) ~ BBUg x B(Z/27) and B,G (1) =
BAut(Oy ® K) using Lemma and the stability of G 4.

The unit homomorphism C — Z yields ['(Q*(KU®)*) — T(Q°(KU?#)*), which is again
a strict equivalence by the same reasoning as above. By Theorem the map ['(Gz) —
[(Q*(KU#)*) induces an isomorphism on 7, for & > 0 and corresponds to the inclusion
Ko(Z2)5 — Ko(Z)* on my. But since Ko(2)} = (Z)% is trivial, the spectrum associated to
['(Gz) corresponds to the O-connected cover of the one associated to I'(Q>(KU?#)*), which
is sy (KU). This implies BAut(Z ® K) ~ BSL,(KU) ~ BBUg, by Lemma [3.3.5| O

The UHF-algebra M, is constructed as an infinite tensor product of matrix algebras
M, (C). It is separable, unital, strongly self-absorbing with Ko(Mpye~) = Z[i}, Ky (Mpy=) = 0.
Likewise, if we fix a prime p and choose a sequence (d;) ey such that each prime number
except p appears in the sequence infinitely many times, we can recursively define A,,; =
A, ® Mg,, Ap = C. The direct limit My, = lim A, is a separable, unital, strongly self-
absorbing C*-algebra with Ky(M,)) = Z) — the localization of the integers at p — and

Ki(My)) = 0.

Theorem 3.4.8. The very special I'-spaces I'(Gr, 00.,) and I'(Q¥(KUy,))*) are strictly
equivalent, which implies that the spectrum associated to T'(G M(p)®0m) 15 equivalent to the
spectrum gl (KUgy) in the stable homotopy category. In particular, BAut(M ) ® O ®K) is
weakly homotopy equivalent to BGL,(KUy). The analogous statement for the localization
away from p 1s also true if My is replaced by M.

Proof. Consider the commutative symmetric ring spectrum K U.M @O with homotopy

groups o (KUM®®9=) = Z,), Top1 (KUM»®P<) = (. Note that the unit homomorphism
C — My ® O induces a map of spectra KU C — KUM»®%= which is the localization
map Z — Z) on the non-zero coefficient groups. Let Sy, be the Moore spectrum, i.e.
the commutative symmetric ring spectrum with H Y(Sp); Z) = Zy and H *(Sp):Z) = 0 for
k # 1. We have KUy = KU A S() and 7, (KU) — m(KUpp)) = m(KU) ® Zy) is the
localization map. It follows that KU, — KUM®®9= A S, + KUM®»®% is a zig-zag of
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3.4 Strongly self-absorbing C*-algebras and gl;(KU*)

me-equivalences. Just as in Theorem [3.4.7] we show that it induces a zig-zag of strict equiva-
lences T'(Q%(KU,))*) = D(Q®°(KUM®®P= A S))*) « D(Q>(KUM»®%<)*) which shows
that gli(KUg,) is stably equivalent to gl (KUM®®%=). But by Theorem we have a
strict equivalence I'(Gy, g0, ) = T'(Q*°(KU M) ®O)*) " The proof for the localization away
from p is completely analogous; therefore we omit it. O

In [47] the authors used a permutative category Bg to show that BAut(A®K) carries an
infinite loop space structure: The objects of Bg are the natural numbers Ny = {0,1,2,...}
and hom(m, n) = {a € hom((ARK)*" (AQK)®") | a((1®e)®™) € GL1(Ky((AK)®™))},
where e € K is a rank 1-projection and (1 ® ¢)*® = 1 € C. Since hom(0, 1) is non-empty,
there is a stabilization 6 of the object 1 € obj(Bg) by Lemma . In fact, we may choose
0(t1) € hom(C, A®K) to be (\) = M1 ®e).

Theorem 3.4.9. Let A be a separable, strongly self-absorbing C*-algebra. Then there is a
strict equivalence of I'-spaces I'(B,G4) — T'(Bg). In particular, the induced infinite loop
space structures on BAut(A ® K) agree.

Proof. Note that Autg, (1) = Aut(A ® K) and that the maps B,G4(m) = BAut((A ®
K)®™) — |N,Bg| are homotopy equivalences for m > 0. Thus, the statement follows from
Theorem [3.3.13 O

The above identification may be used to prove theorems about bundles (and continuous
fields) of strongly self-absorbing C*-algebras using what is known about the unit spectrum of
K-theory. As an example let X be a compact metrizable space and consider the cohomology
group [X, BAut(Ow ®K)|, where we use the notation of [47]. Note that the third Postnikov
section of BAuty(Ox®K) is a K(Z, 3), let BAuty(Ox ®K) — K(Z, 3) be the corresponding
map and denote by F' its homotopy fiber. The composition BAut(K) — BAuty(Os @ K) —
K(Z,3), where the first map is induced by the unit homomorphism C — O, is a homotopy
equivalence. Therefore we obtain a homotopy splitting

BAut(K) x F — BAuty(Oy @ K)

and a corresponding fibration BAut(K) — BAutg(O. @ K) — F. The weak equivalence be-
tween BAuty(O ®K) and BBUg, ~ BBU(1) x BBSUg identifies F' with the corresponding
homotopy fiber of the third Postnikov section of BBUg, which is BBSUs. Thus, we obtain
a short exact sequence

0 — [X, BAut(K)] — [X, BAuto(Ow ® K)] = [X, F] 2 bsug(X) — 0

The following was proven by Gémez in [65, Theorem 5.
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3 Unit spectra of K-theory from strongly self-absorbing C*-algebras

Theorem 3.4.10. Let G be a compact Lie group. Then bsul(BG) = 0.
In light of our previous results, we obtain the Corollary:

Corollary 3.4.11. Let X be a compact metrizable space, let G be a compact Lie group and let
P — X be a principal G-bundle. Let a: G — Auty(Ox®K) be a continuous homomorphism.
Then the associated Auty(Os @ K)-bundle Q — X given by Q = P X, Autg(Os @ K) is
isomorphic to Q X aq Autg(Ou @ K) for a principal PU(H)-bundle Q.

Proof. The class [Q] € [X, BAuty(Ox ® K)] is the pullback of [Ba] € [BG, BAuty(Os @ K)]
via the classifying map fp: X — BG of P. The diagram

[BG, BAuty(Os ® K)] — [BG, F] = bsug, (BG)

| |

0—— [X, BAwt(K)] — [X, BAuty(On ® K)] (X, F]

shows that [Q] is mapped to 0 in [X, F] = bsu}, (X), which implies the statement. O
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4 The Brauer group in generalized
Dixmier-Douady Theory

We have previously shown that the isomorphism classes of orientable locally trivial fields of
C*-algebras over a compact metrizable space X with fiber D ® K, where D is a strongly
self-absorbing C*-algebra, form an abelian group under the operation of tensor product.
Moreover this group is isomorphic to the first group EL(X) of the (reduced) generalized
cohomology theory associated to the unit spectrum of topological K-theory with coefficients
in D. Here we show that all the torsion elements of the group E}(X) arise from locally
trivial fields with fiber D ® M,,(C), n > 1, for all known examples of strongly self-absorbing
C*-algebras D. Moreover the Brauer group generated by locally trivial fields with fiber
D ® M, (C), n > 1 is isomorphic to Tor(EL(X)).

4.1 Introduction

Let X be a compact metrizable space. Let K denote the C*-algebra of compact operators
on an infinite dimensional separable Hilbert space. It is well-known that K ® K = K and
M,(C) ® K = K. Dixmier and Douady [55] showed that the isomorphism classes of locally
trivial fields of C*-algebras over X with fiber K form an abelian group under the operation of
tensor product over C'(X) and this group is isomorphic to H*(X,Z). The torsion subgroup
of H3(X,Z) admits the following description. Each element of Tor(H3(X,7Z)) arises as the
Dixmier-Douady class of a field A which is isomorphic to the stabilization B ® K of some
locally trivial field of C*-algebras B over X with all fibers isomorphic to M, (C) for some
integer n > 1, see [67], [8].

In this paper we generalize this result to locally trivial fields with fiber D ® K where
D is a strongly self-absorbing C*-algebra [139]. For a C*-algebra B, we denote by €z(X)
the isomorphism classes of locally trivial continuous fields of C*-algebras over X with fibers
isomorphic to B. The isomorphism classes of orientable locally trivial continuous fields
is denoted by %9(X), see Definition We have shown in [47] that €pgr(X) is an
abelian group under the operation of tensor product over C'(X), and moreover, this group is
isomorphic to the first group E5(X) of a generalized cohomology theory E}(X) which we
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have proven to be isomorphic to the theory associated to the unit spectrum of topological
K-theory with coefficients in D, see [49]. Similarly (€5.x(X),®) = EL(X) where Ej(X) is
the reduced theory associated to £} (X). For D = C, we have, of course, E}(X) = H3(X, Z).

We consider the stabilization map o : €pgur, ) (X) = (pex(X),®) = EL(X) given
by [A] — [A ® K] and show that its image consists entirely of torsion elements. Moreover,
if D is any of the known strongly self-absorbing C*-algebras, we show that the stabilization
map

o : | Coon.c)(X) = Tor(EL(X))
n>1
is surjective, see Theorem In this situation we have €pgar, ©)(X) = €y () (X)
by Lemma and hence the image of the stabilization map is contained in the reduced
group EL(X). In analogy with the classic Brauer group generated by continuous fields of
complex matrices M, (C) [67], we introduce a Brauer group Brp(X) for locally trivial fields
of C*-algebras with fibers M, (D) for D a strongly self-absorbing C*-algebra and establish
an isomorphism Brp(X) = Tor(EL(X)), see Theorem [4.2.15]

Our proof is new even in the classic case D = C whose original proof relies on an
argument of Serre, see [67, Thm.1.6], [8 Prop.2.1]. In the cases D = Z or D = O the
group E}(X) is isomorphic to H'(X, BSUy), which appeared in [134], where its equivariant
counterpart played a central role.

We introduced in [47] characteristic classes

o : Ep(X) — HY(X,Ko(D)}) and 6 : Ep(X) — H*(X,Q), k>1.

If X is connected, then E}(X) = ker(dy). We show that an element a belongs Tor(EL(X))
if and only if dp(a) is a torsion element and d(a) = 0 for all & > 1.

In the last part of the paper we show that if A°? is the opposite C*-algebra of a locally
trivial continuous field A with fiber D ® K, then d;,(A%?) = (—1)¥6,(A) for all k > 0. This
shows that in general A ® A is not isomorphic to a trivial field, unlike what happens in
the case D = C. Similar arguments show that in general [A®]p, # —[A]p, in Brp(X) for
A € Cpem,©)(X), see Example |4.3.5|

We would like to thank Ilan Hirshberg for prompting us to seek a refinement of Theo-
rem [£.2.10 in the form of Theorem [£.2.17]

4.2 Background and main result

The class of strongly self-absorbing C*-algebras was introduced by Toms and Winter [139].
They are separable unital C*-algebras D singled out by the property that there exists an
isomorphism D — D ® D which is unitarily homotopic to the map d — d ® 1p [51], [150].
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If n > 2 is a natural number we denote by M, the UHF-algebra M, (C)®>. If P is a
nonempty set of primes, we denote by Mpw~ the UHF-algebra of infinite type ®p€ p Moo If
P is the set of all primes, then Mps is the universal UHF-algebra, which we denote by M.

The class D,; of all purely infinite strongly self-absorbing C*-algebras that satisfy the
Universal Coefficient Theorem in KK-theory (UCT) was completely described in [139]. D,;
consists of the Cuntz algebras Os, O and of all C*-algebras Mp~ ® O, with P an arbitrary
set of primes. Let D, denote the class of strongly self-absorbing C*-algebras which satisfy
the UCT and which are quasidiagonal. A complete description of D,4 has become possible
due to the recent results of Matui and Sato [98], Cor. 6.2] that build on results of Winter [I51],
and Lin and Niu [91]. Thus D4 consists of C, the Jiang-Su algebra Z and all UHF-algebras
Mpo with P an arbitrary set of primes. The class D = D,,UD,,; contains all known examples
of strongly self-absorbing C*-algebras. It is closed under tensor products. If D is strongly
self-absorbing, then Ky(D) is a unital commutative ring. The group of positive invertible
elements of Ky(D) is denoted by Ko(D)7.

Let B be a C*-algebra. We denote by Autg(B) the path component of the identity
of Aut(B) endowed with the point-norm topology. Recall that we denote by €5(X) the
isomorphism classes of locally trivial continuous fields over X with fibers isomorphic to B.
The structure group of A € €5(X) is Aut(B), and A is in fact given by a principal Aut(B)-
bundle which is determined up to an isomorphism by an element of the homotopy classes of
continuous maps from X to the classifying space of the topological group Aut(B), denoted
by [X, BAut(B)].

Definition 4.2.1. A locally trivial continuous field A of C*-algebras with fiber B is ori-
entable if its structure group can be reduced to Auty(B), in other words if A is given by an
element of [X, BAutq(B)].

The corresponding isomorphism classes of orientable and locally trivial fields is denoted
by €p(X).

Lemma 4.2.2. Let D be a strongly self-absorbing C*-algebra satisfying the UCT. Then
Aut(M,(D)) = Autg(M,(D)) for all n > 1 and hence Cpgm,(c)(X) = ‘KB@)MH(C) (X).

Proof. First we show that for any f € Aut(D ® M,(C)) there exist a € Aut(D) and a
unitary v € D ® M, (C) such that § = u(a ® idys, c))u*. Let e;; € M, (C) be the rank-one
projection that appears in the canonical matrix units (e;;) of M, (C) and let 1,, be the unit
of M,,(C). Then n[lp ® ey1] = [1p ® 1,,] in Ko(D) and hence n[f(1p ® e11)] = n[lp & e14]
in Ko(D). Under the assumptions of the lemma, it is known that Ky(D) is torsion free (by
[139]) and that D has cancellation of full projections by [I50] and [120]. It follows that there
is a partial isometry v € D ® M, (C) such that v*v = 1p ® e1; and vv* = S(1p ® e11). Then
u=> 1", B(lp®en)v(lp®ey;) € D& M,(C) is a unitary such that the automorphism u*3 u
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acts identically on 1p ® M,(C). It follows that v*Su = a ® id, ) for some o € Aut(D).
Since both U(D ® M, (C)) and Aut(D) are path connected by [139], [120] and respectively
[51] we conclude that Aut(D ® M,,(C)) is path-connected as well. O

Let us recall the following results contained in Cor. 3.7, Thm. 3.8 and Cor. 3.9 from
[47). Let D be a strongly self-absorbing C*-algebra.

(1) The classifying spaces BAut(D ® K) and BAuty(D ® K) are infinite loop spaces giving
rise to generalized cohomology theories E,(X) and respectively Ef(X).

(2) The monoid (€per(X),®) is an abelian group isomorphic to E}(X). Similarly, the
monoid (€Pgx(X),®) is a group isomorphic to E}(X). In both cases the tensor
product is understood to be over C'(X).

(3) Eip(X) = HY(X,QF) & By H(X,Q),
Elyz0.,(X) = HY(X, Q%) & @y H*1(X, Q),

(4) Elgeo., (X) = Eijgeo, (X) = @y (X, Q).

(5) If D satisfies the UCT then D ® Mg ® Ou = Mgy ® Oy, by [139]. Therefore the tensor
product operation A — A ® Mg ® O induces maps

Cpox(X) = Crgeowsk(X), Cpgx(X) — %?4@®OOO®K(X) and hence maps
Ep(X) == Eigeo. (X) = H'(X,Q") & P H*'(X,Q),

k>1

0(A) = (05(A), 01(A), 02(A),...), dk(A) € H*TH(X,Q),

k>1

0(A) = (01(A),82(A),...), &(A) € H*(X,Q).

The invariants d;(A) are called the rational characteristic classes of the continuous field A,
see [47, Def.4.6]. The first class &j lifts to a map g : EFL(X) — HY(X, Ko(D)%) induced by

the morphism of groups Aut(D ® K) — m(Aut(D @ K)) = Ko(D)}. do(A) represents the
obstruction to reducing the structure group of A to Auty(D ® K).

Proposition 4.2.3. A continuous field A € €pex(X) is orientable if and only if 6o(A) = 0.
If X is connected, then EL(X) = ker(d).
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Proof. Let us recall from [47, Cor. 2.19] that there is an exact sequence of topological groups
1 — Auto(D @ K) — Aut(D ® K) = Ko(D)¥ — 1. (4.1)

The map 7 takes an automorphism « to [a(1p ® e)] where e € K is a rank-one projection.
If G is a topological group and H is a normal subgroup of G such that H - G — G/H
is a principal H-bundle, then there is a homotopy fibre sequence G/H — BH — BG —
B(G/H) and hence an exact sequence of pointed sets [X,G/H| — [X,BH| — [X, BG| —
[X, B(G/H)]. In particular, in the case of the fibration (4.1)) we obtain

X, Ko(D)X] = [X, BAuto(D ® K)] — [X, BAut(D @ K)] 2% H'(X, Ko(D)Y).  (4.2)

A continuous field A € €Pg(X) is associated to a principal Aut(D ® K)-bundle whose
classifying map gives a unique element in [X, BAut(D ® K)] whose image in H' (X, Ko(D)})
is denoted by do(A). It is clear from that the class do(A) € H'(X, Ko(D)7) represents
the obstruction for reducing this bundle to a principal Auto(D®K)-bundle. If X is connected,
[X, Ko(D)X] = {} and hence E}(X) = ker(d). O

Remark 4.2.4. If D = C or D = Z then A is automatically orientable since in those cases
Ko(D)Z is the trivial group.

Remark 4.2.5. Let Y be a compact metrizable space and let X = XY be the suspension
of Y. Since the rational Kiinneth isomorphism and the Chern character on K°(X) are
compatible with the ring structure on Ky(C(Y) ® D), we obtain a ring homomorphism

ch: Ko(C(Y)® D) = K°Y) ® Kyo(D) ® Q — ﬁ H2*(Y,Q) = H(Y,Q) ,

k=0

which restricts to a group homomorphism ch: E%(Y) — SL;(H®(Y,Q)), where the right
hand side denotes the units, which project to 1 € H°(Y, Q). If A is an orientable locally
trivial continuous field with fiber D ® K over X, then we have

0k(A) = logch(fa) € H*(Y.Q) = H**(X,Q) , (4.3)

where f4:Y — QBAuty(D ® K) ~ Auto(D ® K) is induced by the transition map of A.
The homomorphism log: SLi(H®(Y,Q)) — H®(Y,Q) is the rational logarithm from [114]
Section 2.5]. For the proof of it suffices to treat the case D = Mgy ® O, where it
can be easily checked on the level of homotopy groups, but since £9(Y) and H* (Y, Q) have
rational vector spaces as coefficients this is enough.
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Lemma 4.2.6. Let D be a strongly self-absorbing C*-algebra in the class D. Ifp € DRK is a
projection such that [p] # 0 in Ko(D), then there is an integer n > 1 such that [p] € nKy(D)Z.
If [p] € nKo(D)%, then p(D @ K)p =2 M,,(D). Moreover, if n,m > 1, then M, (D) = M,,(D)
if and only if nKo(D); = mKy(D)ZX.

Proof. Recall that Ky(D) is an ordered unital ring with unit [1p] and with positive elements
Ky(D), corresponding to classes of projections in D ® K. The group of invertible elements
is denoted by Ko(D)* and Ky(D)} consists of classes [p] of projections p € D ® K such that
[p] € Ko(D)*. Tt was shown in [47, Lemma 2.14] that if p € D ® K is a projection, then
[p] € Ko(D)% if and only if p(D ® K)p = D. The ring Ky(D) and the group Ky(D)} are
known for all D € D, [139]. In fact Ky(D) is a unital subring of Q, Ko(D)y = Q, N Ky(D)
if D € Dyq and Ko(D); = Ko(D) if D € D,,. Moreover:

Ko(C) = Ko(2) = Ko(Ox) = Z, Ko(O2) = {0},
Ko(Mp=) = Ko(Mp=~ @ Ox) = Z[1/P] = @ Z[1/p] = {npy'ps* - - - pir: p; € Pynyk; €
peP
7},
Ko(C)f = Ko(2)f = {1}, Ko(Ox)X = {#1},
Ko(Mp=){ = {p1'py* -0} pi € P.ki € Z}.
Ko(Mp= @ Ono)% 2= {£p)'p3? -- -} pi € P ki € ).
In particular, we see that in all cases Ko(D)y = N-K(D)7, which proves the first statement.
If p e D®Kis a projection such that [p] € nKy(D)Z, then there is a projection ¢ € D @ K
such that [¢] € Ko(D)} and [p] = n[q] = [diag(q, q,...,q)]. Since D has cancellation of full
projections, it follows then immediately that p(D & K)p = M, (D) proving the second part.
To show the last part of the lemma, suppose now that o : D@ M,,(C) — D®M,,(C) is a
s-isomorphism. Let e € M, (C) be a rank one projection. Then a(1p®e)(D®M,,(C))a(lp®

e) = D. By A7, Lemma 2.14] it follows that a,[1p] = [a(1p ® €)] € Ko(D)Z. Since « is
unital, a.(n[lp]) = m[lp] and hence m[1p] € nKy(D);. This is equivalent to nKy(D)} =

Conversely, suppose that m[lp] = nu for some v € Ko(D)X. Let a € Aut(D ® K) be
such that [a(lp ® e)] = u. Then a,(n[lp]) = nu = m[lp]. This implies that a maps a

corner of D ® K that is isomorphic to M, (D) to a corner that is isomorphic to M,, (D). O

Corollary 4.2.7. Let D € D and let 0: D ® M,-(C) — D & M,~ be a unital inclusion
induced by some unital embedding M,»(C) — My, where n > 2,17 > 0. Let R be the set of
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prime factors of n. Then, under the canonical isomorphism Ko(D ® M, (C)) = Ky(D), we
have
0. (Ko(D @ My)Y) = | JrEo(D)} C Ko(D)

r

where v runs through the set of all products of the form quR q*e, k, € NU{0}.

Proof. From Lemma we see that Ko(D) =2 Z[1/P] for a (possibly empty) set of primes
P. The order structure is the one induced by (Q,Q,) if D is quasidiagonal or Ky(D)" =
Z[1/P] if D is purely infinite. If R C P, then # induces an isomorphism on K, and the
statement is true, since 6, is order preserving and Z[1/R]* C Ky(D)*. Thus, we may
assume that R ¢ P. Let S = PU R and thus Ko(D ® M,~) = Z[1/S]. The map 6, induces
the canonical inclusion Z[1/P] < Z[1/S]. We can write « € Z[1/P] as

x:m.HpTP. H qk’q

peP geR\P

with m € Z relatively prime to all p € P and ¢ € R, only finitely many r, € Z non-zero and
k, € NU{0}. From this decomposition we see that z is invertible in Z[1/S] if and only if
m = =£1. This concludes the proof since p™» € Ky(D)X. O

Remark 4.2.8. Let ¢ € D ® K be a projection and let v € Aut(D ® K). As in [47, Lemma
2.14] we have that [a(q)] = [a(1 ® e)] - [¢g] with [a(1 ® e)] € Ko(D)%. Thus, the condition
lq] € nKy(D)Z for n € N is invariant under the action of Aut(D ® K) on Ko(D). Given
A € bpex(X), a projection p € A, xy € X and an isomorphism ¢: A(xy) - D ® K the
condition [¢(p(x¢))] € nKo(D)7 is independent of ¢. Abusing the notation we will write this
as [p(xo)] € nKo(D)}.

Corollary 4.2.9. Let D € D and let A € €pex(X) with X a connected compact metrizable
space. If p € A is a projection such that [p(xo)] € nKo(D); for some point xq, then
(pAp)(x) = M, (D) for all x € X and hence pAp € Cpem,c)(X). If p € A is a projection
with [p(xg)] € Ko(D) \ {0}, then [p(xo)] € nKo(D)X for some n € N.

Proof. Let Vi, .., Vi be a finite cover of X by compact sets such that there are bundle isomor-
phisms ¢; : A(V;) 2 C(V;) ® D @ K. Let p; be the image of the restriction of p to V; under
¢i. After refining the cover (V;), if necessary, we may assume that ||p;(z) — pi(y)|| < 1 for
all z,y € V;. This allows us to find a unitary u; in the multiplier algebra of C(V;) ® D ® K
such that after replacing ¢; by w;¢;u; and p; by u;p;u;, we may assume that p; are con-
stant projections. Since X is connected and [p(z¢)] € nKy(D)Z by assumption, it follows
from [p;(xo)] € nKo(D)} for zp € V; and the above remark that [p;(z)] € nKy(D); for
all 1 < j <k and all x € V;. Then Lemma implies (pAp)(V;) = C(V;) ® M, (D).
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4 The Brauer group in generalized Dixmier-Douady Theory

By Lemma we also have that [p(zo)] # 0 implies [p(xg)] € nKy(D)X for some n € N
proving the statement about the case [p(x)] € Ko(D) \ {0}. O

We study the image of the stabilization map

Cpom,c)(X) = Cpex(X)

induced by the map A — A ® K, or equivalently by the map
Aut(D ® M, (C)) = Aut(D ® M, (C) ® K) = Aut(D ® K).

Let us recall that D denotes the class of strongly self-absorbing C*-algebras which satisfy
the UCT and which are either quasidiagonal or purely infinite.

Theorem 4.2.10. Let D be a strongly self-absorbing C*-algebra in the class D. Let A be a
locally trivial continuous field of C*-algebras over a connected compact metrizable space X
such that A(x) =2 D @ K for all x € X. The following assertions are equivalent:

(1) 0x(A) =0 for all k > 0.
(2) The field A® My is trivial.

(8) There is an integer n > 1 and a unital locally trivial continuous field B over X with
all fibers isomorphic to M, (D) such that A= B ® K.

(4) A is orientable and A®™ = C'(X)® D @ K for some m € N.

Proof. The statement is immediately verified if D = O,. Indeed all locally trivial fields with
fiber O @ K are trivial since Aut(O; ® K) is contractible by [47, Cor. 17 & Thm. 2.17]. For
the remainder of the proof we may therefore assume that D 2 Os.

(1) & (2) If D € Dy, then it is known that D ® Mg = Mg. Similarly, if D € D,; and
D 2 O, then D ® Mg = Ox ® Mg. If A is as in the statement, then A ® My is a locally
trivial field whose fibers are all isomorphic to either Mg ® K or to Oy ® Mg ® K. In either
case, it was shown in [47, Cor. 4.5] that such a field is trivial if and only if 6,(A) = 0 for
all £ > 0. As reviewed earlier in this section, this follows from the explicit computation of
By, (X) and By o0 (X).

(2) = (3) Assume now that A® My is trivial, i.e. A® My = C(X)® D ® MyK. Let
p € A® Mg be the projection that corresponds under this isomorphism to the projection
l1®e e C(X)®D® Mg ®K where 1 is the unit of the C*-algebra C(X) ® D ® Mg and
e € K is a rank-one projection. Then [p(x)] # 0 in Ky(A(z) ® Mg) for all z € X (recall that
D 2 O,). Let us write Mg as the direct limit of an increasing sequence of its subalgebras
M;,;)(C). Then A® Mg is the direct limit of the sequence A; = A® M;,;)(C). It follows that
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there exist ¢ > 1 and a projection p; € A; such that ||p — p;|| < 1. Then ||p(x) — pi(z)|| < 1
and so [p;(x)] # 0 in Ky(A;(x)) for each z € X, since its image in Ky(A(x) ® Mg) is equal
to [p(x)] # 0. Let us consider the locally trivial unital field B := p;(A ® M) (C))p;. Since
the fibers of A ® My;)(C) are isomorphic to D ® K ® M;(C) = D ® K, it follows by
Corollary that there is n > 1 such that all fibers of B are isomorphic to M, (D). Since
BB is isomorphic to a full corner of A®K, it follows by [24] that A® K = B® K. We conclude
by noting that since A is locally trivial and each fiber is stable, then A 2 A® K by [72] and
so A= BeK.

(3) = (2) This implication holds for any strongly self-absorbing C*-algebra D. Let
A and B be as in (3). Let us note that B ® Mg is a unital locally trivial field with all
fibers isomorphic to the strongly self-absorbing C*-algebra D ® Mg. Since Aut(D ® Mg)
is contractible by [47, Thm. 2.3], it follows that B ® Mg is trivial. We conclude that
ARMog= (B My @ K=C(X)® D ® My ®K.

(2) <& (4) This equivalence holds for any strongly self-absorbing C*-algebra D if A is
orientable. In particular we do not need to assume that D satisfies the UCT. In the UCT case
we note that since the map Ky(D) — Ko(D ® My) is injective, it follows that A is orientable
if and only if A® Mg is orientable, i.e. dp(A) = 0 if and only if 65(A) = 0. Since y(A) =0, A
is determined up to isomorphism by its class [A] € EL(X). To complete the proof it suffices
to show that the kernel of the map 7 : Fh(X) — E113®M@ (X), 7[4] = [A ® My], consists
entirely of torsion elements. Consider the natural transformation of cohomology theories:

If D # C, it induces an isomorphism on coefficients since E;'(pt) = m;(Auto(D ® K)) =
K;(D) by [47, Thm.2.18] and since the map K;(D) ® Q — K;(D ® My) is bijective. We
conclude that the kernel of 7 is a torsion group. The same property holds for D = C since
EX(X) is a direct summand of E%(X) by [47, Cor.3.8]. O

Theorem 4.2.11. Let D, X and A be as in Theorem and let n > 2 be an integer.
The following assertions are equivalent:

(1) The field A @ My is trivial.

(2) There is a k € N and a unital locally trivial continuous field B over X with all fibers
isomorphic to M. (D) such that A= B ® K.

(3) A is orientable and A®*™ =~ C(X)® D ® K for some k € N.

Proof. By reasoning as in the proof of Theorem 4.2.10] we may assume that D 2 O,.
(1) = (2): By assumption the continuous field A ® M, is trivializable and hence
it satisfies the global Fell condition of [47]. This means that there is a full projection
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4 The Brauer group in generalized Dixmier-Douady Theory

Poo € A® M,y with the property that p(z) € Ko(A(z) ® My)} for all z € X. Let
vi: M,i(C) — M,~ be a unital inclusion map. Since A ® M, is the inductive limit of the
sequence

A= ARM,(C)— -+ > AR M,i(C) > A® M,i+:1(C) — ...

there is an ¢ € N and a full projection p € A ® M,:(C) with ||(ida ® 14)(p) — peo|| < 1. Fix
a point zy € X. Let 6: A(z9) ® M,:(C) — A(xo) ® My~ be the unital inclusion induced
by vi. Note that 0.([p(z0)]) = (ida(m) @ vi)«([p(20)]) = [poo(0)] € Ko(A(z0) @ Mpee)%. By
Corollary this implies that [p(zo)] € rKo(A(xo)) for some r € N that divides n” for
some k € NU{0}. Then By := p(A ® M,:(C))p € Gpen,(c)(X) by Corollary [£.2.9 Write
n* = mr with m € N. Tt follows that B := By ® M,,(C) € €pgnr ,(c)(X). The fact that
B ® K = A follows just as in step (2) = (3) in the proof of Theorem [4.2.10]

(2) = (1): This is just the same argument as step (3) = (2) in the proof of Theo-
rem [4.2.10

(1) < (3):  The orientability of A follows from Theorem [4.2.10f  Observe that the
elements [A] € €9, (X) = Eb(X) such that n*[A] = 0 or equivalently A®™" is trivializable
for some k € NU {0} coincide precisely with the elements in the kernel of the group homo-
morphism E}(X) — Ep(X)®Z[E]. Since Z[1] is flat, it follows that X — E7},(X)@Z[+] still
satisfies all axioms of a generalized cohomology theory. In particular, we have the following
commutative diagram of natural transformations of cohomology theories:

Ep(X)

| §

En(X) @ Z[E] —= Epgpy o (X) @ Z[2]

where the isomorphism on the right hand side can be checked on the coefficients. A similar
argument shows that for D # C the bottom homomorphism is an isomorphism. Thus the
kernel of the left vertical map agrees with the one of the upper horizontal map in this case.
For D = C we can use that Ej:(X) embeds as a direct summand into F%(X) via the natural
*-homomorphism C — Z [47, Cor. 4.8]. In particular, E&(X) ® Z[2] — E%(X) @ Z[+] is
injective. 0

Corollary 4.2.12. Let D and X be as in Theorem[{.2.10, Then any element x € Eb(X)
with nx = 0 is represented by the stabilization of a unital locally trivial field over X with all
fibers isomorphic to M. (D) for some k > 1. Moreover if A € €pex(X), then A ® My is
trivial < A® My is trivial for some n € N & A is orientable and n*[A] = 0 in EL(X) for
some k € N and some n € N.

(An example from []] for D = C shows that in general one cannot always arrange that
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k=1.)

Proof. The first part follows from Theorem [4.2.11} Indeed, condition (3) of that theorem
is equivalent to requiring that A is orientable and n*[A] = 0 in EL(X). The second part
follows from Theorems 4.2.10l and |4.2.11] O

Definition 4.2.13. Let D be a strongly self-absorbing C*-algebra. If X is connected com-
pact metrizable space we define the Brauer group Brp(X) as equivalence classes of con-
tinuous fields A € J,5; €, (p)(X). Two continuous fields A; € G, (p)(X), i = 1,2 are
equivalent, if -

A1 @ piC(X, My, (D))p1 & Ay @ p2C (X, My, (D))p2,

for some full projections p; € C(X, My,(D)). We denote by [A] g, the class of A in Brp(X).
The multiplication on Brp(X) is induced by the tensor product operation, after fixing an
isomorphism D ® D = D. We will show in a moment that the monoid Brp(X) is a group.

Remark 4.2.14. It is worth noting the following two alternative descriptions of the Brauer
group. (a) If D € D is quasidiagonal, then two continuous fields A; € €y, (p)(X), i = 1,2
have equal classes in Brp(X), if and only if A;®pC(X, My, (C))p1 = As@p2C(X, My, (C))p2,
for some full projections p; € C(X, My,(C)). (b) If D € D is purely infinite, then two
continuous fields A; € €y, (p)(X), i = 1,2 have equal classes in Brp(X), if and only
if A1 @ p1C(X, My, (Ou))p1 = As @ paC(X, Mn,(Ox))p2, for some full projections p; €
C(X, Mp,(Ox)). In order to justify (a) we observe that if D is quasidiagonal, then every
projection p € C(X, My (D)) has a multiple p(m) := p® 1y, (C) such that p(m) is Murray-
Von Neumann equivalent to a projection in C(X, My,,(C))®1p C C(X, Mny,(C)) ® D and
that A;® D = A; by [72]. For (b) we note that if D is purely infinite, then then every projec-
tion p € C(X, My (D)) has a multiple p ® 1,,,(C) that is Murray-Von Neumann equivalent
to a projection in C(X, Mym(Ox)) @ 1p.

One has the following generalization of a result of Serre, [67, Thm.1.6].

Theorem 4.2.15. Let D be a strongly self-absorbing C*-algebra in D.
(i) Tor(E(X)) = ker (EH(X) — @y H*(X, Q)
(it) The map 0 : Brp(X) — Tor(EL(X)), [Als, — [A®K] is an isomorphism of groups.

Proof. (i) was established in the last part of the proof of Theorem

(ii) We denote by L,, the continuous field p C'(X, My (D))p. Since L,®K = C(X, D®K)
it follows that the map 6 is a well-defined morphism of monoids.

We use the following observation. Let # : S — G be a unital surjective morphism
of commutative monoids with units denoted by 1. Suppose that G is a group and that
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{s € S:6(s) =1} = {1}. Then S is a group and @ is an isomorphism. Indeed if s € 5,
there is ¢ € S such that 0(t) = 6(s)~! by surjectivity of §. Then (st) = 0(s)0(t) = 1 and so
st = 1. It follows that S is a group and that 6 is injective.

We are going to apply this observation to the map 6 : Brp(X) — Tor(EL(X)). By
condition (3) of Theorem [4.2.10| we see that 6 is surjective. Let us determine the set 6~!({0}).
We are going to show that if B € €pgr,c)(X), then [BR K] =0 in EL(X) if and only if

B=p(C(X)®D® My(C))p = LC(X,D)<pC(X7D>N)

for some selfadjoint projection p € C(X) ®@ D ® My(C) = My(C(X,D)). Let B €
Cpen,c)(X) be such that [BQK] = 0 in EL(X). Then there is an isomorphism of continu-
ous fields ¢ : B&K =, C(X)®D®K. After conjugating ¢ by a unitary we may assume that
p:=0¢(lp®en) € C(X)®D® My(C) for some integer N > 1. It follows immediately that
the projection p has the desired properties. Conversely, if B = p (C(X)® D ® My(C))p
then there is an isomorphism of continuous fields B@ K = C(X)® D ® K by [24]. We have
thus shown that that 6([B]g,) = 0 iff and only if [B]g, = 0.

We are now able to conclude that Brp(X) is a group and that € is injective by the
general observation made earlier. O]

Definition 4.2.16. Let D be a strongly self-absorbing C*-algebra. Let A be a locally trivial
continuous field of C*-algebras with fiber D ® K. We say that A is a torsion continuous field
if A®* is isomorphic to a trivial field for some integer k > 1.

Corollary 4.2.17. Let A be as in Theorem[{.2.10, Then A is a torsion continuous field if
and only if 50(A) € HY(X, Ko(D)Y) is a torsion element and 6;(A) = 0 € H**1(X,Q) for
all k > 1.

Proof. Let m > 1 be an integer such that mdg(A) = 0. Then §o(A®™) = 0. We conclude by
applying Theorem [4.2.10| to the orientable continuous field A®™, m

4.3 Characteristic classes of the opposite continuous field

Given a C*-algebra B denote by B°P the opposite C*-algebra with the same underlying Ba-
nach space and norm, but with multiplication given by b°° - a®® = (a - b)°?. The conjugate
C*-algebra B has the conjugate Banach space as its underlying vector space, but the same
multiplicative structure. The map a — a* provides an isomorphism B°® — B. Any automor-
phism o € Aut(B) yields in a canonical way automorphisms &: B — B and a°?: B — B°P
compatible with *: B°® — B. Therefore we have group isomorphisms 6: Aut(B) — Aut(B)
and Aut(B) — Aut(B°P). Note that a € Aut(B) is equal to #(«) when regarded as set-
theoretic maps B — B. Given a locally trivial continuous field A with fiber B, we can apply
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these operations fiberwise to obtain the locally trivial fields A°° and A, which we will call
the opposite and the conjugate field. They are isomorphic to each other and isomorphic to
the conjugate and the opposite C*-algebras of A.

A real form of a complex C*-algebra A is a real C*-algebra A® such that A =~ A® @ C.
A real form is not necessarily unique [20] and not all C*-algebras admit real forms [112]. If
two C*-algebras A and B admit real forms A® and B%, then A® ®@r B® is a real form of
A® B.

Example 4.3.1. All known strongly self-absorbing C*-algebras D € D admit a real form.

Indeed, the real Cuntz algebras OF and O% are defined by the same generators and
relations as their complex versions. Alternatively O% can be realized as follows. Let Hg
be a separable infinite dimensional real Hilbert space and let F*(Hg) = @~ , Hg" be the
real Fock space associated to it. Every { € Hy defines a shift operator s¢(n) = £ ® n
and we denote the algebra spanned by the s¢ and their adjoints s¢ by OR . If F(Hg ® C)
denotes the Fock space associated to the complex Hilbert space H = Hr ® C, then we have
FR® C >~ F(H). If we represent O, on F(H) using the above construction, then the
map S¢ + 15— Sepie induces an isomorphism O ® C — Ou. Likewise define Mg to
be the infinite tensor product Ms(R) @ M3(R) @ My(R) ® .... Since M,(C) = M, (R) ® C,
we obtain an isomorphism Mg ® C = Mg on the inductive limit. Let K¥ be the compact
operators on Hg and K those on H, then we have K* @ C 2 K. Thus, Mg ® O, @ K is the
complexification of the real C*-algebra Mg @ O% @ K*.

The Jiang-Su algebra Z admits a real form Z® which can be constructed in the same
way as Z. Indeed, one constructs Z® as the inductive limit of a system

o= C([0,1], My, 4. (R)) 225 C([0, 1], M,

Pn+19n+1

(R) = -

where the connecting maps ¢,, are defined just as in the proof of |78, Prop. 2.5] with only
one modification. Specifically, one can choose the matrices ug and u; to be in the special
orthogonal group SO(p,q,) and this will ensure the existence of a continuous path u; in
O(pngn) from ug to uy as required.

If B is the complexification of a real C*-algebra B¥, then a choice of isomorphism
B = BR ® C provides an isomorphism c¢: B — B via complex conjugation on C. On
automorphisms we have Ad,1: Aut(B) — Aut(B). Let n = Ad,1 0 0: Aut(B) — Aut(B).
Now we specialize to the case B = D ® K with D € D and study the effect of n on
homotopy groups, i.e. n,: o (Aut(B)) — mor(Aut(B)). By [47, Theorem 2.18| the groups
Tok+1(Aut(B)) vanish.

Let R be a commutative ring and denote by [K 0(5%) ® R] * the group of units of the
ring K°(S%*) @ R. Let [K°(S*)® RLX be the kernel of the morphism of multiplicative
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groups [K°(S*) ® R]X — R*. This is the group of virtual rank 1 vector bundles with
coefficients in R over S?*. Let cg: K°(S*) — K°(S%) and cg: Ko(D) — Ko(D) be the ring
automorphisms induced by complex conjugation.

Lemma 4.3.2. Let D be a strongly self-absorbing C*-algebra in the class D, let R = Ko(D)
and let k> 0. There is an isomorphism o, (Aut(D @ K)) — [K°(S?) @ RLX (k> 0) such
that the following diagram commutes

ng(Aut(D X K)) e ng(Aut(D &® K))

l l

[K°(S) ® R], — % [K°(5%*) @ R]

Proof. Observe that o (Aut(D @ K)) = mo(Aute(D ®@K)) (for £ > 0) and Auty(D®K) is a
path connected group, therefore mor(Aut(D®K)) = [S?*, Auto(D ®K)]. Let e € K be a rank
1 projection such that ¢(1p®e) = 1p®e. It follows from the proof of [47, Theorem 2.22] that
the map o — a(1 ® e) induces an isomorphism [S?*, Auty(D ® K)] — Ko(C(S*) @ D) =
1+ Ko(Co(S% \ 29) ® D). We have n(a)(1®e) = ct(a(c(l®e))) = cHa(l ®e)), i.e. the
isomorphism intertwines n and ¢~!. Consider the following diagram of rings:

KO(S%) ® R Cs®CR K0<52k) ® R

| |

Ko(C(5%) ® D) Ko(C(S*) ® D)

p—c1(p)

The vertical maps arise from the Kiinneth theorem. Since K;(D) = 0, these are isomor-
phisms. Since cg corresponds to the operation induced on Ky(C(S%)) by complex conjuga-
tion on K, the above diagram commutes. O]

Remark 4.3.3. (i) If D € D then R = Ky(D) C Q with [1p] = [1pe] = 1. Thus ¢ '(1p) =
1p and this shows that the above automorphism cp is trivial. The Kring of the sphere
is given by K°(S?) =~ Z[X};]/(X?). The element X} is the k-fold reduced exterior tensor
power of H —1, where H is the tautological line bundle over S? = CP!. Since cg maps H —1
to 1 — H, it follows that X} is mapped to —Xj if k£ is odd and to Xy, if k is even. We have
[KO(SH) @ R]; = {1+tX, |t € R} C R[X]/(X?). Thus, cs maps 1+ t X}, to its inverse
1 —t Xy if k is odd and acts trivially if k is even.

(ii) By [47, Theorem 2.18] there is an isomorphism my(Aut(D ® K)) = Ky(D)} given by
[a] — [a(1 ® e)]. Arguing as in Lemma we see that the action of 1 on this groups is
given by cg = id.
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4.3 Characteristic classes of the opposite continuous field

Theorem 4.3.4. Let X be a compact metrizable space and let A be a locally trivial continuous
field with fiber D @ K for a strongly self-absorbing C*-algebra D € D. Then we have for
k>0:

5k(AOp) = (5k(Z) = (—1)k (Sk(A) S H2k+1(X, Q) .

Proof. Let D® be a real form of D. The group isomorphism 7: Aut(D @ K) — Aut(D ® K)
induces an infinite loop map Bn: BAut(D ® K) — BAut(D ® K), where the infinite loop
space structure is the one described in [47, Section 3]. If f: X — BAut(D ® K) is the
classifying map of a locally trivial field A, then Bno f classifies A. Thus the induced map
ne : EH(X) — EL(X) has the property that n,[A] = [A].

The unital inclusion D* — B* := D* @ O, ® Mg induces a commutative diagram

Aut(D ® K) —= Aut(D ® K)

| |

Aut(B @ K) —— Aut(B ® K)
with B := B® @ C. From this we obtain a commutative diagram

Ep(X) == Ep(X)

i |

Ej(X) — Ej(X)
As explained earlier, B = Mg ® O. Recall that

Ejl\/[@(XJOOC(X) = Hl(X7QX) D @sz+l(X7 Q) .

k>1

By Lemma4.3.2and Remark |4.3.3(i) the effect of n on H?**1( X, mo1,(Aut(B))) = H*T(X, Q)
is given by multiplication with (—1)* for k¥ > 0. By Remark [4.3.3(ii) 7 acts trivially on
HY (X, m(Aut(B))) = H'(X,QX). O

Example 4.3.5. Let Z be the Jiang-Su algebra. We will show that in general the inverse
of an element in the Brauer group Brz(X) is not represented by the class of the opposite
algebra. Let Y be the space obtained by attaching a disk to a circle by a degree three map
and let X,, = S"AY be n'™ reduced suspension of Y. Then EL(X3) = K°(X5)% = 14+ K°(X,)
by [47, Thm.2.22]. Since this is a torsion group, Brz(X3) = FL(X3) by Theorem [4.2.15]
Using the Kiinneth formula, Brz(Xs) = 1+ K°(5%) @ K°(Y) 2 1+ Z/3. Reasoning as in
Lemma with X5 in place of S?*, we identify the map 7, : FL(X3) — EL(X3) with the
map K°(Xy)% — K°(Xy)% that sends the class x = [Vi]—[Vo] to T = [V1] — [V3], where V is
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4 The Brauer group in generalized Dixmier-Douady Theory

the complex conjugate bundle of V;. If V' is complex vector bundle, and ¢; is the first Chern
class, ¢1(V) = —c1(V) by [81, p.206]. Since conjugation is compatible with the Kiinneth
formula, we deduce that z = T for z € K°(X5)%. Indeed, if 8 € K°($%), y € K°(Y) and
x =14 Py, then T =1+ (—f)(—y) = z. Let A be a continuous field over X3 with fibers
My(Z) such that [A]l, = 1+ By in Brz(Xs) = 1+ K°(S?) @ K°(Y) = 1+ Z/3, where 3
a generator of K9(S2) and y is a generator of K°(Y). Then [A]z, = 1+ (=8)(—y) = [A]s,
and hence

[A®c(xy) Alpr = (14 By)* = 1+ 28y # 1.

Corollary 4.3.6. Let X be a compact metrizable space and let A be a locally trivial contin-
uous field with fiber D @ K with D in the class D. If H**1(X,Q) = 0 for all k > 0, then
there is an N € N such that

(A®ox) AP)*N = C(X,D @ K) .
Proof. It H*T1(X, Q) = 0, then 894 (A ®c(x) A°P) = 0 for all k£ > 0. Moreover,

dok1(A®c(x) A%) = dapt1(A) — d2pt1(A) = 0. The statement follows from Corollary (4.2.17]
]
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5 A noncommutative model for higher
twisted K-theory

We develop an operator algebraic model for twisted K-theory, which includes the most
general twistings as a generalized cohomology theory (i.e. all those classified by the unit
spectrum bgly (KU)). Our model is based on strongly self-absorbing C*-algebras. We com-
pare it with the known homotopy theoretic descriptions in the literature, which either use
parametrized stable homotopy theory or oo-categories. We derive a similar comparison of
analytic twisted K-homology with its topological counterpart based on generalized Thom

spectra. Our model also works for twisted versions of localizations of the K-theory spectrum,
like KU[1/n] or KUyg.

5.1 Introduction

It was observed by Donovan and Karoubi in [56] that there is a Thom isomorphism (and
Poincaré duality) in the absence of K-orientability if one considers K-theory with local
coefficients, also known as twisted K-theory. Whereas ordinary operator algebraic K-theory
involves matrix-valued functions on a space, twisted K-theory replaces those by sections of
bundles of matrix algebras. Morita equivalence classes of the latter are classified by torsion
elements in H3(X,Z). Rosenberg [122] and Atiyah and Segal [8] extended the definition
in [56] by considering bundles of compact operators corresponding to non-torsion twists.
The observation that twisted K-groups classify D-brane charges sparked interactions with
string theory [2I]. The equivariant twisted K-theory of a Lie group G with respect to the
adjoint action on itself was proven to be closely related to the Verlinde ring of positive energy
representations of the loop group LG by Freed, Hopkins and Teleman [62].

From a homotopy theoretic viewpoint the twists of complex topological K-theory KU
are classified by the generalized cohomology theory gl; (KU) associated to its unit spectrum.
Its first group [X, BGL,(KU)| contains [X, BBU(1)] & H3(X,Z), which appears in the
applications mentioned in the last paragraph. The existence of more general twistings was
already pointed out in [8], but they were neglected since they had no obvious geometric
interpretation in terms of bundles of operator algebras at that time. Nevertheless, in the
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5 A noncommutative model for higher twisted K-theory

setting of parametrized stable homotopy theory as developed by May and Sigurdsson [102]
it is just as easy to deal with the whole space BGL{(KU) as it is to deal with BBU(1).
An equivalent approach to twisted generalized (co)homology theories was worked out by
Ando, Blumberg, Gepner, Hopkins and Rezk in [5], [6]. It uses a generalized Thom spectrum
associated to a map X — KU-Line, where KU-Line is an oo-groupoid with the homotopy
type BGL,(KU).

As elegant as these approaches are, they give no hint towards an operator algebraic
interpretation as in the case of ordinary twists. It is the goal of this paper to show that in
fact the “higher twists” appear very naturally in the setting of operator algebras if one con-
siders bundles of stabilized strongly self-absorbing C*-algebras instead of bundles of compact
operators. The class of these algebras was studied first by Toms and Winter [139] 150] and
Dadarlat and Winter [51].

Their definition was motivated by the following observations: Certain algebras play a
cornerstone role in Elliott’s classification program of separable, nuclear, simple C*-algebras:
Tensorial absorption of the Cuntz algebra O, detects purely infiniteness [119, Thm. 7.2.6].
Toms and Winter conjecture that in case of stably finite C*-algebras, tensorial absorption of
the Jiang-Su algebra Z detects finite nuclear dimension [I38]. Similarly, the Cuntz algebra
O, tensorially absorbs another algebra if and only if the latter is simple, separable, unital
and nuclear [119, Thm. 7.1.2]. The definition of strongly self-absorbing isolates a property
that all of these algebras share: They tensorially absorb themselves in a very strong sense
(see Def. [5.2.1]).

Surprisingly, this property has a lot of interesting topological and homotopy theoretic
consequences: Given a strongly self-absorbing C*-algebra D, the functor X — K, (C(X)®D)
is a multiplicative generalized cohomology theory, which can be represented by a commu-
tative symmetric ring spectrum KUP [49]. In particular, KUP>=, KUZ both yield complex
topological K-theory and if D is an infinite UHF-algebra, KUP represents localizations of
K-theory, such as KU[1/p]. It was proven in [47, [49] that BAut(D ® K) is an infinite loop
space, which comes with a map BAut(D ® K) — BGL,;(KUP). In case D = C we recover
BAut(K) = BPU(H) ~ BBU(1). In all other cases the map Aut(D ® K) — GL,(KUP) is
an isomorphism on 7, for £ > 0 and the inclusion Ky(D)} — Ko(D)* on 7. In particular,
it is an equivalence if D is strongly self-absorbing and purely infinite [49, Thm. 4.6].

Based on these observations we will show in the current paper that the operator alge-
braic K-theory of section algebras of bundles with stabilized strongly self-absorbing fibers
is indeed a valid model for higher twisted K-theory: In Section 2 we first construct a KUP-
module spectrum KUP™°4 on which the automorphism group Aut(D ® K) acts via maps
of symmetric spectra. We then form a universal bundle of symmetric KUZP-module spectra
HUP over BAut(D ® K). Sections of this bundle pulled back to a compact space X will
provide the topological version of twisted K-theory. We prove that it has all the properties
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5.2 Twisted K-theory

of a twisted generalized cohomology theory on pairs of compact topological spaces in Thm.
and compare it with its analytic counterpart, i.e. the operator algebraic K-theory of
the corresponding section algebra.

In the next section we compare our definition with the twisted K-theory obtained from
parametrized stable homotopy theory. We will not develop the analogue of the ¢f-model
structure from [102] for symmetric spectra. Instead we consider an orthogonal ring spectrum
V +— KU(V), which is equivalent to KUE when restricted to the symmetric group action. For
any C*-algebra A there is a KU-module spectrum K U4, which is equivalent as a symmetric
spectrum to KUP™d for A = D ® K. This allows us to compare our previous definition
with the parametrized cohomology theories from [102, Ch. 20], which now merely amounts
to citing the right theorems. In case D = {C, O, £} no information is lost when switching
to orthogonal spectra. However, there seems to be no obvious orthogonal counterpart for the
symmetric ring spectrum KUP in the case of general D, so we only retain the KUS-module
structure during this process.

Topological twisted K-homology is dual to twisted K-theory and can be defined as
the homotopy groups of a generalized Thom spectrum M f, associated to a map f: X —
BGL,(KU). Depending on the setup, M f, can be constructed as an oo-categorical colimit
[5, [6], via the bar construction [102, Ch. 23] or as a smash product. We obtain M f, from
the bundle of spectra f*#UP by collapsing its zero section (Def. in the spirit of
[T45]. Analytic K-homology on the other hand is defined via K K-theory. To compare the
two functors on finite CW-complexes, we generalize the proof in [12] to the twisted case.
In particular, we obtain an intermediate homology theory from framed bordism mapping
to both of the theories. The map to analytic K-homology relies on a twisted version of
Poincaré duality for bundles of C*-algebras [57] and a twisted bordism invariant index map.
This also yields a new proof of a similar result for ordinary twists, which was claimed in
[145] for smooth manifolds and for finite CW-complexes in [146].

In the last part of this paper we give an explicit construction of higher twists over spaces
of the form X = XY, where we have [XY, BGL;(KUP)] & [Y, Aut(D @ K)] = K°(Y)X. This
yields continuous C'(X)-algebras with fibers D ® K representing all possible higher twists in
the suspension case, in particular for spheres. We then calculate the higher twisted K-groups
of these spaces in terms of the K-theory of Y using a Mayer-Vietoris argument.

5.2 Twisted K-theory

5.2.1 Strongly self-absorbing C*-algebras and KUP

The notion of strongly self-absorbing C*-algebras was introduced by Toms and Winter in
[139]. We will use the following definition, which is closer to topological applications and
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5 A noncommutative model for higher twisted K-theory

equivalent to the original one by [51, Thm. 2.2] and [I50].

Definition 5.2.1. A unital C*-algebra D is called strongly self-absorbing if it is separable
and there exists a *-isomorphism ¢): D — D®D and a path of unitaries u: [0,1) — U(D®D)
such that for all d € D

lim [ (d) — ue(d & 1)t = 0.

t—1

As mentioned in the introduction the main examples of strongly self-absorbing C*-
algebras are the Cuntz algebras O, and O, the Jiang-Su algebra Z, infinite UHF algebras
and tensor products of those. Their most important properties are summarized in [47, Thm.
2.1].

In the following D will always denote a strongly self-absorbing C*-algebra. Let X be
a compact Hausdorff space. The inverse isomorphism ¢~': D ® D — D together with the
diagonal homomorphism C'(X) @ C(X) = C(X x X) — C(X) equips K.(C(X)® D) with a
ring structure. Since Aut(D) is contractible by [47, Thm. 2.3], the homotopy invariance of
K-theory implies that this multiplication does not depend on the choice of . Likewise, we
obtain from the above property that the projection [1o(xyep] € Ko(C(X) ® D) is the unit
element of this graded ring.

The definition of the spectrum KUP representing X +— K,(C(X) ® D) will require
graded C*-algebras. We refer the reader to [I8, VI.14] for an introduction. All tensor
products that appear in the following are considered to be graded. Following [49] we denote
the C*-algebra Cy(R) graded by odd and even functions by S. This is a coassociative,
counital, coalgebra with comultiplication A: § — S® S and counit ¢: § — C [53,179]. It has
the universal property that for any graded o-unital C*-algebra B there is a correspondence
between essential graded *-homomorphisms ¢: S — Band unbounded, self-adjoint, regular,
odd operators T': B — B [141], Prop. 3.1]. Moreover, let C¢; be the complex Clifford algebra
spanned by the even element 1 and the odd element ¢ with ¢ = 1 and let e € K be a fixed
rank 1-projection.

Each strongly self-absorbing C*-algebra D gives rise to a commutative symmetric ring
spectrum KUP [49]: Equip D ® K with the trivial grading and consider the sequence of
topological spaces

KUP = hom,, (S, (CH ® D@ K)®") |

where each of the homomorphism spaces is equipped with the pointwise norm topology and
pointed by the zero homomorphism. Let p,,, be the following multiplication map

fimn: KURNKUP — KUP. 7 oAb (p@9)oA

By the universal property of S the unbounded, self-adjoint, regular, odd multiplier ¢t — ¢ ¢
on Cy(R, Cty) defines a x-homomorphism S — Cy(R, Cl;). Tensor product with C - D®K
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5.2 Twisted K-theory

given by 1 — 1 ® e induces a map 7: S — Co(R,Cl; ® D ® K), which in turn induces
m: St — KUP. Forming products we obtain 7,: S® — KUP. It was shown in [49, Thm.
4.2] that (KUP, liee,ms) gives a commutative symmetric ring spectrum, which represents

the functor X — K,(C(X)® D).
We will also need the definition of a module spectrum over KUP.

Definition 5.2.2. Let (R., [tee, ) be a commutative symmetric ring spectrum. A module
spectrum is a sequence of pointed spaces (M,,),>o with basepoint preserving continuous left
action of the symmetric group ¥, on M, for each n > 0 together with ¥, x ¥, -equivariant
action maps o ,: My, A R, — My, 4, for all n,m > 0, such that the following diagrams

commute:
oy mAidR,, id pz,, A
My A Ry A Ry —228 My A Ry, M, A SO —2222 _ MLA Ry
id]\/lﬁ/\um‘"j La[+m’n \ La"’o
Mﬁ A Rern Qomin M€+m+n Mn

where the map M,, A S — M,, in the right diagram is the canonical one.

We now define the module spectrum KUZP™°d over KUP | which carries an Aut(D @ K)-
action that is compatible with the action maps.

Definition 5.2.3. Let D be a strongly self-absorbing C*-algebra. Let KUP™°d be the
following sequence of spaces

KUnDJnod — hOmgr(§7 DRK® (Cél RKD® K)®”) ’

where as above the graded homomorphisms are equipped with the point-norm topology and
D ® K is considered to be trivially graded. Let
Qs KUP™ N KUP — KUDRY o o A= (p@ 1) o A

m—+n

Observe that the space KUP™°4 carries a natural left action of the group Aut(D @ K)
in the following way: Let 8 € Aut(D ® K) and ¢ € KUP™4 then we set §-¢ = (8 ®
id(ce,@peryen) © p. Moreover there is a natural X,-action on KU”™¢ by permuting the n

factors of the graded tensor product (C/; ® D ® K)®" using the Koszul sign rule just as in
KUP.

Theorem 5.2.4. The pair (KUP™9 «a,,) forms a module spectrum over the ring spectrum
KUP | which is equivalent to KUP as a module spectrum. The module structure is compatible
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5 A noncommutative model for higher twisted K-theory

with the action of Aut(D ® K) described above. All structure maps KUPmod — QKUfﬁwd
are weak homotopy equivalences for n > 1 and the coefficients are given by

m(KUP™) = K,(D) .

Proof. Tt is clear that the ¥,-action preserves the basepoint of KUPm°d, Tt is a consequence
of the coassociativity of A: § — S®S that the associativity diagram in Def. commutes.
Since 79 sends the non-basepoint of S° to the counit e: S - C, the unitality diagram also
commutes. The group ¥, acts on KUPm°d from the left. This implies the equivariance of
Qm.n With respect to the X, x ¥,-action on both sides. This proves that (KUP™4 a,,) is
in fact a symmetric KUP-module spectrum.

Let 8 € Aut(D ® K), ¢ € KUP™d o) ¢ KUP | then we have

amn((B-9) NY) = (B@id) o (p@ )0 A = - amn(p AY) ,

which is the claimed compatibility with the action. To see that KUP™° is equivalent to
KUP as a module spectrum, consider the Y,-equivariant map 6,,: KUP? — KUPmod given
by 0,(0)(f) = 1®e® o(f) for f € §, © € KUP. Associativity of the graded tensor
product implies @y, 0 (0 (0) A V) = Opin(pimn(p A V) for ¢ € KUP o € KUP. ie. 6,
is a map of KUP-module spectra. Since D is strongly self-absorbing, the homomorphism
D®K — (D®K)®? given by a — 1®e®a is homotopic to an isomorphism. Therefore 6, is
a weak equivalence for n > 1. The statement about the structure maps and the coefficients
follows from [49, Thm. 4.2]. This implies that KUP™°d is semistable, therefore 6, is actually

an equivalence of symmetric spectra. O

5.2.2 Bundles of KU”-module spectra

The advantage of KUP™°d over KUP is that it carries a natural left action of the group
Aut(D ® K), which enables us to form a bundle of symmetric spectra over BAut(D ® K).

Definition 5.2.5. Let EFAut(D®K) — BAut(D®K) be the universal principal Aut(D®K)-
bundle and denote the left action of Aut(D ® K) on KUP™ed by \,. We define

HUP = EAut(D ® K) x,, KUPmd |

let m,: #UP — BAut(D ® K) be the projection map and let o,,: BAut(D ® K) — #UP
be the zero section. Note that Aut(D ®K) also acts on the loop space QK UP™°4 preserving

its basepoint. We denote the corresponding bundle by Q2 UP and we have structure maps
Fon: HUP — QUL | induced by KUP™d — QKU
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Let ’7'0]0%’“‘)t be the category of triples (X, B, f), where X is a compact Hausdorff space,
B C X is a closed subspace and f: X — BAut(D ® K) is a continuous map classifying a
principal bundle Py = f*EAut(D ® K) over X with an associated bundle of C*-algebras
A=Ay — X with fiber D®@K. A morphism in 7’0]9%01)t is given by a pair (@, ¢), where ¢ is
a continuous map of pairs (X, B) — (X', B’) and ¢ is a map of principal bundles Py — P
covering . Define ¢(X,B) = X II B x [0,1)/~, where the equivalence relation identifies
(b,0) € B x [0,1) with b € X. The bundle P; extends in a canonical way to a bundle
c¢Py — ¢(X, B) with an associated bundle of C*-algebras ¢ A — ¢(X, B). We have a short
exact sequence of section algebras

0= SC(B, Alg) — Co(c(X,B),cA) = C(X,A) =0 (5.1)

where SC(B, Alz) = Co((0,1)) ® C(B, Alg) is the suspension. We define the ordinary
K-theory of the pair (X, B) with coefficients in D by K4 (X, B) = K;(Co(c(X, B)) ® D).
This is justified by the fact that for D = C this group is the K-theory of the mapping cone
of the inclusion B C X relative to its tip. Since D is strongly self-absorbing K7, (X, B) is
a graded ring (which is unital if B = (). Twisted K-theory is a functor from Topy™" to
graded abelian groups in such a way that it maps a triple (X, B, f) to a module over the
ordinary K-theory of (X, B) with coefficients in D.

Definition 5.2.6. Let (X, B, f) € Obj(Tops™"), let P = f*FAut(D ® K) — X and let
Sec, (X, B;P) be the space of all pairs (7, H), where 7: X — f*#UP is a section and
H: B x I — (f|gxid;)*#UP is another section which satisfies Hy = 7|5 and Hy(a) =
on(f(a)) (where o, denotes the zero section from Def. [5.2.5). This space is pointed by
(o, © f,const,), where const, is the constant homotopy on o, o f|5;. Observe that the
structure maps of # UP induce continuous maps

Sec, (X, B; P) — QSec,+1(X, B; P)
Define the twisted K-group Kis(X, B) of (X, B, f) by
K (X, B) = colim,, 7;1,(Sec, (X, B; P)) .

Let KL(X) = K5(X,0). Note that Sec, (X, 0;P) is just the space of sections of f*# UP
pointed by the zero section.

Theorem 5.2.7. Let (X, B, f) € Obj(Tops™) and let P = f*EAut(D ® K). Twisted
K -theory has the following properties:

(a) The structure maps k,, of the bundle # UL are weak equivalences for n > 1. Therefore
K& (X, B) = mpy1(Seci (X, B;P)).
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(b) K*: ’7'0193)’6pt — GrAb is a homotopy invariant contravariant functor to graded abelian
groups, such that K3(X, B) is a module over K},(X, B).

(c) Topological and analytic twisted K -theory are naturally isomorphic, i.e. we have

KZ(X,B) = K,,(Co(e(X, B),cA))

~Y

with A and ¢ A as above. In particular, there is a natural isomorphism K3(X) =

K, (C(X,A)) and a trivialization of P induces K (X, B) = K} (X, B).
(d) Leti: (X,0) — (X,B) and j: B — X be given by inclusion. There is a siz-term exact
sequence of the form

E}(X, B) — K}(X) —— K9, (B)

310T Laol

KL, (B) < Kb(X) <"~ Kb(X, B)

(e) K3 satifies excision in the sense that for every open set U C B such that the closure of
U is in the interior of B we have KB (X,B) = KZ(X\U,B\U) .

(f) Let X = Vo UVy for closed subsets V;, such that their interiors still cover X. Let
1. Vi = X and let jp: Vo N Vi — Vi be qiven by inclusion. Then there is a six-term
Mayer-Vietoris sequence:

(15,11 Jo =1

K2 (%) K, (Vo) @ K, (V) K, (0 11A)
o=t (1) l
Ky (Vo MV == Ky (Vo) © Ky (V1) —— Kp(X)

Proof. By the same argument as in the proof of [49, Thm. 4.2] the maps KUPmed —
QKUP™ are weak equivalences for n > 1. The first statement of @ follows from the long
exact sequence for the fibration KUP™mod — 2 UDP — BAut(D ® K).

Let (1,H) € Sec,(X,B;P), let C,, = (Cl; ® D @ K)®*. The section 7 yields an
element in homgr(§ ,C(X, A)®C,). Similarly, H yields a homomorphism in homgr(§ , Co(Bx
0,1),75A) ® Cy,). The algebra Cy(c(X, B),c.A) is the pullback of C(X,.A) and Cy(B x
0,1), 75.A) along the restriction maps to C(B, A|z). Thus, the definition of Sec, (X, B;P)
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ensures that both homomorphisms piece together to form a point in
K, = homg (S, Co(c(X, B),c A) @ (Cl @ D @ K)®") .

This construction provides a homeomorphism between Sec, (X, B;P) and K,, with respect
to which Sec, (X, B; P) — QSec,+1(X, B; P) translates to a map K,, — QK,, 1. The latter
is essentially given by Bott periodicity and tensor product with the projection 1®e € D®K
as in the proof of [49, Thm. 4.2]. Thus, K, — QK is a weak equivalence for n > 1, which
proves the isomorphism in @ By [141, Thm. 4.7] and Bott periodicity, we have natural
isomorphisms

Tt (K1) = mo(homg, (S, S™Co(e(X, B), ¢ A) @ Cy(R,Cly) @ D @ K))
>~ Ko(S™Co(c(X,B),cA)) = K,,,(Co(c(X, B),cA))
If B = () we can identify ¢(X, B) = X and ¢.A = A. This proves (). Since K,, is homotopy

invariant and K,(Cp(c(X, B), c.A)) is a module over K,(Co(c(X, B))® D), it also proves (b).
The algebra Cy(c(X, B),c.A) fits into a short exact sequence

0 — SC(B, Al) — Co(c(X, B),cA) — C(X, A) = 0. (5.2)

Using the isomorphism from , the six-term exact sequence associated to the above short
exact sequence is of the form given in (d), but we have to check that the map Kq(C(X, A)) —
K,(SC(B, Alp)) = Ko(C(B, Alg)) (with the indicated isomorphism given by Bott period-
icity) coincides with the one induced by the inclusion B — X. We can restrict to the
sequence

0 — SC(B, Alg) = Co(B x [0,1), c Al g, o1y) = C(B, Alg) = 0. (5.3)

in which the middle algebra is contractible. Naturality of the boundary map yields the
commutative diagram

Ko(C(X,A)) —— K1 (SC(B, Alp))

| |

Ko(C(B, Alp)) —>K1 SC(B, Alp))
where the vertical arrow is induced by the inclusion and the isomorphism from the six-term

sequence associated to ((5.3)) coincides with the Bott isomorphism. This finishes the proof
of @ The Mayer-Vietoris sequence @) is a consequence of the isomorphism in and the
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5 A noncommutative model for higher twisted K-theory

fact that C'(X,.A) fits into the pullback diagram

C(X, A) C(Vo, Aly,)

| |

C(V, Aly,) —=C(Vo NV, Aly vy )

by [I8, Thm. 21.2.3]. That excision, i.e. , holds for the twisted K-functor follows from the
contractibility of the algebra Co(U %[0, 1), ¢ A[;;, o 1)) and the long exact sequence associated
to

0 —> C(](U >< [0, 1)7 C'A|U><[0,1)) _> CO(C(X, B),CA) _> CO(C(X\U, .B\[Jv)7 CA|C(X\U,B\U)) —> 0
[

Remark 5.2.8. Tt is straightforward to check that the K9,(X, B)-module structure agrees
with the one obtained from the KUP-module structure of the spectrum KUZPmod,

Remark 5.2.9. There is an alternative way to prove the six-term exact sequence from Thm.
@, which is closer to stable homotopy theory: Let K5P) = K, be the space from

the proof of Thm. and let KX := K55? One can show that the homotopy fiber of the

KﬁbX’B)

natural restriction map — KX is weakly homotopy equivalent to QKZ. Moreover,

the homotopy fiber of KX — KB is KS5P) . Thus, we can look at the fibration sequence

OKP —— KM — KX —~ KP

n n

Kr(LXVB) — Ky — K7,
in which the vertical map is a weak equivalence for n > 1. The exact sequence in @ now
follows from Bott periodicity and the long exact sequence of homotopy groups.

5.2.3 Parametrized stable homotopy theory

A slightly different approach to twisted K-theory is based on parametrized stable homotopy
theory [102]. To compare it with the definition given above, we will develop an orthogonal
version of the bundle of symmetric KU,-module spectra. It has the advantage that it yields
parametrized spectra over BAut(A) for arbitrary C*-algebras A. The price one has to pay
for this is that its fibers are only KU, = KUS-modules in a natural way. Nevertheless, in
case A = O, ®K, the space BAut(O. ®K) has the homotopy type of BGL,(KU) [49, Thm.
4.6] and the resulting theory is an extension of the above symmetric version representing
twisted K-theory including all higher twists.
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5.2 Twisted K-theory

Definition 5.2.10. Let A be a o-unital C*-algebra. Given a finite dimensional inner product
space V', we define

KUA(V) = homg (S, A CUV) @ K(LA(V)))

which is pointed by the zero homomorphism.

We denote KU®(V) by KU(V). The isometric isomorphism L*(V & W) = L*(V) @
L*(W) induces an isomorphism of C*-algebras K(L*(V)) @ K(L*(W)) — K(L*(V & W)).
Moreover, we have an isomorphism C/(V') @ C{(W) = C{(V & W) of graded C*-algebras.
Just as in Def. we therefore obtain a multiplication map

pyw: KUWV)AKUW) = KUV & W) .

Let SV be the one-point compactification of V. The canonical linear map V' — C£(V) defines
an unbounded, self-adjoint, regular, odd multiplier of Cy(V, C¢(V)), which induces the map
SV — homgr(g, Cl(V) @ K(L*(V))). It was shown in [80] that (KU(e), jiee,7) is an
orthogonal ring spectrum.

As in the symmetric case there is an action ayy: KUNV)AKU(W) — KUA(V & W)
of KU on KU# given by p A — (¢ ®1)) o A, where we suppress the above isomorphisms in
the notation. Apart from the action of KU, KU#(V) also carries a (left) action of the group
Aut(A). We will omit the proof of the following lemma, which is completely analogous to
that of Thm. [£.2.4]

Lemma 5.2.11. The pair (KU*(e), 44) forms an orthogonal module spectrum over KU.
The module structure is compatible with the action of Aut(A) described above. The homotopy
groups of KU*(e) are given by m(KU*(e)) = K;(A).

We will consider the category of spaces X over a fixed base space B, such that each
fiber is continuously pointed. These are called ex-spaces.

Definition 5.2.12. An ex-space over a topological base space B is a topological space X
together with continuous maps 7: X — B and o: B — X such that 7 o 0 = idp.

There is a good notion of smash product X AgY for ex-spaces defined by forming smash
products fiberwise, and there is also an internal Hom-functor Fp(X,Y) adjoint to Ag. It
associates to two ex-spaces X and Y over B another ex-space Fp(X,Y), such that the fiber
over b € B agrees with continuous based maps X, — Y, [102, Def. 1.3.12]. Let f: A — B be
a continuous map. As explained in [102] Sec. 2.1] there is a pullback functor f*, which has a
right adjoint f, and a left adjoint fi. Let r: B — % be the canonical map. The parametrized
loop space functor is given by QpX = Fp(r*S!, X). Any space X over B can be turned into
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5 A noncommutative model for higher twisted K-theory

an ex-space by adding a disjoint basepoint in each fiber, i.e. by setting X, = B II X with
the obvious projection and section. Given a real finite dimensional inner product space V'
let

HUMNV) = EAut(A) x\ KUNV) .

Together with the projection 7: #U(V) — BAut(A) and zero section o: BAut(A) —
UA(V), this is an ex-space over BAut(A). Since ayy is equivariant with respect to the
action of Aut(A), it extends to a map

avw: KUV Apauiay KUW) — AUV @ W)
The following corollary is the outcome of [102], Sec. 20.2].

Corollary 5.2.13. The family (' U*(e),04.) is a parametrized KU-module spectrum over
BAut(A) in the sense of [102, Def. 14.1.1]. Given an ex-space (X, f,0) over B = BAut(A),
let P = f*EAut(A) and

K (X) = m(r Fp(X, # U (s))) .
This is a (reduced) parametrized cohomology theory in the sense of [102, Def. 20.1.2].

Theorem 5.2.14. Let D be a strongly self-absorbing C*-algebra, let A= D ® K.

(a) If D € {Ow, Z,C}, then the symmetric ring spectrum obtained from n — KU(R") by
restricting the O(n)-action to a X, -action is equivalent to KUP as a ring spectrum.

(b) The symmetric spectrum obtained from KU*(e) by restricting the O(n)-action to a 3, -
action is equivalent to KUP™°d qs a KUS-module spectrum and the equivalence com-
mutes with the group action of Aut(D @ K) on both sides.

(¢c) Let (X,B,f) € Topp™, let P = f*EAut(A), let 1,: B, — X, be the induced in-
clusion of ex-spaces and denote by c(1y) the (parametrized) mapping cone of v. The
parametrized twisted K-groups KpP**(X, B) = l?;;para(c(ur)) are naturally isomorphic
to the twisted K -groups from Def. i.e. KP(X, B) = Kb(X, B).

Proof. Observe that C/(R") @ K(L*(R")) = (C/, ® K(L*(R)))®*" = (Cl @ K)®", where
the isomorphism can be chosen to be compatible with the action of ¥, on both sides. Let
k: ClheK — Cl®D®K be the map that sends v®7T to v®1p®T. This induces a natural
map KU(R") — KUP which sends ¢: S — (Cl; ® K)®" to the homomorphism @: S —

(Cl ® D @ K)®" with ¢ = k%" o ¢. On homotopy groups it induces the homomorphism
K,.(C) = K.(D) given by [p] — [p®1p]. This is an isomorphism for D € {O, Z,C}. Since
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5.2 Twisted K-theory

both sides are semistable spectra, they are equivalent. We have
(p@Y)o A= (K"Rr) o (p@Y) o A= k"o (p@Y)0A.

Moreover, composition of the map nV: S™ — KU(R™) with the above map KU(R") —
KUP yields nU” i.e. ¢ — ¢ preserves units. This proves @)

The proof of (b)) is similar: Again we identify C{(R") ® K(L*(R")) with (Ct; ® K)®".
The map KUA(R") — KUP™d sends ¢ to ¢ = (idpgx ® k") o ¢, which induces an
isomorphism on homotopy groups and therefore provides a stable equivalence. The map is
compatible with the left action of Aut(D ® K). The following diagram commutes

KUAR™) A KUR™) KUPmed A KUC

C
OéRnJRm l janym

KUA (Rn—‘rm) KUD,mod

n+m

where ocS’m is induced by the map of spectra KUS — KUP. This proves that the stable
equivalence intertwines the KU-action on the left hand side with the one by KUL on the
right.

The mapping cone (i) is given by By Apauw(a) I U, Xy, where I has basepoint 0.
This space is homeomorphic as an ex-space to a quotient (M (¢),)/~ of the mapping cylin-
der, where the equivalence relation identifies all points (b,0) € M(¢) in a fiber of f|, with
the disjoint basepoint in that fiber. Let g: Y — C be a space over C' = BAut(A). By
local triviality of the bundle #U4(R") and [102, Prop. 2.2.2, eqn. (2.2.7)] the mapping
space Fo(Y,, # UA(R")) is homeomorphic to Sec(Y,g*# Ug.). It follows from this that
Fo(e(ry), 2 UA(R™)) is homeomorphic to the subspace of Sec(M (1), f*# U (R")) consist-
ing of sections 7: M (1) — f*#UAR") with 7(b,0) = 0,(f(b)), where o,: BAut(A) —
A UAR™) is the zero section. For (X, B) € Topy™" this space is homeomorphic to

K, = homg, (S, Co(c(X, B),c A) @ (Cly @ K)®™)

Let K,, be the space from the proof of Thm. The map of spectra from (]E[) translates
into a map K,, — K, which sends ¢ to (id ® k¥™) 0 . Using the same identification of the
homotopy groups with the K-groups as in the proof of Thm. [5.2.7] we have a commutative
diagram

o= (1Id@Kr®™)op

X /

Ki(Co(C(X, B), CA))

7ri+n([?n) 7Ti+n<Kn>
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proving . [

5.3 Twisted K-homology

For twists classified by H3(X,Z) twisted K-homology is naturally isomorphic to analytic
K-homology of a corresponding bundle of compact operators [145]. In this section, we will
extend these results to include the higher twists as well. We will start by recalling the
definition of topological twisted K-homology from [5] [6], which uses oco-categories. We will
also express twisted K-homology in terms of K K-theory. This is based on a Mayer-Vietoris
argument and will not require any knowledge of oco-categories.

5.3.1 Generalized Thom-spectra

Let R be a ring spectrum. In [5] [6] the authors apply the theory of co-categories to associate
a Thom spectrum M f to amap f: X — BGL;(R), which they use to define twisted versions
of R-cohomology and R-homology.

An oo-category is by definition a simplicial set, which satisfies the weak Kan condition.
They were called quasicategories by Joyal. Let S be the oo-category of spaces (or oo-
groupoids) and denote by St(S) its stabilization, i.e. the oco-category of spectra obtained by
taking spectrum objects in S as described in [95] Sec. 1.4.2]. Denote by R—Mod C St(S) the
full subcategory of St(S) of R-module spectra. Let R—Line C R—Mod be the subcategory
of free rank one R-modules and equivalences of those. Let BAutr(R) C R—Line be the full
subcategory on the object R. The latter are both oo-groupoids and it was shown in [0, Cor.
2.9] that BAutg(R) ~ R—Line and both have the homotopy type BGL;(R).

To give an oo-categorical model for KUP—Line based on C*-algebras we will use the
following technique to turn topological categories into oco-categories: Given a category C
enriched in topological spaces, we obtain an associated simplicially enriched category C?*
with Obj(C®) = Obj(C) and Mores(x,y) = Sing(More(z,y)), where Sing(-) is the singu-
lar simplicial set. Let Nj.: sCat — sSet be the homotopy coherent nerve functor as de-
fined by Cordier [35], [94, Def. 1.1.5.5]. The simplicial sets Mores (z,y) are Kan complexes.
Therefore C* = Nj.(C*) is an oo-category. Let Bp be the category with one object and
morphism space Aut(D ® K) and let By be the associated oco-category. We have a functor
B% — BAutgyo(KUP™d) ¢ KUP—Line that sends the object to KUP™°d and maps
a € Aut(D ® K) to the induced map of module spectra as above. On geometric realizations

this map agrees with the one from [47, Thm. 4.6}, i.e. it induces an isomorphism on 7 for
k > 0 and the inclusion Ky(D)Y — Ko(D)* on m.

114



5.3 Twisted K-homology

Definition 5.3.1. Let X be a finite CW-complex, let P — X be a principal Aut(D ® K)-
bundle classified by f: X — BAut(D ® K) and let f*#UP — X be the associated bundle
of symmetric KUP-module spectra. Let o,,: X — f*#UP be the zero section. The Thom
spectrum of f is defined by

Mf, = f*#UP o (X)=nrfHU".

It is a symmetric module spectrum over KUZP with respect to the action maps induced by
(e 6. Define the topological twisted K-homology of X as

K"P(X) = m(M f) = mi(n f* A UP)
where 7: X — {x}.

Let G = Aut(D ® K). The spectrum M f, in Def. agrees with the smash product
NP Aswg, KUP™4 in symmetric spectra. Since we assumed X to be a finite CW
complex, P has the structure of a (free) G-CW-complex. In particular, ¥*° P, turns out to
be a cofibrant ¥X*°G,-module spectrum. Therefore the above is equivalent to the derived
smash product, which was called the algebraic Thom spectrum in [6]. It was proven in
[6 Prop. 3.26] that this notion is equivalent in the stable oo-category KUP-Mod to the

geometric Thom spectrum [6, Def. 1.4]. Together with [5, Rem. 5.4] we obtain the following:

Theorem 5.3.2. Let X be a finite CW-complex, let P — X be a principal Aut(D ® K)-
bundle pulled back via f: X — BAut(D ® K), let A be the associated D @ K-bundle. Let
P~ — X be a principal Aut(D @ K)-bundle, such that the D @ K-bundle A~ associated to it
satisfies C(X, A® A7) = C(X,D ® K). Then we have

K (X) 2 K;(C(X, A7) = mo(Map gyo (M fo, SKUP ™)

Given a CW-complex X, a principal Aut(D ® K)-bundle P — X classified by a
map f: X — BAut(D ® K) and a subcomplex A C X, there is a canonical map be-
tween the associated Thom spectra M ( f|,)e — M f,, which is obtained from the inclusion
(fl)#UP — f*#UP covering the map A — X.

Theorem 5.3.3. Let (X, A, B) be an excisive CW-triad. Let P be a principal Aut(D @ K)-
bundle over X and denote its restrictions to A, B and ANB by P4, Pg and Pap respectively.
There is a boundary homomorphism d: K| "P(X) — K A2"P(AN B) such that the Mayer-
Vietoris sequence of twisted K-homology groups is exact:

== KB (A0 B) — KPAYP(A) @ KT5'P(B) — K 'P(X) % KPAB“P(AN B) — ...
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5 A noncommutative model for higher twisted K-theory

Proof. Let I be the pushout diagram category and let S;x be the oco-category of spaces over
X. The pushout diagram A<—— AN B —— B defines a functor F': I — §,x, since each of
the spaces comes equipped with a map to X. Let f: X — KUP”—Line — KU”—~Mod be the
diagram in the oco-categorical definition of M f,. The colimits of F(i) - X — KUP”—Mod
correspond to M( f|,g5)., M(fl4), and M( f|z), respectively. The category I is partially
ordered in such a way that F'is an order-preserving map from I to the collection of simplicial
subsets of X. Using [94, Rem. 4.2.3.9] we see that the conditions of [94, Prop. 4.2.3.8] are
satisfied. Thus, [94, Cor. 4.2.3.10] yields that

M(f‘AmB). _>M(f‘A).

| |

M(f|B)o Mfo

is an oco-categorical pushout diagram in KUP-Mod. By stability of the latter, this is also a
pullback diagram in KUP-Mod. The associated long exact sequence of homotopy groups is
the stated Mayer-Vietoris sequence. [

5.3.2 Analytic twisted K-homology

Let X be a locally compact space, let P — X be a principal Aut(D ® K)-bundle and denote
the associated bundle of C*-algebras by A. We will use Kasparov’s representable bivariant
K-theory, which was defined in [84]. Analogous to the twisted K-theory functor, let

RKH(X) = RKK,(X;Co(X)® D,Co(X, A))
RKT(X) = RKK_.(X;Cy(X,A),Co(X)® D)
KP(X,Y) = KK _(Co(X \ Y, Alxy), D)

To compare analytic with topological twisted K-homology, we need a version of Poincaré
duality. Let M be a smooth compact spin® manifold with (possibly empty) boundary 9M.
Let P — M be a principal Aut(D ® K)-bundle with associated bundle of C*-algebras \A.
Let M° = M \ OM. The spin®-condition implies that M has a fundamental class [M,0M] €
Kdaim(vy(M,0M). For a compact space X we have an isomorphism K;(X) =2 RKL(X).
Given two continuous Cy(X)-algebras A and B the group RK K, (X; A, B) maps naturally
to KK.(A, B) by forgetting the additional assumptions on the cycles in representable K K-
theory. It was shown in [47, Thm. 3.8] that the isomorphism classes of locally trivial principal
Aut(D ® K)-bundles form an abelian group with respect to the tensor product. Thus, there
is a bundle A~ — M with the property that C(M, A)®@cnC(M,A™) = C(M, D®K). This
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yields a class [A~] € RKKy(M;C(M,A),C(M,A™)) and via x — x®[A~] an isomorphism
RES(M) = RKK,(M; C(M) ® D,C(M, A)) — REK.(M;C(M, A™),C(M) @ D)

Let ¢: M° — M be the inclusion and denote by ¢* the induced homomorphism on RK K,.
By [67, Prop. 4.9] the homomorphism

i*: RKK,(M; C(M, A™),C(M) ® D) — REK,(M® Co(M°, A7), Co(M°) @ D)

is an isomorphism. Combining the above observations with the map to KK we obtain

L(M,OM)-
K%(M) —g>RKK*(M°; Co(M°, A7), Co(M°) @ D) — KK, (Co(M°, A7), Co(M°) @ D) .
We define the Poincaré duality homomorphism by mapping further to Kth;( M)_*(M ,OM):

PD,: Kp(M) = Kinan_.(M,0M) ;5 y = o (y) @ [M,0M] . (5.4)

dim

The boundary homomorphism 9: KL_,, .(M,0M) — Kpf(aM)_*(aM) is given by an in-

tersection product with the class [0] € KK;(C(OM, A~ |, Md)h,nCo(M °, A7), which represents
the short exact sequence
0— Co(M°,A™) = C(M,A”) = C(OM, A |,,,) = 0
Lemma 5.3.4. Let j: OM — M be the inclusion, then we have
0® vmom) () = (—1)%@) 10 (j*2) @ O .

Proof. There is a second way to obtain the map ¢(ar,s1), namely via

K (M) 22 KK (Co(MP, A7), C(M, A) © Co(M?, A™)) —= KK (Co(M, A™), Co(M°) ® D)

where y is induced by the diagonal inclusion M° — M x M° and the trivializing isomorphism
Co(M°, AR A7) = Cy(M°, D®K). From here the proof proceeds just as in [13, Lem. B.8] [J

Corollary 5.3.5. Let j: OM — M be the inclusion, then the following diagram commutes
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5 A noncommutative model for higher twisted K-theory
up to a sign, which is given by (—1)48@ for x € Kx(M)

Kp(M) - Kp(OM)

PD*j lPD*

Proof. This is a direct consequence of Lemma and [13, Lem. B.10]. O

Fix a compact Hausdorff space X together with a principal Aut(D ® K)-bundle P — X
pulled back via f: X — BAut(D ®K). Let K be the graded compact operators on a graded
separable infinite-dimensional Hilbert space, let

HP = EAut(D ® K) x homg (S, D K@ K) |

where A denotes the left action of Aut(D ® K) on D @ K. Let M be a closed spin“~-manifold
and let g: M — f*#P be a continuous map to the total space of the bundle. Let g: M — X
be the map induced by ¢ and the bundle projection. Observe that g yields a class [E,] €
K g*P(M ). There is a homotopy associative multiplication map m: f* ¢ A homgr(§ , ]IA{) —
f*# P, which uses an isomorphism KoK =K of graded C*-algebras. In particular, the
Bott element induces a weak equivalence # P — Q27" (where the loop space is taken
fiberwise). The bundle #P is the twisted analogue of the space X x K in [12, Sec. §].

Definition 5.3.6. For (M, g) as described above, we define the analytic index of the pair
by indy (M, g) = g.PDo([E,)) € K5 1) (X).

Theorem 5.3.7. The analytic index only depends on the (spin®) bordism class [M,g| €
Qspinc(f*%D).

Proof. Let (W,h) be a spin® manifold with boundary 0W = M; Il —M, together with
a continuous map h: W — f*#P, which restricts to ¢;: M; — f*# . Then we have
PDy([Ey)) € Kgﬂ’_ (W,0W). The class (B‘BW)*Q(PDO([E;L])) vanishes. This follows from

the naturality of the boundary map by the commutativity of the following diagram:

Kh*P7 (W aW) Kdnrn(aW (aW)

dim(W

OZKZ; (W )(X X)—>K£m(aW)(X)

By Cor. we have 0 = (h|,,,)«0(PDo([Er])) = (k| )«PDo(j*([En])) = inda(My, g1) —
ind, (M,, g2), which proves the statement. O
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5.3.3 Comparison of topological and analytic twisted K-homology

In this section we prove that the topological twisted K-homology of a finite CW-complex X
is isomorphic to its analytic counterpart. To achieve this we extend the idea of [12] to the
twisted case, i.e. we construct an intermediate twisted homology theory, which maps to the
topological and the analytic one.

As we have seen in the definition of the analytic index map above, the twist changes
to its inverse under Poincaré duality. Since this will play a central role in the natural
transformations between the theories we are going to construct, we need a functorial way of
inverting twists. This is not a problem in [6 5], where it suffices to have an endofunctor of
the oco-category KUP-Line. Instead of rephrasing the whole theory in that framework, we
simply build the inverse into the category of spaces under consideration.

Let P and P’ be principal Aut(D ® K)-bundles over the same base space X. The tensor
product of automorphisms induces a group homomorphism x: Aut(D®K) x Aut(D @ K) —
Aut((D ® K)®?) and we define

PP = (PxuP) xs Aut((D @ K)®?)

If A and A" are the corresponding C*-algebra bundles, then A ® A’ is associated to P ® P'.

Definition 5.3.8. Let CW!'2 be the following category: The objects are tuples (X, f, f~,7),
where X is a finite CW-complex, f, f~: X — BAut(D ®K) are continuous maps classifying
bundles Py = f*EAut(D ® K) and P; = (f7)"FAut(D ® K) and 7: Py @ P, — X x
Aut((D ® K)®?) is a trivialization. A morphism (X, f, f~,7) — (X', f', f~,7') is tuple
(¢, 9,97, p), where p: X — X' is a continuous map and ¢: Py — Pp, o7 : Py — P}, are
maps of principal Aut(D ® K)-bundles covering ¢ and p: X — Aut((D ® K)®?) is a change
of trivialization, which fits into the commutative diagram

Pr@P; ——= X x Aut((D ®@ K)*?)
@®¢_l Ao

Pp @ Py —= X x Aut((D © K)*?)

where A\ denotes the left multiplication. If the bundles are clear, we will sometimes abbreviate
the tuple (X, f, f~,7) by X and a morphism (¢, @, %, p) by ¢. Let X,Y € Obj(CWh)
and let ¢, ¢ X — Y be two morphisms. A homotopy between ¢ and ¢’ is a homotopy
H: X xI — Y between ¢ and ¢’ that preserves all the further structure in the sense that H
is covered by homotopies of principal bundle maps H: P x1 — Py and H-: Py xI =P,
and a corresponding homotopy of the changes of trivializations.
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Remark 5.3.9. Given a CW-complex X, an object Y € Obj(CW') and a map ¢: X — Y
all extra data can be pulled back to X along ¢. In particular, a subcomplex A C X can be
extended to an object A € Obj(CWR).

If o: X — Y as above is a homotopy equivalence with homotopy inverse ¢: Y — X,
then we can find maps of principal bundles ¢: ¢*P; — Py and w Py — ©*Py covering ¢
and 1 respectively. This can be done in such a way that @ o z/; and z/; o are both homotopic
to automorphisms of principal bundles covering the identity. A corresponding argument
for the trivializations yields the following: Given an object (Y, f, f~,7) € Obj(CWL), a
CW-complex X and a homotopy equivalence ¢: X — Y, there are morphisms X — Y
and ¥ — X in CW , such that both compositions are homotopic to automorphisms of
(X, fop, f-op,Top)and (Y, f, f~,7), respectively. In particular, any homotopy invariant
functor will map (¢, ¢, ¢, p) to an isomorphism.

Theorem 5.3.10. Let h,, h.: CWI — GrAb be two functors to the category of graded
abelian groups with the following properties:

(i) homotopy invariance: If ¢, ¢’ : X — Y are morphisms such that ¢ is homotopic to ¢’
in the sense of Def. then hi(v) = hi(¢).

(ii) Mayer-Vietoris sequence: If X € Obj(CWH) and A C X, B C X are subcompleves
with X = AU B. Then there is a natural transformation 0: h,(X) — h._1(ANB) and
the following sequence, in which the unlabeled arrows are induced by inclusions as in
the ordinary Mayer-Vietoris sequence, is exact:

— he(AN B) —= hy(A) & hy(B) —= hi(X) 2= hy_1(AN B) —=

Letn: hy — K. be a natural transformation. If n,.: h(x) — h'(x) is an isomorphism of graded
abelian groups for all objects x € Obj(CWfli)n) that have the one-point space as underlying
CW-complex. Then nx is an isomorphism for all objects X € Obj(CWD).

Proof. Let X € Obj(CW). The underlying CW-complex of X is homotopy equivalent to a
finite simplicial complex. After barycentric subdivision there exists a cover by subcomplexes
(U.)ics, such that for every k € N each intersection U;, N --- N U;, is either contractible or
empty. (Such a cover will be called good in the following.) Thus, we obtain a CW-complex
X', which has a good cover, and a homotopy equivalence ¢: X — X’ with homotopy inverse
¥: X' — X. Using the pullback along 1, we obtain X’ € Obj(CW). The composition
@ o1 is homotopic to an automorphism of X’ € Obj(CW'™) and likewise for 1) 0. Therefore
h(p) is an isomorphism and it suffices to show the statement for objects, which allow good
covers.
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5.3 Twisted K-homology

Suppose that we have shown that 7y is an isomorphism for those Y € Obj(CWi),
which have a good cover by n subcomplexes. This holds for n = 1 by homotopy invariance
and the assumption on 7. Let Y’ € Obj(CW) be an object which has a good cover by
subcomplexes Vi, ..., Vi1, let V. = V3 U--- UV, and note that V and V NV, satisfy
the induction hypothesis. The five lemma applied to the following comparison diagram of
Mayer-Vietoris sequences

— b (V) @ hi (Vi) = hie(V U V1) -2 hye 1 (V O V) —

| |

—hi, (V) @ b (Viga) — 1, (V U Vi) 2 R (VO V1) —

1R
1R

proves the induction step and therefore the statement. O]

The intermediate twisted homology theory alluded to in the introduction is defined as fol-
lows: Let (X, f, f~,7) € Obj(CW'™) and consider the framed bordism group QF((f~)*.#P).
Given (M, g: M — (f7)*#P) € QF L, ((f7)*# ), we obtain an element (M x S?, ¢') (where
the stable framing on S? is the one induced by S? C R?) in Qgﬂ(,ﬁﬂ)((f*)*%/’j), where ¢
is given by

(g:b)

g M x S? (f )P x homg (S, K) —2— (f~) P

and b: S? — homgr(g, ]IA{) represents the Bott class.
Definition 5.3.11. Let (X, f, f~,7) € Obj(CWE), let P~ = P; and define
kr (X) = lilgn Qo () 7).
The direct limit is formed with respect to the maps
Do () HUY) = Ul ney (1) HTY)
described above. This is a functor CWH — GrAb.

Lemma 5.3.12. The functor X — k7' (X) satifies the conditions of Theorem|5.5.1(}

Proof. Let (X, f,f~,7),(Y,g,9,7) € Obj(CW™). A homotopy H: X x I — Y is by
definition covered by principal bundle maps P, x I — P inducing a homotopy (f )P x
I — (g7)*#P. Thus, homotopy invariance follows from the homotopy invariance of framed
bordism.
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5 A noncommutative model for higher twisted K-theory

Let X € Obj(CW%) and let A, B be subcomplexes, such that X = AU B. The double
mapping cylinder ¢(A,AN B,B) = (ALl (AN B) x I Il B)/ ~ is homotopy equivalent
to X via 0: ¢(A,AN B,B) — X. It can be covered by open sets U and V, such that
(c(A, ANB, B),U, V) is an excisive triad, U is homotopy equivalent to A, V to B and UNV to
ANB. All equivalences are induced by 6. Pulling back the bundle P~ to ¢(A, ANB, B) yields
an excisive cover of 0*(f)* &P by 0*(f~)* & P|, and 0*(f7)*&P| . The observation in
Rem. yields that fo+2k(9*(f_)*%/D|U) — Q§+2k((f_)*<%/D’A) is an isomorphism and
likewise for the spaces over AN B, B and X. Since direct limits preserve exact sequences, we
therefore obtain the Mayer-Vietoris sequence for k7~ from the one for framed bordism. [

Definition 5.3.13. Let KUP™de — hom,, (5, DoK®K® (Cl @ DRK)®"). Analogous to
KUPmod there also are action maps a, o such that (KUP™0der a4 ) is a symmetric module
spectrum over KUP with the same properties as KUP™°4 by a similar proof as for Thm.
B.2.4 Let #UP# = EAut(D @ K) x, KUP™oder where the left action acts on the D ® K-
factor of the tensor product. The graded Thom spectrum of a map f: X — BAut(D ® K)
is defined by

M f& = r f* o UPs

It is a symmetric module spectrum over KUP with respect to the action maps induced by

(tee. Let P = f*EAut(D @ K). We define KPP (X) = m,, (M f&).

Let e € K be a rank 1-projection in the even part of the algebra. We have a C*-algebra
homomorphism D® K — D ® K ® K given by a +— a ® e. Since this stabilization induces
an isomorphism on K-groups, we obtain a m,-equivalence of spectra KUPmed — K [yDP-moder
and a corresponding map of symmetric KUP-module spectra M f, — M f&.

Lemma 5.3.14. The map M fo — M f&" induces a natural isomorphism of the associated
homology theories KPP — KP-per  [n particular, it is a m.-equivalence and therefore a
stable one.

Proof. By Thm. m the functors KP*P and KP°Pe" on CWI satisfy the conditions of
Thm. |5.3.10, Therefore it suffices to check that K7*P(pt) — K7-°P€"(pt) is an isomorphism.
But over a point we have M f, = KUP™d and M f& = KUP™°d#" and the statement follows

from the observation above. ]

Multiplication by the Bott element [b] € K3(pt) induces an isomorphism of twisted K-
homology groups KK_,(C(X,A),D) = KK_9(C(X,A),D). The element [b] can be

represented by a pointed map S? — homgr(g ,K). Using the same construction as for J# %,
there is an action map

M % Ahomg, (S, K) — Mf& .
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5.3 Twisted K-homology

Just as for #P this yields a Bott map M f& — Q?M f&" which induces
KPP (X) = mu(MfE) = ma(QCMFE) = mua(MfE) = K757 (X))

Definition 5.3.15. We define

n

KPanlim 5y — lim KK (420 (C (X, A), D)

KZ:7 7tOp,liIn()() — 11]?’1 Kf;étkongr (X)

where the direct limit in both cases is taken over the Bott homomorphisms described above.

These are both functors CW&' — GrAb. Tt is immediate that K7 (X) — KPanlim(X)
is an isomorphism. The same holds true for K P& (X) — KPtoplm(x) by Thm.

5.3.10| and the fact that the Bott homomorphism induces an isomorphism K7 P& (pt) —

b .
K 5P (pt) on coefficients.

Theorem 5.3.16. Let D be a strongly self-absorbing C*-algebra, which satisfies the UCT.
The analytic index map induces a natural isomorphism of functors

ind,: k7 — Kamhim
Proof. The Poincaré duality homomorphism (5.4)) required the choice of isomorphisms
CX, A A7) 20X, (DeK)®) =2 (C(X,D®K)

Since P, its inverse P~ and the trivialization 7: P @ P~ — X x Aut((D @ K)®?) are part of
the objects in CWﬁD“, the first isomorphism is canonical. For the second identification there
is a canonical path connected space of choices given by pairs of isomorphisms D ® D = D
and K® K = K [47, Thm. 2.3]. Moreover, a stable framing of a manifold M determines a
spin® structure on it. By Thm. |5.3.7| we therefore obtain a natural transformation

Qi((f7)AP) = K7(X) 5 [M,g] v indo(M,g) .

To check that this construction is compatible with direct limits over the Bott isomorphisms
note that [Ero(gxy)) = [Ey) X [B] € KL(M x 5?), where [B] € K(S?) is the Bott bundle
(i.e. the Hopf bundle minus the trivial line bundle) and the tensor product is induced by the
exterior tensor product. Let q: S? — {pt} denote the map to the point. The product with
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5 A noncommutative model for higher twisted K-theory

¢+(ts2([B]) ® [S?]) = [b] € Ky(pt) is the Bott isomorphism. We have

ind, (M x S*,mo (g% n2)) = (g © Prasa) PDo([Enmo(gsns)))
= (g« o praz.) ((ene([Ey)) @ [M]) B (22 ([B]) @ [57]))
= G.PDo([E,]) - [b] = inda(M, g) - [0]

Therefore we obtain a natural transformation k7~ — K7»*»lim - Since the right hand side is
homotopy invariant and has Mayer-Vietoris sequences by [I8, Thm. 21.5.1], the conditions
of Thm. are satisfied and it remains to be checked that k7~ (pt) — KIanlim(pt) is
an isomorphism, where P = Aut(D ® K) is the trivial bundle over pt. By the Pontrjagin-
Thom construction the n-th framed cobordism group QT (W) of an unbased space W agrees
with the stable homotopy group =3 (W, ), where W, is W with a disjoint basepoint. Let
KP = homgr(g, DK® ]K) Using the same argument as in [12] Sec. 9.1] (see the remark
below) it follows that

7 (p) = lim O (K) 2 limn o (KP) ) 2 mo(KP)

The unit map induces an isomorphism K K;(D, D) = K;(D) by [51, Thm. 3.4]. The homo-
morphism 7o(KP) — kP (pt) — K. ™™™ (pt) = KK (D, D) = Ky(D) sends a point in K to
the K-theory class it represents, possibly altered by an automorphism of D ® K that arises
from the trivialization of P ® P~ — pt. This is an isomorphism. Since we assumed that D
satisfies the UCT, we have K K;(D, D) = K;(D) = 0 by [139, Prop. 5.1], which implies that
0= kP (pt) — KT ™™™ (pt) = 0 is an isomorphism. O

Remark 5.3.17. The basepoint is missing in the argument given in [I2 Sec. 9.1], i.e. it
should be 7,42,(S*™ AK,) in the square diagram on page 21. The calculation of the homo-
topy groups is nevertheless correct. This follows from the fact that the map b: S2AK, — K,
induced by Bott periodicity factors through K (note that K already has a basepoint). The
induced homomorphism 7,01 (S*™ AK ) — Tpp0612(S?™ AK) yields an isomorphism of the
direct limits. We obtain limy, ¢ o, ((K?)1) = m,(KP”) in the same way.

Observe that there are canonical maps p: ((f7)*#P), AN KUP — n(f7 ) UPe =
M f&", which yield a corresponding map of symmetric spectra. Let S, be the sphere spec-
trum and consider S, A ((f7)*#P), — M f,8 given by

nnAid

SUA((f7) A )+ KUY N((f7) A D) — = M f¥

where 7 just switches the factors in the wedge product. By the Pontryagin-Thom construc-
tion we have QI((f=)*#P) =2 7ws(((f7)*#P)y) 2 7,,(Se A ((f7)*#P),) and the above
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5.4 Higher twisted K-theory of suspensions

map induces a transformation QT ((f~)*#P) — 7, (M ;%) = KP7*Pe(X). The limits on
both sides were designed in such a way that this extends to a natural transformation

k'P7 — KP’,top,lim ]
Theorem 5.3.18. The above transformation is a natural isomorphism kI~ — KT toplim,

If D is a strongly self-absorbing C*-algebra that satisfies the UCT, we obtain a natural
isomorphism of functors CWS — GrAb of the form

P~ ,top ~v P,an
KP7itop o2 f(Pan

Proof. We have seen in Lem. and Thm. m that the functors k7~ and KT -toplim
satisfy the conditions of Thm. [5.3.10] To prove the first statement, it therefore suffices
to check that k7™ (pt) — K7 'Plim(pt) is an isomorphism. In the case X = pt we have
Mf;e = KUPmeder in particular M f;® = KP in the notation of the proof of Thm.
[.3.16] As already stated there, we have

n

KD (0) 2l sy (KP).) 2 o (KCP)

and the following square commutes

IR

o (KP) T (M fo )

Nl L~

kP (pt) = limyg 75 o ((KP) ) —— limy Ty p0p (M f8) =2 K7 tordim(pp)

n

proving the first claim. For the second statement we combine all natural isomorphisms

KZ?*,top = KZ?ﬂtop,gr = KZ?*,top,lim = kz?* = sz’an’hm = sz7an

proven above. O

Remark 5.3.19. It is conjectured that every separable nuclear C*-algebra satisfies the
universal coefficient theorem (UCT) in K K-theory needed above and all the known examples
of strongly self-absorbing C*-algebras do.

5.4 Higher twisted K-theory of suspensions

Let D be a strongly self-absorbing C*-algebra, which satisfies the universal coeffient theorem.
In this section we will construct a noncommutative model of all twists of K-theory for
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5 A noncommutative model for higher twisted K-theory

suspensions and compute the corresponding twisted K-groups, in particular those of the odd-
dimensional spheres. Observe that gl (KUP)'(S%*) = [S**, BGL,(KUP)] = 0, therefore the
twisted K-groups of even-dimensional spheres agree with the untwisted ones.

5.4.1 Morita equivalences and linking algebras

Given two C*-algebras A and B, an A-B-(Morita) equivalence is a full right Hilbert B-
module X together with an isomorphism A — Kg(X) onto the compact B-linear operators
on X. Equivalently, X is a Banach space that is a full left Hilbert A-module as well as a
full right Hilbert B-module, such that the inner products satisfy 4(¢,n)( = &(n,()p. If X is
an A-B-equivalence, then the adjoint module X* is a B-A-equivalence. This is the inverse
equivalence in the sense that the inner products induce canonical bimodule isomorphisms
X®pX*= Aand X*®4 X = B. We refer the reader to [115], 25] for a detailed exposition.
We can associate to an A-B-equivalence X the linking algebra L(X), which contains A and
B as complementary full corners [25, Thm. 1.1]. This is given by

LX) = (;? ",f)

with the multiplication and x-operation:

ar & | a2 &) [amaz+ al&in2) a1 + &1by a § ) _[a" n

nob moby) N\ miea by (n&)pbiba) T\t b)) \& b))
If A and B are unital, then X is finitely generated and projective as a right Hilbert B- and a
left Hilbert A-module. In this case we have an induced isomorphism X, : Ky(A4) — Ky(B),
which sends a finitely generated projective right Hilbert A-module F to F ®4 X.

Let Hg = ¢*(N)® B. If we choose an isomorphism of right Hilbert B-modules X = pHp
for a projection p € B ® K, then the left action of A on X identifies A with the corner
p(B ® K)p € B®K. In particular, X induces an injective *-homomorphism tx: A ® K —
BK®K = B®K. Let ¢ € A®K be a projection with £ = qH 4, then X, (E) corresponds
to the projection tx(q).

Let po = (39) € L(X) and p; = (§9) € L(X). Yy = poL(X) is a Morita equivalence
between A = pyL(X)py and L(X). Similarly, ¥ = p;L(X) is a B-L(X)-equivalence. The
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5.4 Higher twisted K-theory of suspensions

following diagram of isomorphisms commutes:

X

Ko(L(X))

As above, Y, agrees with the map that sends a projection ¢ € A ® K to (g 8) € L(X)®K.
Apart from Yy, we have another natural homomorphism Ky(A) — Ko(L(X)) induced by
a stable isomorphism ¢p: A ® K — L(X) ® K constructed as follows: Consider py ® 1 €
M(L(X) ® K). By [24, Lem. 2.5] there exists a partial isometry v € M(L(X) ® K) with
v*v =1 and vv* = py ® 1, which induces ¢y via po(a) = v* (& 9)v. Analogously, we define
the isomorphism ¢;: B® K — L(X) @ K.

Lemma 5.4.1. The isomorphism po.: Ko(A) — Ko(L(X)) does not depend on the choice of
v, v* with the above properties. Moreover, we have Yi, = @y, fori € {0,1} and (7' owo). =
X,.

Proof. If w € M(L(X) ® K) is another partial isometry with w*w = 1 and ww* = py ® 1,
then u = v*w is a unitary with vu = w. Since U(M (L(X) ® K)) is path-connected [37], the
two homomorphisms Ky(A) — Ko(L(X)) corresponding to v and w agree.

Let t: A® K — L(X) ® K be given by t(a) = (¢9). By the above remarks we have
L. = Yg.. Moreover, 1o ¢y'(x) = vzv*. We will construct a strictly continuous path
v € M(L(X) ® K) for t € [0,1] with vp = v and v; = 1. This will prove the second claim.
Let Hy, = (*(N) ® L(X). We can identify M(L(X) ® K) with £;(x)(H), i.e. the bounded
adjointable operators on Hy. There are two notions of strict topology on both algebras,
which agree on the unit ball [88, Prop. 8.1].

Choose an isomorphism Hy & H;, — Hy and denote by rqo, r1: H;, — Hj the precom-
position of this isomorphism with the natural maps H;, — Hy & H. In particular, we have
rir; = ;1. Using the same idea as in the proof of [I7, Thm. 1.3.2.10] we obtain a strictly
continuous path of partial isometries w,: Hy, — Hp with wjw; = 1, wy = rp and wy = 1.
Denote the corresponding path for 7, by w/. Now consider w) = /1 — t rov + v/t 1, which
is a strictly continuous path of partial isometries with (w;)*w, = 1, wy = rov and w] = ry.
vy is now given by concatenating the paths w; v, w; and wf_,. O

5.4.2 Construction of higher twists

Let X = XY be the suspension of a finite-dimensional compact metrizable space Y. We will
assume that Y is cofibrantly pointed so that the map from the unreduced to the reduced
suspension is a homotopy equivalence. Choose contractible closed subsets Wy, W; C X,
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5 A noncommutative model for higher twisted K-theory

contractible open subsets U; C W; and contractible closed subsets V; C U;, such that each
of the pairs Wy, Wi, Uy, Uy and Vj, V; covers X and such that WoNn'W; ~Y, UyNU; =~ Y
and Vo NV) ~ Y. The twists of the K-theory of X are given by

gli(KUP){(ZY) = [Y,QBAut(D ® K)] = [Y, Aut(D ® K)] 2 Ko(C(Y) ® D) .

In the following we will make this isomorphism precise by constructing a continuous C(X)-
algebra A with fibers stably isomorphic to D, which satisfies the generalized Fell condition
[47, Def. 4.1]. By [47, Thm. 4.2], A® K is then isomorphic to the section algebra of a locally
trivial continuous bundle with fiber D ® K.

Let B=C(X)®D®K, By =Co(UiNUz) ® D®K and let p € B(Wy; N W) be a
full projection representing an invertible element [p] € Ko(B(W, N Wy))x. By [50, Thm.
0.1] and [47, Lem. 2.14] the continuous C'(Wy N W)-algebra pB(Wy N Wi)p is isomorphic
to C(WoN W) ® D. Let ¢qo = lex) ® 1p ® e € B and let p: C(Wo N Wp) ® D —
pB(Wy N W1)p be an isomorphism, which turns H' = pB(Wy N W7)qo into a self-Morita
equivalence of C(WyNW1)® D. Let H| = pBygo C H'. Since ¢ restricts to an isomorphism
Co(UpNUy) ® D — pBop, H| is a self-Morita equivalence of Co(Uy NU;) ® D. We can
extend H to a (non-full) Hilbert C'(X) ® D-bimodule H by defining the multiplication with
functions in C'(X) ® D via restriction. The inner product takes values in Co(Uy NU;) ® D,
which sits inside C'(X)® D via extension by 0. Note that the fiber H(z) = H/Co(X \{z})H
is zero if x ¢ UyNU;. Let H* be the analogous extension of (H})*. Let Ay = Cy(Up) ® D and
extend it to a continuous C'(X)-algebra in the same way, likewise define A; = Cy(Uy) ® D.
Now consider the linking algebra of H given by

(A H
A—(H*AJ

Lemma 5.4.2. The C*-algebra A is a continuous C(X)-algebra. All fibers of A @ K are
isomorphic to D @ K and A ® K satisfies the generalized Fell condition. Therefore there is
a locally trivial bundle of C*-algebras A — X with fiber D @ K, such that C(X, A) =2 A as
C(X)-algebras.

Proof. By construction A is a continuous C'(X)-algebra. The statement about the fibers is
clear for all x € X \ U;. For x € Uy N U, the fiber is given by the stabilization of the linking

algebra L(H(x)) = < ch ) Hl()x) ) But this is also isomorphic to D ® K. Consider the closed

cover of X by Vi, V; and note that A(V5) ® K contains the projection py = (3 J) ® e, likewise
we have p; = (J9) ® e € A(V}) ® K. Both projections represent invertible elements in
Ko(A(x)). Thus, A satisfies the generalized Fell condition. The existence of A now follows
from [47, Thm. 4.2]. O
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Lemma 5.4.3. Let A — X be the locally trivial bundle from the last lemma. The isomor-
phism k: gly(KUP)Y(X) = [X, BAut(D @ K)] — Ko(C(Y) ® D)X maps [A] to [p].

Proof. Let ¢: VoNVy — Aut(D®K) be the transition function of A — X corresponding to a
choice of trivialization of A over Vj and V;. Since X is a suspension, ¢ completely determines
the isomorphism class of A. It induces a *-homomorphism ¢: D QK — C(VoNV;) @ D®K.
By definition of x we have x([A]) = [p(1 ® e)] € Ko(C(Vo N V;) ® D)% and the class does
not depend on the trivializations. Choose an isomorphism C(X, A) - A® K. In particular,
we obtain trivializations C'(V, Al;,) — A(V;) @ K — C(V;) ® D ® K using the projections
pi € A(V;) ® K to construct partial isometries as described in the paragraph preceding
Lemma [5.4.1] Using the fact that A(VoN'Vi) @ K= L(H(Vo N V1)) @ K it follows from this
lemma that the homomorphism gz3 corresponding to those trivializations maps 1 ® e to the
right Hilbert C'(VoNV4) ® D-module H(V, NVi) = p Hevyovi)ep, Which is precisely the one
represented by the projection p. O

Remark 5.4.4. Let GV = 1L, ; U; N U;, GO = 11, U; with i,j € {0,1}. These form the
morphism and object space of the Cech groupoid associated to the open cover Uy UU; = X.
Let £ — G be the Fell bundle given by Fyy = Uy x D over Uy N Uy, Fi1 = Uy x D over
U, N Uy,

For ={(7,§) €e UyNUy x Hp | p(x)§ =&}

over Uy N U; and Fyg = Fy; (applied fiberwise) over U; N Uy. The multiplication of this Fell
bundle is either given by the multiplication in the algebra or by left (respectively right) multi-
plication on the bimodule bundle. The above algebra A corresponds to the C*-algebra C*(F)
associated to this Fell bundle. This point of view allows us to generalize the construction to
spaces which are not suspensions.

Observe that Ky(C(Y) ® D) is a right module over K(D). Given [p| € Ko(C(Y) ® D)
and [q] € Ko(D), we will denote the action by [p] - [¢]. The reduced K-theory Ko(C(Y)® D)
of a compact space Y with coefficients in D is defined to be the cokernel of the map Ko(D) —
Ko(C(Y) ® D) induced by the unital homomorphism d — 1¢ vy ® d.

Theorem 5.4.5. Let D be a strongly self-absorbing C*-algebra that satisfies the UCT. Let
A — X be the bundle of C*-algebras associated to a projection p € C(Y) ® D @ K by the
construction described above. Let G be the additive subgroup given by G = {z € Ko(D) | [p]-
x=[1]-y € Ko(C(Y)® D) for somey € Ko(D)}. Then we have a short exact sequence

0— K (C(Y)® D) = Kp(X) =G —0.

[

where the surjection is induced by evaluation at a point o € X. Moreover, Kh(X) =

Ko(C(Y) © D)/([p]).
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5 A noncommutative model for higher twisted K-theory

Proof. Note that C(VoNn Vi, Aly, ) = A(VonV) @K = C(VoNVy) @ DOK. Since V4 and V;
are contractible, K;(D) =0 and Ko(C(VoNV)) ® D) = Ko(C(Y) ® D), the Mayer-Vietoris
six-term exact sequence of X boils down to

Ko(C(X, A)) — Ko(D) @ Ko(D) —= Ko(C(Y) @ D)

| |

K. (C(Y)® D) 0 Ki(C(X, A)

We have Ko(C(VoNV1) @ D) = Ko(C(Y) ® D) and we can identify C'(Vo N Vi, Ay, 4y, ) with
AVon V) @ K = L(H(Von'1})) @ K. With the notation from the paragraph preceding
Lemma [5.4.1) we obtain as a consequence of that lemma that

0(z,y) = o1, (You(2) = Yiu(y)) = Hu(x) = (1] -y = [p] -2 = [1] -y . (5.5)

Thus, ker(#) = G, which implies the existence of the claimed short exact sequence for
Ko(C(X, A)). The statement about K;(C(X,.A)) is clear from ({5.5)). O

Let [H] € K°(S?*) be the class represented by the canonical line bundle H over CP!.
We have K1(S?*) = 0 and K°(S?*) = Z[t]/(t?), where t = [H] — [1]. Since D satisfies the
UCT, we have K,(C(S?) @ D) = Ky(D)[t]/(t?). Invertible elements in this ring are of the
form a + bt with a,b € Ko(D) and a invertible.

Corollary 5.4.6. Let D be a strongly self-absorbing C*-algebra that satisfies the UCT. Let
A — S?*+L be q locally trivial bundle with fiber D ® K associated to a projection p €
C(S*)® D ® K as described above. Define a,b € Ko(D) by [p] = a+ bt € Ko(C(S*) @ D)
using the isomorphism from the last paragraph and suppose that b # 0. Then

Kp($*) =0,

Kp(S™1) = Ko(D)/(b) -
Proof. 1f b # 0, the group G from Theorem is trivial. Moreover, K(C(S*)® D) = 0.
Thus, K3(S?**1) = 0. The reduced K-group Ko(C(S?**) ® D) is isomorphic to Ky(D) and

the quotient map Ko(C(S%*) ® D) — Ko(C(S%*) @ D) = Ky(D) can be identified with
(z + yt) — y. This implies the statement about K}(S%**1). O
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6 Deformations of nilpotent groups and
homotopy symmetric C'*-algebras

The homotopy symmetric C*-algebras are those separable C*-algebras for which one can un-
suspend in E-theory. We find a new simple condition that characterizes homotopy symmetric
nuclear C*-algebras and use it to show that the property of being homotopy symmetric passes
to nuclear C*-subalgebras and it has a number of other significant permanence properties.

As an application, we show that if I(G) is the kernel of the trivial representation
t: C*(G) — C for a countable discrete torsion free nilpotent group G, then I(G) is homotopy
symmetric and hence the Kasparov group KK (I(G), B) can be realized as the homotopy
classes of asymptotic morphisms [[/(G), B ® K] for any separable C*-algebra B.

6.1 Introduction

The intuitive idea of deformations of C*-algebras was formalized by Connes and Higson
who introduced the concept of asymptotic morphism [34]. These morphisms are at the
heart of F-theory, the universal bifunctor from the category of separable C*-algebras to the
category abelian groups which is homotopy invariant, C*-stable and half-exact. Asymptotic
morphisms have become important tools in other areas, such as deformation quantization
[116], index theory [32], [140], the Baum-Connes conjecture [70], shape theory [40], and
classification theory of nuclear C*-algebras [119].

An asymptotic morphism (¢¢)cj0,00) is given by a family of maps ¢;: A — B para-
metrized by ¢ € [0,00) such that ¢ — ¢, is pointwise continuous and the axioms for
x-homomorphisms are satisfied asymptotically for t — oo. There is a natural notion of
homotopy based on asymptotic morphisms of the form A — B ® C]0, 1]. Homotopy classes
of asymptotic morphisms from the suspension SA of A to the stabilization of SB provide
a model for E(A, B), i.e. E(A,B) = [[SA,SB ® K]|, [34]. A similar construction using
completely positive contractive asymptotic morphisms yields a realization of K K-Theory,
namely KK (A, B) = [[SA, SB ® K]]|?, as proven by Houghton-Larsen and Thomsen [73].
E-theory factors through K K-theory and the fact that the map KK(A, B) — E(A, B) is
an isomorphism for nuclear C*-algebras A can be easily seen from the Choi-Effros theorem,
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6 Homotopy symmetric C*-algebras

which implies [[A, B]] = [[A, B]]°P.

Note that the introduction of the suspensions and the stabilization of B are necessary to
obtain a natural abelian group structure on E(A, B). Equally important, but perhaps less
apparent, is the fact that SA becomes quasidiagonal, as shown by Voiculescu [144], and this
property implicitly assures a large supply of almost multiplicative maps SA — K. However,
a deformation A — B ® K, without the suspensions, contains in principle more geometric
information. Asymptotic morphisms of this form are a crucial tool in the classification theory
of nuclear C*-algebras. We are confronted with the dilemma of understanding [[A, B ® K]],
while only E(A, B) = [[SA, SB®RK]] is computable using the tools of algebraic topology. The
best case scenario in this situation is of course that the monoid homomorphism [[A, BRK]] —
E(A, B) induced by the suspension map is an isomorphism.

Under favorable circumstances, this is in fact true: It is shown in [45] and [38] that for
a connected compact metrizable space X with basepoint zy € X, we have [[Co(X \ zp), B®
K]] =2 E(Co(X \z0), B). In particular, Ko(X \zo) = [[Co(X \20), K]]. On the right hand side
we can replace the compact operators K by |J,~, M,,(C). Thus, the reduced K-homology of
X classifies deformations of Cy(X \ o) into matrices. Similar deformations of commutative
C*-algebras into matrix algebras appeared in condensed matter physics, where Kitaev [85]
proposed a classification of topological insulators via (real) K-homology. We refer the reader
to the recent work of Loring [92] for further developments and additional references.

A full answer to the question of unsuspending in E-theory was found in [45]: The natural
map [[4, B® K]] — E(A, B) is an isomorphism for all separable C*-algebras B if and only
if A is homotopy symmetric, which means that [[id4]] € [[A, A ® K]] has an additive inverse
or equivalently that [[A, A ® K]] is a group.

As nice as this condition is, it can be quite hard to check in practice. One of the two
main results in this paper is Theorem [6.3.1] which shows that being homotopy symmetric
is equivalent for separable nuclear C*-algebras to a property which is significantly easier to
verify. The proof of this theorem relies crucially on results of Thomsen [136]. The new
property, which we call property (QH), see Definition [6.2.6] (i), makes sense for all separable
C*-algebras and has the important feature that it passes to C*-subalgebras. This allows
us to exhibit new vast classes of homotopy symmetric C*-algebras, see Theorem [6.3.3| and
Corollary [6.3.4]

Our second main result is Theorem [6.4.3] which states that the augmentation ideal
I(G) = ker(r : C*(G) — C) for a torsion free countable discrete nilpotent group G satis-
fies property (QH) and hence it is homotopy symmetric. In particular [[/(G), B ® K]] =
KK(I(G), B) for any separable C*-algebra B. This confirms a conjecture of the first author
[44] for the class of nilpotent groups.
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6.2 Discrete asymptotic morphisms and Property (QH)

6.2 Discrete asymptotic morphisms and Property (QH)

Definition 6.2.1. Let A, (B,), be separable C*-algebras. A completely positive contractive
(cpc) discrete asymptotic morphism from A to (B,), is a sequence of completely positive
linear contractions {¢, : A — B,}, such that

lm [l () = ga(a)in(8)| = 0

for all a,b € A. If, furthemore, each (, is unital we say (p,) is a ucp discrete asymptotic
morphism. Two cpc discrete asymptotic morphisms {¢,, ¥, : A — B,}, are equivalent,
written g, & ¥y, if lim,, . ||@n(a) —n(a)]] = 0 for all a € A. They are unitarily equivalent,
written (,) ~ (1), if there is a sequence of unitaries u,, € B,, such that (¢,) ~ (u,,u).
They are homotopy equivalent, written (p,) ~p (¢,), if there is a cpc discrete asymptotic
morphism {®,: A — C[0,1] ® B,}, such that oV = vn and ol = ¥, for all n > 1.
Equivalent discrete asymptotic morphisms are homotopic via the homotopy @g) = (1-
t)on + t,. Homotopy of ucp asymptotic morphisms is defined similarly, by requiring that
®,,(1) = 1. The homotopy classes of cpc discrete asymptotic morphisms ¢, : A — B from A
to a fixed B = B,, will be denoted by [[A, B]lyy. (Non-discrete) cpc asymptotic morphisms
are defined completely analogously by replacing the indexing set N by [0, c0) and considering
cpc maps ¢: A — Cy([0,00), B). The homotopy classes of cpc asymptotic morphisms are
denoted by [[A, B]]P. Similarly we denote by [[A, B]] (respectively [[A4, B]]y in the discrete
case) the homotopy classes of general asymptotic morphisms, [34], [136].

Remark 6.2.2. If A and B are separable C*-algebras, then every cpc discrete asymptotic
morphism {¢,: A — B ® K}, is equivalent to some {t,,: A — M,,,)(B)}, obtained by
compressing ¢, by a suitable sequence of projections 1yp) ®p, € M (B) ® K, where p, € K
converges strongly to 1.

Remark 6.2.3. There is a category Asym with objects separable C*-algebras and with
homotopy classes of (non-discrete) asymptotic morphisms as morphisms. In particular, there
is a composition of asymptotic morphisms, which is well-defined up to homotopy [34]. There
is a similar category Asym based on cpc asymptotic morphisms. There are no analogues of
these categories for homotopy classes of discrete asymptotic morphisms. Nevertheless, it was
shown in [136, Thm. 7.2] that there is a well-defined pairing of the form [[A, Bl|ny % [[B, C]] —
[[A, ]y, (z,y) — yox such that 20 (yoxz) = (2 0y) oz for 2 € [[C, D]]. The arguments
of [136, Thm. 7.2] show that there is also a pairing [[4, B]|g’ x [[B, C]]® — [[A, C]§ with
similar properties.

Any discrete asymptotic morphism {¢, : A — B,}, induces a x-homomorphism & :

A—1T],B./ D, B -
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6 Homotopy symmetric C*-algebras

Let us recall that by a result of Voiculescu [144], a separable C*-algebra is quasidiagonal
if there is an injective *-homomorphism 7 : A — [[, K/ &, K which is liftable to a cpc map
n:A—=1T1[,K

Definition 6.2.4. A discrete asymptotic morphism {p, : A — B,}, is called injective if
the induced *-homomorphism ® is injective, or equivalently if
limsup,, ||¢n(a)]| = ||a|| for all a € A.

The cone over a C*-algebra B is defined as CB = Cy(0, 1] ® B.
Proposition 6.2.5. For a separable C*-algebra A the following properties are equivalent.
(i) There is a null-homotopic injective cpc discrete asymptotic morphism {n,: A — K},,.
(ii) There is a null-homotopic injective cpc discrete asymptotic morphism {7y,: A — L(H)}.,.

(111) There is an injective x-homomorphism n : A — [, CK/ @, CK which is liftable to a
cpec map n: A — ], CK.

(iv) There is an injective x-homomorphism v : A — [[, CL(H)/ @, CL(H) which is
liftable to a cpc map v: A — ][, CL(H).

Proof. (i) = (ii) and (iii) = (iv) are obvious since K C L(H). The implications (i) = (iii)
and (ii) = (iv) are are also straightforward.

(iv) = (i) Let v be as in (iv) with components 7,. Since v is injective, we must have
limsup ||y, (a)|| = ||a|| for all @ € A. Let (a;); be a dense sequence in A. For each ¢ there is
a strictly increasing sequence (m(i,n)), such that ||vmen(a:)| > ||las|| — 1/n, for all n > 1.
If we define v, = Vin(in) @ Ymzn) ® -+ D Ym(nn), then lim ||y, (a)|]] = |la| for all a € A.
Therefore we may assume that (7, ) had this property in the first place.

Since A is separable, there is a separable C*-algebra D C L(H) such that v,(A) C D
for all n > 1. Consider an injective *-homomorphism j : Cy(0,1] — Cy(0,1] ® Cy(0, 1],
for example j(f)(s,t) = f(min(s,t)). Since Cy(0,1] ® D is quasidiagonal by [144], there
is a cpc asymptotic morphism {6, : Cy(0,1] ® D — K},, with lim, ||0,(b)|] = ||b]| for all
b. After passing to a subsequence (6,), we may arrange that the maps 7, obtained as the
compositions

A Cy(0,1] @ DZZ92 00(0, 1] @ Cy(0,1] ® D 2% 40, 1] ® K

define an asymptotic morphism
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6.2 Discrete asymptotic morphisms and Property (QH)

such that lim, ||n,(a)|| = ||a|| for all @ € A.

We regard n,, : A — CK as a continuous family of maps {n,(lt) : A = K}iepo,1) with 777(10) =
0. Next we want to arrange that lim,, ||777(11)(a)|| = ||a|| for all @ € A. Since lim,, ||, (a)| = ||a||

for all @ € A, after passing to a subsequence of (7,),, we may arrange for each n > 1,
1mn(ai)]] > |la;|| — 1/i for all 1 < i < mn. Therefore for every n and i with 1 < i < n, there is
tni € [0,1] such that || (a;)|| > |la:|| — 1/i. Define E, : A — CK by EY = @™, ™"
for t € [0,1]. It follows immediately that {E, : A — CK},, is a cpc asymptotic morphism
such that lim,, ||E7(L1)(a)|| = ||al| for all a € A. O

Definition 6.2.6. (i) A separable C*-algebra A has property (QH) if it satisfies one of the
equivalent conditions from Proposition [6.2.5]

(ii) For a countable discrete group G, denote the character induced by the trivial rep-
resentation by ¢: C*(G) — C and set I(G) = ker(t). We say that G has property (QH)
if I(G) has property (QH). One can reformulate this condition as follows. There is a dis-
crete injective ucp asymptotic morphism {m, : C*(G) = M) (C)}, which is homotopic to
{tn : C*(GQ) = M) (C) }n, where each ¢, is the multiple m(n)-¢ of the trivial representation
L.

Example 6.2.7. If X is a compact connected metrizable space and zy € X, then Co(X \ x¢)

has property (QH). In particular, if G is a torsion free countable discrete abelian group, then
I(G) = Cy(G \ ¢) has property (QH).

Remark 6.2.8. Let us note that if A has property (QH), then A must be quasidiagonal.
This follows from a result of Voiculescu [144] which states that contractible C*-algebras
are quasidiagonal. Moreover A cannot have any nonzero projections since C'L(H) does not
contain nonzero projections. In particular, if a discrete group G has property (QH), then G
must be torsion free, see Remark [6.4.4]

It is easily verified that

(i) Property (QH) passes to C*-subalgebras.

(ii) If a separable C*-algebra A has property (QH) then so does A®,,;, B for any separable
C*-algebra B.

Other permanence properties are proved in Theorem [6.3.3]

The following Lemma is crucial for the proof that property (QH) implies the existence
of additive inverses of homotopy classes of discrete asymptotic morphisms. It is a slight
generalization of [41, Lem. 5.3]. The proof is almost identical, except that one has to replace
Voiculescu’s theorem and Stinespring’s theorem by Kasparov’s generalization of these [83].
We will use the notation from [41) Sec. 5]: If A and B are C*-algebras, E, F are right Hilbert
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6 Homotopy symmetric C*-algebras

B-modules, F C A is a finite set, € > 0 and ¢: A — Lp(F) and ¢: A — Lp(F) are two
maps, we write ¢ <r ¢ if there is an isometry v € Lg(E, F) such that ||¢(a) —v*¢(a)v| < €
for all @ € F. If v can be chosen to be a unitary, we write ¢ ~x 1. Moreover, we write
¢ <Y it ¢ <r 1 for all finite sets F and for all € > 0.

Lemma 6.2.9. Let A and B be separable unital C*-algebras such that A or B is nuclear.
Let {¢n: A = Mymy)(B)}n and {vn: A = M, (C)}, be ucp discrete asymptotic morphisms.
Suppose that (7y,) is injective. Then there exist a sequence (w(n)) of disjoint finite subsets
of N with maxw(n — 1) < minw(n) and a ucp discrete asymptotic morphism {¢): A —
M) (B) }n such that (gn @ ¢5) ~ (Yom) @ 18), where Yum) = Bicwn)Vi-

Proof. There exists a sequence F; C Fo C ... of finite selfadjoint subsets of A consisting of
unitaries such that their union is dense in U(A) and a sequence €; > €3 > ... convergent
to zero such that ¢, is (F,, €,)-multiplicative. By [41, Lem. 5.1] it suffices to construct a
sequence (w(n)) such that v, <z, . Vum)-

We will construct (w(n)) inductively. Suppose that we already have w(1),...,w(n —1)
and choose m > maxw(n — 1) such that

I'=®ismyi: A— H Mr(i)((C) C L(H)
i>m
is (Fu, %)—multiplicative. Observe that I': A — L£(H) is a unital *-monomorphism modulo
the compact operators. Let m: A — L(H) be a faithful unital representation with 7(A) N
KK(H) = {0}, then we have I'~z, . 7 by [20, Lem. 2.1] (or [4I, Lem. 5.2]). Note that
there is a natural embedding £(H) — Lg(Hp), which sends T to T'® 1g. Moreover,
I'®lg~g, . m®1g. Let m, be the Stinespring dilation of ¢,, obtained via [83, Thm. 3]. We
have that 7, @ (1 ® 15) ~ (7 ® 1) by [83, Thm. 6]. Thus,

QOn‘<7Tn-<7Tn€B(7T®1B)N(7T®13)N]:n’enr®13,

hence ¢, <7, I ® 1p. Let v € Lp(B*™ Hpg) be a partial isometry such that ||¢,(a) —
v"(I'® 1g)(a)v]| < €, for all a € F,. The projections of M, (B) are dense in those of
B ® K(H). Thus, we can find an isometry w € Lg(B*™, BY) which approximates v in
norm sufficiently well so that ||p,(a) — w*(I' ® 15)(a)w| < €, for all a € F,. Here we
identify BY C Hp as the submodule of the first N coordinates. It follows that if we let
w(n) ={m,m+1,...,m+ N}, then ¢, <z, c, Yom)- O

Lemma 6.2.10. Let 0 : M — G be a morphism of monoids with 0(M) = G. If G is a group
and all the elements of 07 (1¢) are invertible in M, then M is a group.
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6.2 Discrete asymptotic morphisms and Property (QH)

Proof. For x € M, choose 2/ € M such that 0(2') = 6(z)~'. Then 0(z2') = 0(2'z) = 1¢.
It follows that both zz’ and z'x are invertible and hence there are y,y, € M such that
x(2'y1) = 1y = (yo22')x. Thus z is invertible. O

Proposition 6.2.11. Let A, B be separable C*-algebras such that either A or B is nuclear.
If A has property (QH), then [[A, B @ K] is a group.

Proof. We will first prove the proposition for unital C*-algebras B. Let {¢,,: A = M,,)(B)},
be a discrete cpc asymptotic morphism. By Remark it suffices to construct an additive
inverse of [[p,]]. Since A has property (QH), there exists an injective cpc discrete asymptotic
morphism {7, : A = M,(,)(C)}, which is null-homotopic.

Let A denote the unitization of A and set R(n) = r(n) + 1. Let @,: A — Mpn)(B) be
the unital extension of ¢, so that @, (1) =1 My ® 1. This is a ucp asymptotic morphism.
Likewise, let 77,: A — Mg (C) for S(n) = s(n) + 1 be the unitization of 7,. Note that (7,)
is still injective. From Lemma we obtain sequences (w(n)) and {@,: A = Mpu)(B)},
such that (9, ®@;,) ~ (Nwm) ®1p). Let j: A — A be the inclusion map and set ¢! = 3/ o .
Then (¢, ® ¢;,) ~ (Nun) ® 1) which is null-homotopic.

Now consider the case when B is nonunital. Observe that for any short exact sequence
of separable C*-algebras

0—-I—-B5%D=0 (6.1)

and an arbitrary separable C*-algebra A there is a corresponding long exact Puppe sequence
of pointed sets:

14, 5By’ — [[A, SDI|y’ — [[A, G ]I — [[A, Blly’ — [[A, DIy’ (6.2)

where C, = {(b, f) € B& Cy([0,1),D) | f(0) =p(b)} is the mapping cone of the *-homo-
morphism p. The proof of exactness is entirely similar to the proof for the Puppe sequence
in E-theory, see [39, Prop. 6]. Indeed as shown in the proof of [121, Thm. 3.8], the mapping
cone of the map C, — B, (b, f) — b is homotopic as a C*-algebra to SD.

If the short exact sequence splits, the first and the last map in are surjective
and we obtain the short exact sequence

0—[[4, Gl — [[A, Blly' — [[4, D[y’ —0.

Moreover, it was proven in [45, Prop. 3.2 that if the short exact sequence (6.1]) splits, the
canonical homomorphism I — C, has an inverse in the category Asym of separable C*-
algebras and homotopy classes of (non-discrete) asymptotic morphisms. On the other hand

[136, Thm. 7.2] shows that an isomorphism B; = Bj in the category Asym induces an
isomorphism [[A, By]]y = [[4, By]]ny and hence [[4, Bi]]{ = [[A, Bo]]y if A is nuclear.
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6 Homotopy symmetric C*-algebras

If B is nuclear, then so are D, I and C, and hence I is isomorphic to C), in the category
Asym. By using the version of [136, Thm. 7.2] for cpc asymptotic morphisms that was
mentioned in Remark [6.2.3] we see that [[4, C,]]y = [[A, I]]% if B is nuclear. Therefore if

either A or B is nuclear, the following is a short sequence of pointed sets:
0—[[A, I]]|§’ — [[4, B]ly’ — [[A, D]]§ —0. (6.3)

In the case of the split extension 0 - B® K — BoK =K — 0, we obtain from ({6.3|)
the following short exact sequence of pointed sets

0— [[A, B K| —~ [[A, B @ K[|" — [[4, K] — 0.

Note that [[A, B ® K]|g is an abelian monoid, and by the first part of the proof, [[A4, B®
KJJ¥ and [[4,K]]{ are abelian groups. All monoids are pointed by their respective neutral
elements, the map « is a monoid homomorphism and f is a group homomorphism. Exactness
implies that the sequence 0 — [[A, B ® K] — ker(8) — 0 is also exact. By Lemma
we conclude that [[A, B ® K]J is an abelian group. O

Proposition 6.2.12. Let A be a separable C*-algebra.
(1) A has property (QH) if and only if A is quasidiagonal and [[A, K] is a group.
(i1) If A is nuclear, then A has property (QH) if and only if [[A, A @ K]]y is a group.

Proof. (i) If A has property (QH), then A is quasidiagonal by [144]. Proposition
implies that [[A, K] is a group. For the other direction, since A is quasidiagonal, there
is an injective cpc discrete asymptotic morphism {¢, : A — K},. Let (/) be such that
[[el]] = —[len]] in [[A,K]]5- Then (n,) = (¢n @ ;) is injective and null-homotopic.

(ii) If A is nuclear, then [[A, B]|® = [[A, B]] for any separable C*-algebra B. Suppose
that A has property (QH). Proposition implies that [[4, A ® K]]y is a group.

For the other direction note that since [[A, BRK]|y = [[A®K, B®K]|y we may assume
that A = A ® K. Since [[id4]] has an additive inverse in [[A, A]]y it follows that there is
an injective cpc discrete asymptotic morphism {¢, : A — A}, which is null-homotopic.
By composing ¢,, with a representation of A we find an injective cpc discrete asymptotic
morphism {6, : A — L(H)}, which is null-homotopic. We conclude by applying Proposi-
tion [6.2.5 O

6.3 Nuclear homotopy symmetric C*-algebras

Theorem 6.3.1. Let A be a separable, nuclear C*-algebra. Then A has property (QH) if
and only if A is homotopy symmetric. In either case, [[A, B K]|] =2 E(A,B) = KK (A, B)
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6.3 Nuclear homotopy symmetric C*-algebras

for any separable C*-algebra B.

Proof. Let A and B be separable C*-algebras. The sets [[4, B ® K]] and [[A, B ® K]]y have
natural structures of abelian monoids where the addition operation is defined via direct
sums. Suppose now that A has property (QH). Then, it follows by Proposition that
[[A, B ® K]]y becomes an abelian group.

By Lemma 5.6 of [I36] for any separable C*-algebra B there is an exact sequence of
pointed sets

14, SB @ Ky —~[[4, B K] —> [[4, B K]}y == [[4, B & K]}n.

Here o is the shift map o[[1,]] = [[¢ni1]], B is the natural restriction map and « is defined by
stringing together the components of a discrete asymptotic morphism {p, : A — Cy(0,1) ®
B ® K}, to form a continuous asymptotic morphism {®; : A — B ® K},c(0,), Where
O, (a) = pp(a)(t —n) for t € [n,n+1].

We observe that (1 — o) is a morphism of groups and both o and  are monoid homo-
morphisms. By Lemma [6.2.10] the exact sequence

[A4,SBK]||]y = [[4, B®K]] = ker(1 —0) — 0

implies that [[A, B®K]] is a group. In particular, taking B = A we see that A is homotopy
symmetric.

Conversely, suppose that A is homotopy symmetric. Then [[A ® K, A ® K]| is a group.
The product [[A, AQK]|y X [[ARK, ARK]] — [[A, A®K]]y, (x,y) — yox has the property
that (y; + y2) ox = y; o x + yo o x. By applying this property with y; = [[idagk]] and
y2 = —y1 we obtain that [[A, A ® K]]y is a group. It follows that A has property (QH) by
Proposition [6.2.12((ii).

For the last part of the statement we apply the main result of [45]. O

Remark 6.3.2. Let M be a homotopy associative and homotopy commutative H-space
and let X be a topological space with the homotopy type of a CW-complex. By a slight
extension of [I48, Thm. X.2.4] the homotopy classes of continuous maps [X, M| form a
group if and only if mo(M) = [pt, M| is a group. The combination of Proposition and
Theorem [6.3.1] provides a counterpart for asymptotic morphisms of this statement: Let A
be a nuclear quasidiagonal C*-algebra. Then the monoid [[A, B ® K]| is a group for any
separable C*-algebra B if and only if [[A,K]] = [[A, C(pt) ® K]] is a group. Moreover, we
saw that in order to verify the latter condition, one would only need to show that [[A4, K]y
is a group.

The importance of Theorem comes from the fact that property (QH) is much
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6 Homotopy symmetric C*-algebras

easier to verify than the property of being homotopy symmetric. It allows us to vastly
extend the class of known homotopy symmetric C*-algebras.

Theorem 6.3.3. The class of homotopy symmetric C*-algebras has the following perma-
nence properties:

(a) A nuclear C*-subalgebra of a separable C*-algebra with property (QH) is homotopy sym-
metric.

(b) Let (A,), be a sequence of separable C*-algebras with property (QH). Any separable
nuclear C*-subalgebra of ], An/ €D,, An is homotopy symmetric.

(c) The class of separable nuclear homotopy symmetric C*-algebras is closed under inductive
limats.

(d) If 0 -1 — A— B — 0 is a split short exact sequence of separable nuclear C*-algebras
and two of the entries are homotopy symmetric, then so is the third.

(e) The class of homotopy symmetric C*-algebras is closed under tensor products by separable
C*-algebras and under (asymptotic) homotopy equivalence.

(f) The class of separable nuclear homotopy symmetric C*-algebras is closed under crossed
products by second countable compact groups.

Proof. Since property (QH) passes obviously to C*-subalgebras, statement @ follows from

Theorem [6.3.1]
Let A be a C*-subalgebra of [], A,/ @D, A, as in statement (b). Using the Choi-Effros
lifting theorem, we find a cpc discrete asymptotic morphism {6, : A — A,}, such that

limsup,, ||0,,(a)|| = ||a|| for all @ € A. Since A is separable, by replacing 6,, by finite direct
sums of the form 6, © 0,1 ®--- DOy and A, by A, D A,.1 B - - D Ay we may assume
that lim, ||6,,(a)|| = ||a|| for all @ € A. Here we use the observation that the class of C*-

algebras with property (QH) is closed under finite direct sums. Let (®2¢), be the homotopy
of discrete asymptotic morphisms given by Proposition m(l) for A;. Since A is separable,
one can find an increasing sequence m(n) of natural numbers such that ®, := @ir(bn) o6,
satisfies the condition (i) of Proposition for A in the sense that (®,,) is a homotopy
between an injective cpc discrete asymptotic morphism and the null map. We conclude the
proof of (]ED by applying Theorem m

Statement (i) follows from @ since any inductive limit hg A, embeds as a C*-subalgebra

of [1,, An/ €D,, An.
For the proof of @ first note that the cases of nuclear subalgebras and quotients follow
from @, since we assumed that the sequence splits. It remains to be proven that A is
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6.4 Group C*-algebras

homotopy symmetric if I and B are. If B is homotopy symmetric, then [[B ® K, B ® K]] is
a group. There is an element y € [[B ® K, B ® K]| such that [[idggk]|] +y = 0. Therefore
[[A, B®K]] is a group as well, since y o x is an additive inverse of z € [[A, B®K]|. Likewise
[[4, I ® K]] is a group if I is homotopy symmetric. By [45, Prop.3.2] we have a short exact
sequence of monoids

0—=[A4,IK]] = [[4,AxK]] = [[A,BK]] —0

and Lemma implies that [[4, A ® K]] is a group. Thus, A is homotopy symmetric.
The statement () is an immediate consequence of the definition as noted in [45].
For the proof of @ let A be a separable C*-algebra and let G be a second countable
compact group that acts on A by automorphisms. Then

AxGC (A C(G) x G = A2 K(L(G))

by [66, Cor. 2.9]. We conclude the proof by applying (@l). O
The following corollary exhibits a new large class of homotopy symmetric C*-algebras.

Corollary 6.3.4. Let A be a separable continuous field of nuclear C*-algebras over a compact
connected metrizable space X . If one of the fibers of A is homotopy symmetric, then A is
homotopy symmetric.

Proof. A has nuclear fibers and hence it is a nuclear C*-algebra. A embeds in C(X) ® O,
by [19). Fix zp € X such that A(zg) is homotopy symmetric. Furthermore, since the
embedding is C'(X)-linear, it follows that A embeds in £ = {f € C(X) ® Oy : f(xy) € D},
where D C O, is a C*-subalgebra isomorphic to A(zg). Thus, F fits into a short exact

sequence
€vz

This sequence splits via the x-homomorphism D — FE that maps d to the constant function
f(z) = don X. Since both Co(X \{z0})®Os and D are homotopy symmetric, the statement
now follows from Theorem (d)- O

Remark 6.3.5. Statement in Theorem strengthens the main result of [38] in the
case of nuclear C*-algebras.

6.4 Group ('*-algebras

In this section we prove that any countable torsion free nilpotent group G has property (QH)
and hence that the augmentation ideal I(G) is homotopy symmetric. We thank the referee
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6 Homotopy symmetric C*-algebras

for the suggestion to discuss the connection between the property (QH) for I(G) and the
almost flat vector bundles on the classifying space BG.

Theorem 6.4.1. Let 1 - N — G — H — 1 be a central extension of discrete countable
amenable groups where N is torsion free. If H has property (QH) then so does G.

Proof. By [110, Thm. 1.2], (see also [58, Lemma 6.3]), C*(G) is a nuclear continuous field of
C*-algebras over the spectrum N of C*(N). Moreover, the fiber over the trivial character ¢ of
N is isomorphic to C*(H). It follows that (&) is a nuclear continuous field of C*-algebras
over the spectrum N whose fiber at ¢ is isomorphic to I(H). Since N is torsion free, its
Pontriagin dual is connected. We conclude the proof by applying Cor. [6.3.4] O

Lemma 6.4.2. Suppose that a countable discrete amenable group G 1is the union of an
increasing sequence of subgroups (G;); each of which has property (QH). Then G has property

(QH)

Proof. Since G is amenable, so is each GG; and the associated group C*-algebras are nuclear.

We may regard C*(G;) as a C*-subalgebra of C*(G). Then the union of C*(G;) is dense
in C*(G) and hence the union of I(G;) is dense in I(G). The conclusion follows from

Thm. [63.3 [©). 0

Theorem 6.4.3. If G is a countable torsion free nilpotent group, then 1(G) is a homotopy
symmetric C*-algebra.

Proof. Subgroups of nilpotent groups are nilpotent. Consequently, we may assume by
Lemma that G is finitely generated. Since G is nilpotent it has a finite upper cen-
tral series (Z;)I", consisting of subgroups

{Wy\=4yCcz,C---CZy,1C2Z,=0G, (6.4)

where 7 is the center of G and for ¢« > 1, Z;,; is the unique subgroup of G such that
Zit1/Z; is the center of G/Z;. We argue by induction on the length n of the central series of
G. Suppose that property (QH) holds for all finitely generated nilpotent groups with upper
central series of length n — 1. If GG is a finitely generated, torsion free and satisfies ,
then /7, is finitely generated, torsion free and nilpotent by [76, Cor. 1.3] and (Z;41/Z1)7~
is a central series of length n — 1 for G/Z;. Since the upper central series is the shortest
central series [118, 5.1.9], we conclude the proof by applying Theorem to the central
extension 1 - 73 - G — G/Z; — 1. O

Remark 6.4.4. (i) The assumption that G is torsion free is essential. Indeed if s € G is an
clement of order n > 1, then 1 — 2(1 + s+ --- + s"7!) is a nonzero projection contained in

1(G).
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6.4 Group C*-algebras

(ii) If 7 : Hy — U(n) is a representation of the Heisenberg group whose restriction to
the center is non-trivial, then there is no continuous path of representations connecting 7 to
a multiple of the trivial representation, [3].

(iii) The K-homology of nilpotent groups such as Hsy, 3, n > 1, has nontrivial torsion,
[90]. In view of Theorem [6.4.3] there are matricial deformations of C*(Hsy,3) which detect
this torsion.

Remark 6.4.5. It is conjectured in [44] that I(G) is homotopy symmetric for all countable
amenable torsion free groups G. To prove the conjecture in general, in view of Thorem [6.3.1],
it would suffice to find an embedding of I(G) into [], CK/@, CK. While Theorem [6.4.3
confirms the conjecture for the class of nilpotent groups, we are not yet close to solving the
general case. A recent major result of Tikuisis, Winter and White [137] answered positively a
conjecture of Rosenberg on the quasidiagonality of amenable groups. This result is equivalent
to the statement that I(G) embeds into [[, K/ @, K and can viewed as further evidence
for the conjecture in [44].

Connes, Gromov and Moscovici [33] developed and used the concepts of almost flat
bundle, almost flat K-theory class and group quasi-representation as tools for proving the
Novikov conjecture for large classes of groups. The correspondence between almost flat
bundles on a triangularizable compact connected space and the quasi-representations of its
fundamental group was revisited in [31].

We have seen in Remark that if A has property (QH), then A is quasidiagonal. In
particular, if a discrete countable group G has property (QH), then I(G) and hence C*(G)
is quasidiagonal. The following theorem is a special case of [44, Thm. 4.5], a result that
relies on work of Kasparov [84], Yu [I53] and Tu [142].

Theorem 6.4.6 ([44]). Let G' be a countable, discrete, torsion free group which is uniformly
embeddable in a Hilbert space. Suppose that the classifying space BG can be modeled by a
finite simplicial complex and that the full group C*-algebra C*(G) is quasidiagonal. Then all
the elements of K°(BQG) are almost flat.

If G is a countable, discrete, torsion free amenable group, then G is uniformly embed-
dable in a Hilbert space and its C*-algebra is quasidiagonal by [137]. Therefore:

Corollary 6.4.7. If a countable, discrete, torsion free amenable group G admits a finite
classifying space BG, then all the elements of K°(BG) are almost flat.

In particular, this corollary applies to all countable torsion free finitely generated nilpo-
tent groups as they are known to admit finite classifying spaces. The C*-algebras of such
groups G are known to be residually finite dimensional, hence quasidiagonal, as GG is amenable
and residually finite.
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7 Crossed module actions
on continuous trace C*-algebras

We lift an action of a torus T" on the spectrum of a continuous trace algebra to an action
of a certain crossed module of Lie groups that is an extension of R". We compute equivari-
ant Brauer and Picard groups for this crossed module and describe the obstruction to the
existence of an action of R™ in our framework.

7.1 Introduction

Let P be a principal T"-bundle over X and let A be a continuous trace C*-algebra with
spectrum P. The action of T" does not always lift to a T"-action on A: this may fail already
for n = 1. Lifting the action to an action of R” on A works much more often: for this, we
only need to know that A restricts to trivial bundles over the orbits of the action (see [36]).
If an R™-action on A exists and if A = A x R" is again a continuous trace C*-algebra
with spectrum ]5, then A is considered T-dual to A, and the Connes—Thom isomorphism
K,(A) = K,n(A) is the T-duality isomorphism between the twisted K-theory groups of P
and P given by A and A, respectively, see [97]. The C*-algebra A may fail to have continuous
trace, for instance, by being a principal bundle of noncommutative tori. In this case, one
may still consider the C*-algebra A to be a T-dual for A.

If there is no action of R™ on A, then [22] suggests non-associative algebras that may
play the role of the T-dual. It seems hard to do anything with such non-associative algebras,
however. Another situation where non-associative algebras appear naturally are Fell bundles
over crossed modules or, equivalently, actions of crossed modules on C*-algebras (see [28],130]).
We relate these two appearances of non-associativity: the action of T" always lifts to an
action of a certain crossed module on A, and this action, viewed as a non-associative Fell
bundle over R™, gives the non-associative algebras studied in [22]. Crossed module actions
may give a good framework to understand the non-associative algebras proposed in [22].

Even in the applications to T-duality, it is useful to allow non-principal T"-bundles.
We treat this more general case right away, that is, we allow P to be an arbitrary second
countable, locally compact T™-space. Any T"™-action lifts to an action of our crossed module.
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7 Crossed module actions on continuous trace C*-algebras

A crossed module of topological groups H = (H*', H?,0) is given by topological groups
H' and H? with continuous group homomorphisms 9: H? — H' and c¢: H' — Aut(H?)
with two conditions that mimic the properties of a normal subgroup and the conjugation
action on the subgroup. We shall mostly use the following crossed module:

H' =R" @ A’R", (t1,m) - (ta,m2) = (t1 + to,m + 12 + 1 A ta),
H? = A’R™ @ A’R", (01,6 - (02,&) = (01 + 05,6 + &),

0: H* - H', 2(0,¢) = (0,0),

c: H' — Aut(H?), cam)(0,8) = (0, +tN0),

(7.1)

where t,t1,ty € R", n,01,1,0,01,05 € A°R" and £, &1, & € A’R™. Here AFR™ denotes the
kth exterior power of R™. An action of this crossed module on a C*-algebra A consists
of two continuous group homomorphisms a: H' — Aut(A) and u: H*> — U(M(A)) with
aon) = Adyp) for all h € H? and ap,(ug) = ue, ) for all h € H', k € H? in addition, we
want « to lift the given action of R™ on the Spectrum of A.

A representation (o, u) as above is determined uniquely by o = o) for t € R and
Uty Aty = Uty Ate,0) TOT L1, T2 € R™ because atlatzat_lﬂrtz = Q0,t,nt0) AN 0 (Utynty) = (0,4 Atants)-
The unitaries uy, o, are such that Ad,, Lty = Q0,1 ALy)- So t — a4 is an action of R™ up to inner
automorphisms given by u as,. These unitaries are, however, not themselves a;-invariant.
We only know that the unitaries oy, (te,ne,) = (0,4 Atants) aT€ central.

If we divide out the A3-part in H?, then we get a crossed module that is equivalent
to R™; its actions are Green twisted actions of R", so they can be turned into ordinary actions
of R™ on a C*-stabilisation. The assumptions above imply that A3R"™ acts through a map
to central, R"-invariant unitaries in A, that is, by a map to C'(P/R™, T). A homomorphism
AR™ — C(P/R™, T) lifts uniquely to AR" — C(P/R™,R), and such a homomorphism
appears as the obstruction to finding an action of R™ on A that lifts the given T"-action
on P. Actions of the crossed module H may contain such a lifting obstruction, so that there
is no longer any obstruction to lifting the action to one of H.

Besides proving the existence of liftings, we also classify them up to equivalence; that
is, we compute the equivariant Brauer group with respect to the crossed module H: There
is an exact sequence of Abelian groups

H*(P,Z) — C(P/R",Q*R") — Bry(P) — Br(P).

The surjection Bry(P) — Br(P) says that any continuous trace C*-algebra over P carries
an action of H lifting the given action of T" on the spectrum. The description of the kernel
is the same as for the R™-equivariant Brauer group, so our result says that whenever we may
lift the action on P to an R™-action on A, then there is a bijection between actions of H
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7.1 Introduction

and R” on A.

We also compute the analogue of the equivariant Picard group for our crossed module
actions, and get the same result as in the case of R"-actions. Thus the only effect of replac-
ing R™ by the crossed module H is to remove the obstruction to the existence of actions.

Our proof uses a smaller weak 2-group G that is equivalent to H. It consists of the
Abelian groups G' = coker(dy) = R™ and G? = ker(dy) = A3R", which are linked by the
non-trivial associator

Cl(tl,tg, tg) = —tl A tg A\ t3 for tl,tg,tg e R™.

We describe morphisms that give an equivalence between G and the weak 2-group associated
to H. The crossed module actions above are strict, but there is a more flexible notion of
weak action that makes sense for weak 2-groups and 2-groupoids as well, see [29]. The
Packer-Raeburn Stabilisation Trick extends to crossed modules and shows that any weak
action of a crossed module is equivalent to a strict action. Since G and H are equivalent,
they have equivalent weak actions on C*-algebras. Thus we get the desired strict action of H
once we construct a weak action of the transformation bigroupoid G x P associated to P.

The weak actions we have in mind are equivalent to saturated Fell bundles in the case of
a group action. For actions of a 2-group such as G, they are non-associative Fell bundles over
G! = R"™ where the associator is given by unitaries coming from the action of G* = A3R™.
Allowing weak actions greatly simplifies the study of equivariant Brauer groups, already
in the group case. We reprove the obstruction theory for R"-actions on continuous trace
C*-algebras along the way. The bigroupoid version of the result is only notationally more
difficult.

The crossed module H described above can be made slightly smaller: we may divide out
the lattice A3Z" inside A®R™, resulting in a compact group. This is so because the lifting
obstructions that appear for T"-actions on continuous trace algebras always vanish on the
lattice A3Z", and hence so do all the actions of H that appear. This feature, however, is
special to actions of R" that factor through the standard torus R"/Z". The existence result
for actions of H still works for actions of R™ if the stabiliser lattices are allowed to vary
continuously for different orbits.

To compute the lifting obstruction of a given continuous trace C*-algebra, it suffices
to consider a single free T™-orbit, that is, the case of the standard translation action of T"
on itself. Since R™ acts transitively on T", the transformation crossed module H x T" is
equivalent in a suitable sense to the “stabiliser” of a point in T"; this gives the subcrossed
module H of H with H' = Z" x A2R™ and H? = H?. We do not develop the full theory
of induction for crossed modules because the relevant special case is easy to do by hand.
It turns out that actions of H on continuous trace C*-algebras over T" are equivalent to
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7 Crossed module actions on continuous trace C*-algebras

actions of H on continuous trace C*-algebras over the point. Since our whole theory is up to
equivalence, this is the same as weak actions of H on the complex numbers C. Replacing H
by the corresponding sub-2-group G C G, it is straightforward to classify these. This also
gives the equivariant Brauer group for a single T"-orbit, and then allows to identify the
lifting obstruction, up to a sign maybe, with the family of Dixmier-Douady invariants of the
restrictions of A to the orbits of the R"-action.

7.2 A crossed module extension of R”

We construct a crossed module extension H of R™ that circumvents the obstruction to lifting
R"-actions from spaces to continuous trace C*-algebras described in [36]. We also describe
a smaller weak topological 2-group G equivalent to H.

Definition 7.2.1. A crossed module of topological groups H = (H', H? ) is given by
topological groups H' and H? with continuous group homomorphisms 9: H> — H! and
c: H' — Aut(H?), such that

O(ch, (h2)) = h10(hs) i, Cothy) (M) = ha Ry hy"

for all hy € H', hy, hl, € H?; continuity of ¢ means that the map H' x H*> — H? (hy, hy) —
ch, (h2), is continuous.

A weak 2-group is a bicategory with only one object and with invertible arrows and
2-arrows. A 2-arrow or 2-cell in a bicategory is an “arrow” between two arrows. We call
them “bigons” because they should be drawn like this:

here x and y are objects, f and g are arrows x — y, and a is a bigon from f to g. The
standard reference for bicategories is [I5]; we mainly follow [29], which is concerned with
their C*-algebraic applications.

Crossed modules model strict 2-groups, that is, 2-groups with trivial unitors and asso-
ciator. Let H = (H', H% 0) be a crossed module. The associated strict 2-group Cy has a
single object and H'! as its space of arrows. The space of bigons is H? x H! with source map
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7.2 A crossed module extension of R"

(h2, h1) — hy and target map (ha, hy) — O(ha)hi. We denote this by he: hy = 0(hg)h; or

h1
~_Vv_~

9(ha)h1

*

The composition of arrows is the group multiplication in H'. The vertical composition of
bigons is the multiplication in H?, and the horizontal composite of hy: hy = 9(hy)h; and
ko: ki = O(ko)ky is hy @ ko = hocp, (k2): hiky = O(ho)h10(k2)k1 = O(hach, (k2))hiky.

We shall mostly use the crossed module H defined in . It is routine to check that H
is a crossed module of Lie groups.

Since the arrow (¢,7) in the Lie 2-group Cy is equivalent to (¢,0) by a bigon, we should
be able to shrink Cy, replacing the space of arrows by R™. This should reduce the space
of bigons to R™ x A3R™ because bigons (¢;,0) = (t3,0) in Cy are of the form (0,¢). The
result of this shrinking is a Lie 2-group G equivalent to Cy. This is no longer a strict Lie
2-group, however, so it does not come directly from a crossed module. The starting point is
the smooth map ® sending an arrow (¢,7) to the bigon

(tm)

(t,0)

This generates a morphism I’ = Adg: Cyy — Cy of Lie 2-groups that is equivalent to the
identity functor, which we now describe (morphisms between weak 2-categories are described
in [29, Def. 4.1]). The morphism maps (t,n7) € H' to the range (¢,0) € H' of the bigon
®(t,m). It maps a bigon (6,&): (t,n) = (t,n + 6) to the vertical composite

(t,0) &2 (t,n) £ (1.9 + ) S (1,0),
which gives (0,€): (¢,0) = (¢,0). Since ®(¢,0) = (0,0), our morphism is strictly unital, so

the bigon u,: 1, = F(1,) in the definition of a morphism is trivial. A morphism F' also
needs natural bigons

wr((ti,m), (t2,m2)): F(ti,m) - F(ta,n2) = F((t1,m) - (t2,m2))

describing its compatibility with the multiplication. We get

wF((tl,m), (tg,?]g))i (tl,O) . (tQ,O) = (tl + 19, T1 A tg) = (tl + tQ,O)
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by vertically composing the following 2-arrows:

D(ty,m1) Led(ta,m) L
(t1,0) - (t5, 0) 2P0 (1 1) - (ta, )

= (t1 +ta,m + 12+t A o)

®(t1+Ht2,m+n2H1AL2) (t1 + £, 0);
” \t1 2, )

this gives ¢, 0)(12,0) + (11,0) — (m 4+ m2 + 11 A t2,0) = (=t Ata, 1y A1), SO
wr((t,m), (t2,m2)) = (—t1 Ata, t1 Amp).

By construction, ® is a transformation from the identity functor to the functor F'. Since
all bigons in Cy are invertible, this is even an equivalence. We are going to describe the
range of F', which is a weak Lie 2-group G. Its arrows and bigons are

G'=R"={(t,0) |t € R"} C H,
G? =R" x A’R" = {((£,0),(0,¢)) [t e R", € € A’R"} C H' x H,

so (t,€) € R™ x ASR" corresponds to the bigon (0,&): (¢,0) = 9(0,£)(t,0) = (¢,0) and thus
has range and source t. The vertical composition of bigons adds the {-components as in .
The composition of arrows gives

(tl,O) ‘g (tQ,O) - F((tl,O) . (tQ,O)) - F(tl + t27t1 /\ t2) - (tl + tQ,O),

so it is simply the addition in R™. The horizontal composition of bigons in G is also defined
by applying F' to the horizontal composition in Cy. Since c(0)(0,£) = (0,€) for all t € R",
¢ € A3R™, the horizontal composition in G also simply adds the é-components. The unit
arrow in G is (0,0) and the left and right unitors are the identity bigons (0,0) because the
morphism F' is strictly unital. The associator a(ty, ta,t3) for tq,ts,t3 € R™ is defined so that
the following diagram of 2-arrows commutes:

alty ta,ts)
F((t1,0) - F((t2,0) - (t3,0))) ————— F(F((t1,0) - (t2,0)) - (t3,0))
D(t1+t2+t3,t1 A (t2+13)) D(t1+ta+t3,(t1+t2)At3)
(tho) ’ F((t270) ' (t370)) F((tho) ’ (thO)) ’ (t3’0)
l<t170)0¢(t2+t3,t2/\t3) CD(t1+t27tl/\t2).l(t3,O)W

(t1,0) - ((t2,0) - (t3,0)) ((t1,0) - (t2,0)) - (t3,0)
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7.2 A crossed module extension of R"
Since this involves ¢, 0)(—t2 A t3,0) = (—to Ats3, —t1 Ata Atg), we get

a(tl,tg,tg) = (—tl AN (tQ + t3),0) - (—(tl + tg) A t3,0)
+ (_tQ A tg, —tl VAN t2 AN t3) - (—tl A tQ,O) - (O, —tl VAN t2 VAN t3>

These computations lead us to the following definition:

Definition 7.2.2. Let G(x,*) be the Lie groupoid given by the constant bundle of Abelian
Lie groups A3R™ over R". Let G be the weak topological 2-group with one object * and G (x, *)
as its groupoid of arrows and bigons. The composition functor -: G(x, %) X G(*,*) — G(*, %)
is addition in both components. The unitors [ and r (called identity transformations in [15])
are trivial. The associator (called associativity isomorphism in [15]) is

a: R" x R" x R" — R" x A°R", (t1,to,t3) > (t; + to +t3, —1y Aty Ats).

It is routine to check that G is a weak 2-category (see [29, Def. 2.7]) or a bicategory in
the notation of [15], (1.1)]. All arrows and bigons are invertible and G has only one object,
so it is a weak Lie 2-group.

The computations above suggest that G should be equivalent to the strict 2-group Cy
associated to the crossed module H. More precisely, we are going to construct morphisms
t: G — Cy and 7: Cyy — G such that 7 o is the identity morphism on G and ¢t o7 = Adg
is equivalent to the identity morphism on Cy by the transformation ®. The morphism ¢
maps t — (¢,0) and £: ¢ = ¢ to (0,€): (¢,0) = (¢,0). This is strictly unital, so the bigon
(1) = 1, is (0,0). The compatibility with multiplication is given by

wb(tl,tg) = (—tl A tQ,O)I (tl + tQ,t]_ VAN tg) = L(tl) . L(tg)
= L(tl + tg) = (tl + tg,O).

Routine computations show that ¢ is a morphism; in particular, the cocycle condition [29,
(4.2)] for w, becomes

1,0y (Wi(ta, t3)) — w, (s +ta,t3) + w (t1, ta +t3) — w,(t1,12)
— (0, —t; Ata Ats) =0,

which holds because of our choice of the associator in G.

The projection 7m: Cy — G is defined so that t o m = Adg. Since ¢ is faithful on arrows
and bigons, this determines 7 uniquely, and it implies that 7 is a morphism because Adg is
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7 Crossed module actions on continuous trace C*-algebras

one. Our Ansatz dictates 7(t,n) =t and

m((0,6): (t,n) = (t,n+0)) = (§: t = 1),

so that + o m and Adg involve the same maps on arrows and bigons. The morphism 7 must
be strictly unital because ¢ and Adg are so. The canonical bigon

Wer ((t1,m1), (t2,m2)) 2 e (b, ) - em(ta, m2) = em((t1,m1) - (t2,72))

is the vertical composite of

w, (m(t,m), m(ta, m2)) s e (te, m) - em(ta, m2) = e(w(ts, m) - w(t2, m2)),
Lwr((t,m), (L2, m))) s el (te, m) - m(t2, m2)) = e(m((t1,m1) - (T2, m2)))-

So we must put wr((t1,m), (ta,m2)) = t1 Ame: ty + 1ty = t; + ta to get w,r = wad,. This
finishes the construction of 7.

Since (m = Adg, ® is a transformation from the identity on Cy to ¢m. The composite
mr: G — G is the identity on objects and arrows, strictly unital, and involves the identical
transformation wy,, so it is equal to the identity functor. Thus ¢ and 7 are equivalences
of weak 2-groups inverse to each other. Both are given by smooth maps, so we have an
equivalence of Lie 2-groups.

Remark 7.2.3. In the arguments above, we may replace A>R™ everywhere by A3R"/T for
any closed subgroup I We shall be interested, in particular, in the case where we use
A3R™/A3Z™ because the latter group is compact and because the actions of G or H that we
need factor through this quotient in the case of T"-bundles.

7.3 Equivariant Brauer groups for bigroupoids

The equivariant Brauer group Brg(P) of a transformation group G x P is defined in [36]. It
classifies continuous trace C*-algebras with spectrum P with a G-action that lifts the given
action on P. This definition is extended from transformation groups to locally compact
groupoids in [87]. Here we extend it further to locally compact bigroupoids. “Bigroupoids”
are called “weak 2-groupoids” in [29]. The bigroupoids we need combine the groupoid G
defined in Section [7.2| with an action «: R™ — Homeo(P) of R™ by homeomorphisms on a
space P.

Explicitly, we consider the following locally compact bigroupoid C. It has object space
CY = P, arrow space C! = R" x P, and space of bigons C? = A’R" x R" x P. Here an
arrow (t,p) € R™ x P has source p and range oy (p), and the multiplication is the usual one:
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7.3 Equivariant Brauer groups for bigroupoids

(t1, oy (p2))-(t2, p2) = (t1+t2,p2); abigon (€,t,p) € A*R"xR™x P has source and range (t, p);
the vertical composition adds the £-components: (&1,¢,p) - (&, t,p) = (&1 + &2, t, p); and the
horizontal composition is

(E1,t1, quy(p2)) @ (§2,T2,p2) = (&1 + &2, b1 + 2, p2).

The unit arrow on an object p is (0, p), the unit bigon on an arrow (t,p) is (0,¢,p). Units
are strict, that is, the left and right unitors are trivial. The associator is

a((ty,p1), (t2,p2), (t3,p3)) = (—t1 ANty At ty +ty +t3,p3)

for a triple of composable arrows; that is, for p; € P, t; € R" for ¢ = 1,2, 3 with p;_1 = o, (p;)
for i = 2,3. It is routine to check that this is a bigroupoid. All the spaces are smooth
manifolds, hence locally compact, all the operations are smooth maps, hence continuous,
and range and source maps are surjective submersions, hence open. Thus C = G x P is a
Lie bigroupoid and a locally compact bigroupoid.

Actions of locally compact bigroupoids on C*-algebras are defined in [29]. We shall
use [29, Def. 4.1] for the correspondence bicategory as target bicategory (“bicategories” are
called “weak 2-categories” in [29]), but with some changes. First, we require functors to be
strictly unital, that is, the bigons u, in [29] Def. 4.1] are identities; this is no restriction of
generality because any functor is equivalent to one with this property, as remarked in [29)].
Secondly, since C has invertible arrows, all correspondences appearing in an action of C are
equivalences, that is, imprimitivity bimodules. Third, we need continuous actions; continuity
is explained at the end of Section 4.1 in [29]. Fourth, we work with the opposite bicategory
of imprimitivity bimodules, that is, an A, B-imprimitivity bimodule is viewed as an arrow
from B to A; otherwise the multiplication maps below would go from E, ® Ej, to Ej, instead
of Egyp,.

Now we define a continuous action of a bigroupoid C by correspondences or, equivalently,
by imprimitivity bimodules, with the modifications mentioned above. Such an action requires
the following data:

e a (Cy(CY)-C*-algebra A; we denote its fibres by A, for z € C°;

e a Cy(Ch)-linear imprimitivity bimodule E between the pull-backs r*(A) and s*(A) of A
along the range and source maps; thus E is a bundle over C* where the fibre at g € C*
is an A, (), As(g)-imprimitivity bimodule E;

e isomorphisms wyp: By @4, Fn — Ey, of imprimitivity bimodules for all g,h € C*

s(9)
with s(g) = r(h), which are continuous in the sense that pointwise application of wy
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7 Crossed module actions on continuous trace C*-algebras

gives an isomorphism of imprimitivity bimodules
w: prT(E) ®(5Pr1)*(A) pr;<E) — M*(E)v

where pry, pry, 1 are the continuous maps that map a pair (g, h) of composable arrows
to g, h and gh, respectively; so spr; = rpr, maps (g, h) to s(g) = r(h);

e isomorphisms of imprimitivity bimodules U,: Ey,4y — E,,@) for all bigons b € C?,
which are continuous in the sense that they give an isomorphism of imprimitivity
bimodules U: s5(E) — r3(E); here r9,s5: C* — C' map a bigon to its range and
source arrow;

this data is subject to the following algebraic conditions:
(A1) By, = A, for all z € C°, and the restriction of F to units is A;

(A2) wyq: E, R4, Agg) — By and wyp: Arp) ®a,,, En — Ej are the canonical isomor-

phisms for all g, h € C!;

r(h)
(A3) U is multiplicative for vertical products: Uy, o Uy, = Uy, 4, for vertically composable
bigons by, by € C?;

(A4) if by: fi = ¢1 and by: fo = g¢o are horizontally composable bigons, that is, s(f1) =
s(g1) = r(f2) = r(ge2), then the following diagram commutes:

E E Wi, fa B

f1 ®As(f1) f2 = Lfifa

Ub1®Ub2j Ub1-b2
Wy1,92

Eg1 ®A5(gl) Egz i Eg192

(A5) if g1, go, g3 are composable arrows in C!, then the following diagram commutes:

(Egh ® EQQ) ® Eg3 -~ E91 ® (EQQ ® Eg3)

lwm,gz@l l1®w92,93
Eglgz ® Eg3 Egl ® Egzg3
lwmgzﬁgg lwgpgzgg
B Ua(91,92,93)
(9192)93 91(9293)

here a(g1,g2,93): (192)93 — g1(g2g3) is the associator of C?, and we dropped the
subscripts A, on ® to avoid clutter.
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7.3 Equivariant Brauer groups for bigroupoids

Condition ( says that the maps g — E, and b — U, form a functor; ( says that the
maps wy, 4, are natural with respect to bigons; ( says that our functor is strictly unital;
(AR)) is equivalent to the coherence conditions [29, (4.3)] for unitors; (A is [29, (4.2)].

To define the equivariant Brauer group of C, we also need equivalences between such ac-
tions. Let (A!, E',w! U') and (A%, E% w?, U?) be continuous actions of C. A transformation

between them consists of the following data:
e a Cy(C%)-linear correspondence F between A' and A%, with fibres F, for z € C;

e isomorphisms of correspondences
.l 2
Vor By @ar | Fug) = Frig) @a2 | B

for all ¢ € C!, which are continuous in the sense that they give an isomorphism
Vi E' @ge(any s*(F) = 1*(F) Qps(a2) B

this must satisfy the following conditions:

(T1) for each bigon b: g = h, the following diagram commutes:

V.
By @a, o —>Frg Oz, By

Ubl@lj Ll@Ub?
1 Vi 2
B @y, Fsoy == Frw @az, B

(T2) Vi,: AL Qa1 F, — F, ®42 A2 is the canonical isomorphism;
(T3) the following diagram commutes for g, h € C! with s(g) = r(h):

wl

1
Fupy—2 2 g
s(h) h@al,

E; ®Ai(g) E;ll ®Ai(h g ) Fs(h)

10V}, Fr(g) ®A2 EQh

r(g) 9

Tl@w;h
Vy®1

E, Bat, Fia) Baz,, Ej Fr(g) Baz, E; B4z, Ej

)

Condition ( says that V' is natural with respect to bigons, ( is the coherence condition
for units and (Tf3) is the coherence condition for multiplication.
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7 Crossed module actions on continuous trace C*-algebras

An equivalence between two actions is a transformation where each F, or, equivalently,
F'is an imprimitivity bimodule; then the maps V, and V' are automatically isomorphisms of
imprimitivity bimodules, that is, compatibility with the left inner product comes for free.

A modification between two transformations

(Fla Vl)v (F27 VQ) : (A17 Elawlv Ul) = (A27 E2aw27 U2)
is given by the following data:

e isomorphisms of correspondences W,.: FI! — EF2 for all z € C° that give an isomorphism
W: F' — F?

this must satisfy the following condition:

(M1) for each g € C! the following diagram commutes:

1

V.
Elo, FL 2. p!

2
ste) ~ 5(9) ®az B

r(g) r(g)
le)@l
2
1 2 9 _ 2 2
By @ar ) Fag = Fig @22, By
This is the obvious notion of isomorphism between two transformations.

Two actions of C may be tensored together in the obvious way, using the fibrewise
maximal tensor product as in [4].

Definition 7.3.1. The equivariant Brauer group Br(C) of the locally compact bigroupoid C
is the set of equivalence classes of continuous actions of C on continuous trace C*-algebras
with spectrum C; the group structure is the tensor product over C°. We also write Brg(P) =
Br(G x P).

The usual proof in [36] that this defines an Abelian group carries over to our case. The
formula for the multiplication is particularly easy:

(A1, Ev,wi, Up) ®@p (Ag, By wo, Us) = (A1 @p Az, By ®p Ey,wi @p wa, Uy @p Us),

where ® p means the maximal fibrewise tensor product of C*-algebras over P, the correspond-
ing external tensor product of imprimitivity bimodules, or the external tensor product of
operators. Similar formulas work for equivalences between actions, so that the operation ®p
descends to equivalence classes. The usual symmetry of ®p gives that this multiplication is
commutative. Further details are left to the reader.
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7.3 Equivariant Brauer groups for bigroupoids

Definition 7.3.2. The equivariant Picard group Picc(A, E,w,U) of an action of C is the
group of all equivalence classes of self-equivalences on (A, E, w, U), where two self-equivalences
are considered equivalent if there is a modification between them. The group structure is
the (vertical) composition of transformations.

In the special case of actions on continuous trace C*-algebras, the definitions above
simplify because of the following lemma:

Lemma 7.3.3. Let A and B be continuous trace C*-algebras with spectrum X. Let E;
and Ey be two Co(X)-linear equivalences from A to B. There is a complez line bundle L
over X with Es = E1 ®x L, and conversely Fy ®x L is another equivalence from A to B for
any complex line bundle L.

Let Uy, Us: By = Ey be two isomorphisms of equivalences. There is a continuous map
w: X — T with Usy(z) = p(z) - Ur(x) for all x € X, and conversely Uy - ¢ for a continuous
map ¢: X — T is another isomorphism Ey; — Es.

We always identify a complex line bundle with its space of Cy-sections, which is a
Co(P), Co(P)-imprimitivity bimodule.

Proof. Let E3 be the inverse equivalence. Then E) ®p Ej is a Cy(X)-linear self-equivalence
of A. So we have to prove that any Cy(X )-linear self-equivalence of A is of the form A®x L for
a complex line bundle L over X. The opposite algebra A° is an inverse for A in the Brauer
group, that is, A ® x A = Cy(X, K); this is Morita equivalent to Cy(X). It is well-known
that a Cy(X)-linear self-equivalence of Cy(X) is the same as a complex line bundle over X.
Since Cy(X) and Cy(X,K) are Cy(X)-linearly equivalent, they have isomorphic groups of
Co(X)-linear self-equivalences. Thus F ®x A is the space L ® K, where L is the space of
sections of a complex line bundle over X. On the one hand, E® x(AP®xA) = E@xCy(X, K)
is just the stabilisation of F; on the other hand, it is (F ®x AP?)®@x A =X LRK®x A. Due
to the Cy(X)-linear equivalence between A and A ® K, we may remove the stabilisations
again to see that £ =2 A ®x L. It is clear, conversely, that F ®x L is again a Cy(X)-linear
self-equivalence of A.

If fi, foa: E; — E, are two isomorphisms of imprimitivity bimodules, then f;*f;: E; —
Ej is an isomorphism. In each fibre, (E}), is an imprimitivity bimodule from K to K. The
isomorphism f, ' f; gives a unitary bimodule map, and any such map is just multiplication
with a scalar of absolute value 1. This gives the function ¢: X — T, which is continuous
because U; and U, are continuous. O

Proposition 7.3.4. The groups Picc(A, E,w,U) are canonically isomorphic for all actions
(A, E,w,U) of C on continuous-trace C*-algebras over C°.
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7 Crossed module actions on continuous trace C*-algebras

Proof. Let (A;, E;,w;,U;) for i = 1,2 be two actions of C on continuous-trace C*-algebras
over C°. Since the Brauer group has inverses, there are other actions (4;, E;,w;, U;), i = 3,4,
of C on continuous-trace C*-algebras over C° such that

(Ala El,(JJl, Ul) ®CO (A37E37w37 U3) = (AQ; EQ,WQ, U2)7
(Ag, Ba, wa, Us) ®@co (Ay, By, ws, Uy) = (Ar, By, wy, Ur).

Tensoring a self-equivalence of (A1, F1,wy, Uy) with the identity equivalence of (A3, Fs3, ws, Us)
gives a self-equivalence of (A, Fy,ws, Us). Tensoring a self-equivalence of (As, Fa, ws, Us)
with the identity equivalence of (A4, Ey,wy, Uy) gives a self-equivalence of (A, Fy,wq, Uy).
This defines group homomorphisms between the two Picard groups that are inverse to each
other because (As, E3,ws,Us) and (Ay, Ey,wys, Uy) are inverse to each other in the Brauer
group. O

We denote the common Picard group of all actions of C on continuous-trace C*-algebras
over C° by Pic(C) and also write Picg(P) = Pic(G x P).

Lemma becomes even more powerful when we use that the functors that send a
paracompact space X to the set of equivalence classes of complex line bundles or continuous
trace C*-algebras with spectrum X are both homotopy invariant; actually, they are H?(X, Z)
and H3(X,7Z).

Lemma 7.3.5. Assume that the spaces C* are paracompact. Assume that there is a contin-
uous homotopy H: C' x [0,1] — C' with Hy = ide1, Hy = wor for the unit and range maps
u,r between C' and C°, and r o Hy = r for all t € [0,1]. Assume further that ro: C* — C* is
a homotopy equivalence. Let A be any continuous trace C*-algebra with spectrum C°. Then:

(a) there is an imprimitivity bimodule E between r*(A) and s*(A) that restricts to the identity
on units;

(b) any two such E are isomorphic with an isomorphism that is the identity on units;

(c) there are isomorphisms
i PTY(E) @(opnyy ) PI(E) — *(E) and U 53(E) = r3(E)

such that W1, (4,9 and Wg,1,, AT€ the canonical isomorphisms and Uy, is the identity for
all g € CY;

(d) any two choices for w and U as above differ by pointwise multiplication with exp(2miyp)
for a continuous map ¢: C' xsco, C UC* = R with ¢(1,(4),9) =0, ©(g, 1s)) =0 and
©(1,) =0 for all g € C*.
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7.3 Equivariant Brauer groups for bigroupoids

Let (A%, E*,w', U?) fori= 1,2 be actions of C and let F be an A, A2-imprimitivity bimodule.
Then:

(i) there is an isomorphism of imprimitivity bimodules V : E' @ a1y 8*(F) = 1*(F) @+ (a2)
E? that restricts to the canonical isomorphism on units;

i) any two choices V1 and V? as in differ by pointwise multiplication with exp(2mi
2
for a continuous map ¢: Ct — R with p(1,) =0 for all x € C°.

Proof. The pull-backs s*(A) and 7*(A) are continuous trace C*-algebras over C! that restrict
to the same continuous trace C*-algebra on u(C°) C C'. By assumption, C° is a deforma-
tion retract of C', and the functor X + Br(X) is homotopy invariant on paracompact
spaces. Since u*s*(A) = u*r*(A), there must be an imprimitivity bimodule £ between s*(A)
and 7*(A). The restriction of £ to units differs from the canonical one by some line bundle by
Lemma . This line bundle extends to a line bundle over C! because C° is a deformation
retract of C!. Tensoring £ with the opposite of that line bundle, we can arrange that u*(E)
is isomorphic to the identity equivalence on A; then we may replace E by an isomorphic
equivalence such that u*(E) is equal and not just isomorphic to the identity equivalence
on A. This proves @

Let E' and E? be two equivalences between s*(A) and 7*(A) that restrict to the identity
on units. Then E? & E!' ®¢ L for some line bundle L by Lemma Since u*(E?) =
u*(EY), u*(L) is trivialisable. Since C° is a deformation retract of C!, this implies that
L is trivialisable over C!, so E! = E?2. This isomorphism restricted to units differs from
the identity isomorphism by pointwise multiplication with some function : C® — T by
Lemma [7.3.3] Since the unit map is a homotopy equivalence, this function extends to
Y: C' — T. Multiplying pointwise with ¢~ gives another isomorphism E' = E? that
restricts to the identity on units. This proves (]ED

We claim that the inclusion of the subspace

X ={(9.1s9) | 9 €CYU{(Lrwy, h) [ h € C}

into C*x o .C! is a homotopy equivalence. Indeed, the maps (g, h) — (g, Hi(h)) deformation-
retract C* X, co, C' to the subspace of pairs (g, 14,)), and they restrict to a deformation
retraction from the subspace X onto the same space.

The Cy(C* x,, C')-linear imprimitivity bimodules prj(E) ®spr,)«(a) prs(E) and p*(E)
differ by some line bundle by Lemma [7.3.3] Since the two imprimitivity bimodules are
canonically isomorphic on the subspace X, the line bundle is trivial on X. Since the in-
clusion of X is a homotopy equivalence, the line bundle is trivial everywhere. Hence there
is an isomorphism w between pri(E) ®spr,)+(a) Pr5(£) and p*(£). On X, we also have
the canonical isomorphism, which differs from w by some continuous function ¢: X — T
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7 Crossed module actions on continuous trace C*-algebras

by Lemma [7.3.3] As above, we may correct the isomorphism w so that it restricts to the
identity on X because ¢ extends continuously to C' x,. C'.

A similar argument gives an isomorphism U : s5(E) — 75(E) over the space of bigons C?
with U(1y) = idg, for all g € C! because 75 is a homotopy equivalence. This proves .

Any two choices for w and U differ through pointwise multiplication with some functions
C!' x,,C' — T and C?* — T by Lemma ; these functions are 1 on X or on unit bigons by
our normalisations. Since the inclusions of X and unit bigons are homotopy equivalences,
covering space theory allows to lift such a function to R as required in @

The proofs of (i) and use the same ideas. An isomorphism V' exists because the two
imprimitivity bimodules are isomorphic on units and the inclusion of units is a homotopy
equivalence, and it may be arranged to be the canonical isomorphism on units because any
continuous function u(C’) — T extends to a continuous function C! — T. Lemma
shows that two isomorphisms V; and V; differ by a function C* — T, which is constant equal
to 1 on units. Any such function lifts to R, giving . O

Let (A, E,w,U) be a continuous action of C. If F is a Cy(C")-linear Morita equivalence
from A to some other C*-algebra A’, then we may transfer the action from A to A" along F":
let B/ = FR,uE® 4 F* and translate w and U accordingly. Hence up to equivalence of actions,
only the equivalence class of A matters. Similarly, if A is fixed and E’ is another equivalence
s*(A) = r*(A) with £ = E’, then we may use the isomorphism £ = E’ to transfer w and U
to E’. So in the definition of the Brauer group, only the Morita equivalence class of A and,
for fixed A, the isomorphism class of F matter.

7.4 Lifting actions to continuous trace algebras

Let P be a second countable locally compact space with a continuous action of R™; then P is
paracompact. Lemma [7.3.5| applies to the transformation groupoid R™ x P and the transfor-
mation bigroupoid G x P because the Lie groups R™ and A3R™ are contractible. We use this
to analyse the obstruction to lifting an R™-action from P to a continuous trace C*-algebra
over P. In the case of R" x P, our results are also contained in the results of [30].
Consider the case R™ first. Here there are no bigons, so the datum U is not there and
the conditions (AB)—(AH) in the definition of an action are empty. Let A be a continuous
trace C*-algebra over P. Lemma provides the data F and w for an action, satisfying
(All) and (AZ2), but not yet satisfying the cocycle condition (Af). Since E is unique up
to isomorphism, its choice does not affect whether or not there is w satisfying (Ab]), nor
the resulting element in the equivariant Brauer group. By Lemma [7.3.5, any two choices
for w differ through pointwise multiplication with a function of the form exp(2wip) for a
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7.4 Lifting actions to continuous trace algebras

continuous function ¢: R” x R® x P — R; here we have identified the space of composable
arrows in R" x P with R” x R" x P.

Similarly, the space of composable k-tuples of arrows in R" x P is (R®)* x P. By
Lemma , the two isomorphisms (E,, ® E,;,) ® Eyy — Eg g9, I ( differ by pointwise
multiplication with a function (R")*x P — T. We can also view this as the difference between
the isomorphism (E,, ® E,, )®Ey, — E4, ®(E,,®E,,) induced by the two isomorphisms above
and the canonical one, which makes it clear that this function plays the role of an associator.
It is 1 if one of the R™-entries is 0 by our normalisations. Hence arguments as in the proof
of Lemma show that it lifts uniquely to an R-valued function ¢: (R")* x P — R that
is 0 if one of the R"-entries is 0. When we multiply w pointwise by exp(27iyp), then this adds
the following function to :

Op(t1,ta,t3,p) = p(ta, t3,p) — (t1 + ta, t3,p) + p(t1, ta +t3,p) — @(t1, t2, sy (p))-
Since the associator diagram

((Eg1 ® Egz) ® Eg3) ® Eg4 - (Egl ® (Egz ® Egs)) ® Eg4

}

Eg @ (Eyg, @ Egy) @ Eg,)

J

(Eg1 ® Egz) ® (Egs ® Eg4) - Egl ® (Egz ® (Egs ® Eg4))

commutes, we deduce that 1 automatically satisfies the cocycle condition

0= a¢(t17t27t3at4ap) = ¢(t27t3>t4,p) - w(tl + t27t37t4ap)
+ )(t, o + t3,ta, p) — Y(t1, ta, ts + ta, p) + Y (t1, t2, ts, au, (p))-

More precisely, the function exp(27idy) is automatically the constant function 1, and this
implies the above because 0v vanishes if one of the ¢; is 0 and the lifting of T-valued functions
to normalised R-valued functions is unique if it exists.

As a result, when we view 1 as a function from (R")? to the Fréchet space C'(P,R") of
continuous functions P — R™ with the action of R" induced from the action on P, then v
is a continuous 3-cocycle; and we may choose w to satisfy the cocycle condition ( if and
only if this 3-cocycle is a coboundary. Thus the action of R” on P lifts to an action on A if
and only if the class of ¢ in the continuous group cohomology H3 (R", C(P,R)) vanishes.
We call this class the lifting obstruction of the continuous trace C*-algebra A.

The Packer-Raeburn Stabilisation Trick shows that any action of R™ by equivalences
as above is equivalent to a strict action by automorphisms on the stabilisation of A (this is
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7 Crossed module actions on continuous trace C*-algebras

contained in [29, Thm. 5.3]). Since stabilisation does not change the class of A in the Brauer
group, we may assume that A is stable. Then the lifting obstruction is the obstruction to
the existence of a strict action of R™ by automorphisms. An obstruction for this is also
constructed in [36], but in the measurable group cohomology Hy(R™, C(P,R)). These two
cohomology groups coincide by [149, Thm. 3].

The continuous cohomology group H32  (R™ C(P,R)) may be simplified if the action
of R™ factors through a torus T". Let Q*R™ = (A*R")* denote the vector space of antisym-
metric k-linear maps (R")* — R.

Proposition 7.4.1. Let P be a second countable, locally compact T"-space, viewed as an
R™-space, with orbit space P/R"™. Then
Hk

cont

(R",C(P,R)) = C(P/R", Q*R")
for all k > 0. The isomorphism maps x: P/R™ — QFR™ to the cocycle given by
(R")* x P = R, (t1, stk p) = X(PD LA . Aty).

Proof. 1f the action of T™ on P is free, then this is [97, Lem. 2.1]. We explain why the
result remains true for non-free actions of T™. Throughout this proof, group cohomology is
understood to be continuous group cohomology.

Continuous representations of R™ on Fréchet spaces over R are equivalent to non-
degenerate modules over the Banach algebra L'(R™) of integrable functions R® — R. Let R
denote the trivial representation of R™. The continuous group cohomology for R™ with coef-
ficients in a Fréchet R"-module W is the same as Extﬁl(Rn)(R, W). Since L'(R™) is Abelian,
the module structures on W and R induce an L'(R")-module structure on Extlzl(Rn)(R, W)
as well, and both module structures are the same. Since one is trivial, so is the other.

Let V be a Fréchet space with a continuous action of T”, which we view as an action
of R™. Split V = V! @ V? where V! C V is the space of T"-invariant elements and V2 is the
closed linear span of the other homogeneous components. There is an element f € L'(R")
whose Fourier transform f satisfies f(0) = 1 and f(n) = 0 for all n € Z"\ {0}; for instance,
we may take f to be the inverse Fourier transform of a smooth bump function around 0
supported in (—1,1)". The function f acts on V by the projection onto V!. The induced
action by f on the cohomology H*(R™, V) is the same as the action of f(0) because the
latter is how f acts on the trivial representation. Hence H*(R™ V?) = 0, so H¥(R",V) =
HE(R", V). In our case, the T"-invariant elements in C'(P,R) are exactly the functions in
C(P/R™ R).

This proves H¥(R",C(P,R)) = H*R",C(P/R",R)), where the action of R™ on the
Fréchet space C(P/R™ R) is trivial. Hence we get H*(R",C(P/R",R)) = H*(R",R) Qg
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7.4 Lifting actions to continuous trace algebras

C(P/R",R), and H*(R" R) = QFR" as in the proof of [97, Lem. 2.1]. O

Remark 7.4.2. Proposition still works if the stabiliser lattice Z™ of the action varies
over P, that is, if there is a continuous function v: P/R™ — Gl,(R)/Gl,(Z) such that, for
each p € P, the lattice vy, (Z") C R™ fixes p.

Now we replace R"™ by the crossed module G. We assume that the canonical map

C(P/R" Q"R) = H*

cont

(R",C(P/R",R)) — H"

cont

(R",C(P,R))

is an isomorphism for k = 2, 3. This holds, in particular, in the situation of Proposition

or Remark [7.4.2] Theorems extend to this case, although we only state them in
the situation of Proposition [7.4.1]

o t(R™ C(P,R)) is cohomologous to
a unique function ¢: P/R"™ — Q¥R™. We also call this function the lifting obstruction of A.
The action of R” on P lifts to an action on A if and only if this function P/R™ — Q3R"
vanishes.

Under our assumption, the lifting obstruction in H32

Theorem 7.4.3. Let P be a second countable, locally compact T"-space and let A be a
continuous trace C*-algebra with spectrum P. Then the action of T™ on P lifts to an action
of the bigroupoid G x P on A.

Proof. Since G x P and R" x P have the same objects and arrows, we may construct E
and w as above. For an action of G x P, we also need the datum U, and this modifies the
cocycle condition for w.

The condition (AB) for vertical products says that U(,t, p) for fixed ¢t € R” and p € P
is a continuous homomorphism A3R" — T. In particular, U(0,¢,p) = 1 for all ¢,p. The
condition (AH) for horizontal products gives

U(glatlv atz(p2)) : U(£27t27p2) = U(£1 + 52,751 + tz,pz)

for all &,& € APR™, t1,ty € R and p € P. For to = 0 and & = 0, this says that
U(&2,0,p2) = U(&2, t1,p2), so U(,t, p) does not depend on ¢ and we may write it U(&, p); for
ty =0 and & = 0, it says U(&, g, (p2)) = U(&1, pa), that is, U(E, p) only depends on the R"™-
orbit [p] of p. For a function depending only on £ and [p], the two multiplicativity conditions
(AB) and (AH) are equivalent. Thus (AB)) and (AH4) say exactly that U is a continuous function
from P/R"™ to the space of group homomorphisms A>R™ — T. Such homomorphisms lift
uniquely to homomorphisms A’R™ — R. Thus U(&,t, p) = exp(2miv(€, [p])) for a continuous
function v: P/R™ — Q3R™ that is uniquely determined by U.

Proposition [7.4.1] shows that there is a unique continuous function P/R™ — Q3R" that
represents the lifting obstruction for an R™-action; that is, this function measures the failure
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7 Crossed module actions on continuous trace C*-algebras

of the cocycle condition (Aj|), without the associator U, for a particular choice of w. When
we put in the associator, then ( holds if and only if v above is equal to the lifting
obstruction. Hence there is an action (F,w,U) of G x P on A. O

Our next goal is a long exact sequence containing the Brauer and Picard groups of C
and some known cohomology groups of P and P/R™. Let For: Brg(P) — Br(P) and
For: Picg(P) — Pic(P) denote the forgetful maps.

Theorem 7.4.4. Let P be a second countable, locally compact T"-space. There is a natural
long exact sequence

0 + Br(P) <& Brg(P) « C(P/R", Q’R") + Pic(P) £ Picg(P)
+— C(P/R",R") +~ H'(P,Z) + H'(P/R",Z) + 0.

Here H'(—,7Z) denotes Cech cohomology. Furthermore, there are natural isomorphisms
Br(P) = H3(P,Z) and Pic(P) = H*(P,Z).

Proof. The surjectivity of For: Brg(P) — Br(P) is asserted in Theorem [7.4.3] Choose such
an action (E,w,U). Any other action (E',w’,U’) has E' = E by (b in Lemma this
gives an equivalence to an action with £’ = E. The proof of Theorem shows that we
cannot modify U at all, that is, U = U’, because it must be the exponential of the lifting
obstruction of A. The freedom in the choice of w is to multiply it with exp(27ip) for a
continuous function ¢: R® x R™ x P — R normalised by ¢(¢,0,p) = ¢(0,t,p) = 0; it must
satisfy 9y = 0 so as not to violate (AF]). That is, ¢ is a cocycle for H2  (R™, C(P,R)).

An equivalence of actions allows, among other things, to conjugate w by an isomorphism
V': E — E that restricts to the identity on units. By Lemma this function V' differs
from the identity by a continuous function R” x P — T, which lifts uniquely to a continuous
function x: R™ x P — R normalised by x(0,p) = 0 for all p € P. Conjugating w by the
equivalence of actions defined by x multiplies it by exp(27idx) with

Ok(t1,t2,p) = K(t2,p) — K(t1 + t2, p) + K(t1, oy, (p))-

o (R™ C(P,R)) matters for the equivalence class of the action.
Proposition shows that this cohomology group is C'(P/R", Q*R"), that is, any cocycle ¢
is cohomologous to a unique one of the form (¢, ¢, p) — x[p](t1Ats) for a continuous function

Thus only the class of ¢ in H?

x: P/R™ — Q?R". Summing up, any action of C on A is equivalent to one having the same
FE and U and w - exp(27iy) for some y € C(P/R", Q?R"). Twisting the unit element of
Brg(P) with exp(2wiy) as above defines a group homomorphism C(P/R™, Q?*R") — Brg(P),
which is one of the maps in our exact sequence. Our argument shows that its range is the
kernel of For: Brg(P) — Br(P), that is, our sequence is exact at Brg(P).
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7.4 Lifting actions to continuous trace algebras

So far, we have only used equivalences of a special form. In general, an equivalence
between the two actions of C on A also involves a self-equivalence of A, that is, an element
F € Pic(P). This is given by a line bundle over P by Lemma[7.3.3] An equivalence A ~ A’
allows to transport the given action (F,w,U) on A to an action (E’,w’,U’) on A’; now
we apply this to the self-equivalence F. This gives £ = r*(L) ®p E ®p s*(L)*, with o’
and U’ defined by first cancelling pull-backs of L ® p L* in the middle and then applying w
and U. By Lemma (]ED, there is an isomorphism E’ = E that restricts to the identity
on units. Using this, we transfer ' and U’ to F. The argument above shows that, choosing
the part V in the equivalence suitably, we may arrange that w’ = exp(27iy)w and U’ = U
for some y € C(P/R™, Q?R"); furthermore, x is independent of choices.

Sending F' € Pic(P) to this y € C(P/R", Q*R") gives a well-defined map Pic(P) —
C(P/R™, Q?R"™); this is the next map in our exact sequence. It is routine to check that
this map is a group homomorphism. Since we have now used the most general form of an
equivalence, the actions (E,w,U) and (E, exp(27ix)w,U) are equivalent if and only if y is
in the image of Pic(P) — C'(P/R", Q*R"); that is, our sequence is exact at C'(P/R", Q*R").
Furthermore, if y = 0 then the equivalence (F,V) from (E,w,U) to the twist by x is a
self-equivalence, so we have lifted F' € Pic(P) to (F,V) € Picg(P). Thus our sequence is
exact at Pic(P).

Now we consider the kernel of For: Picg(P) — Pic(P); this consists of self-equivalen-
ces (F,V) of (A, E,w,U) where F' is isomorphic to the identity equivalence on A; we may
arrange F' = A by a modification. Any two choices for V' differ by pointwise multiplication
with exp(27ip) for some continuous function ¢: R™ x P — R normalised by ¢(0,p) = 0 for
all p € P by in Lemma . Since V already satisfies the coherence condition ( for
(R™, C'(P,R)).

Among the modifications from (F, V') to (F, V") for some V', we may consider those given
by W = exp(2it) for some ¢: P — R. This gives a modification from (F, V') to (F,V-0W)
with OW (¢, p) = W (aup)W (p)~*. Thus only the class of the cocycle ¢ in H}  (R",C(P,R))
matters for the class in the Picard group. Proposition identifies H} (R",C(P,R)) =
C(P/R™/R™). So we get a surjective group homomorphism from C(P/R™ R") onto the
kernel of For: Picg(P) — Pic(P). This map continues our exact sequence and gives the

a cocycle, ¢ must be a cocycle for HY

exactness at Picg(P).

So far, we have only used modifications that lift to a map P — R; general modifications
involve continuous maps ¢: P — T = R/Z. Locally, such a map lifts to R. Choosing such a
local lifting gives an open covering of P and a subordinate Cech 1-cocycle on P with values
in Z. There is a global lifting of ¢ to a function P — R if and only if this 1-cocycle is a
coboundary. Any Cech 1-cocycle in H'(P,Z) is the lifting obstruction of some continuous
maps ¢: P — T by a partition of unity argument. Thus H'(P,Z) is the quotient of the
group of all functions P — T modulo those functions of the form exp(27it)) for a continuous
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7 Crossed module actions on continuous trace C*-algebras

function ¢: P — R.

Any function W: P — T gives a modification between a given transformation (F,V)
and another transformation (F,V - OW) with OW as above. Since this has the same
underlying equivalence F', OW is of the form OW = exp(2mik) for a continuous map
k: R™ x P — R, which represents a 1-cocycle in H. ,(R",C(P,R)) = C(P/R",R"). Thus
there is a unique continuous function y € C(P/R",R™) and a function h: P — R such
OW = exp(27i(x + Oh)). Hence we get a well-defined map H'(P,Z) — C(P/R™ R") by
sending the class of W in H'(P,Z) to the unique y above. The image of this is the set of all
for which (F,V exp(27iy)) is equivalent to (F, V). This gives the exactness of our sequence
at C(P/R™ R"). Furthermore, y = 0 means that 9(WW/h) = 1 for some h € C(P,R). The
condition d(W/h) = 1 says that W/h is a R"-invariant function on P, that is, [W] € H(P,Z)
is in the image of H'(P/R"™, Z); here the map H'(P/R",Z) — H'(P,Z) is induced by the
quotient map P — P/R™. We have shown exactness of our sequence at H'(P,Z).

If o: P/R™ — T goes to the trivial element of H'(P,Z), then this means that ¢ =
exp(27iy)) for some ¢p: P — R. Since ¢ is constant on R"-orbits and these are connected, ¥
is also constant on R"-orbits, so we have lifted ¢ to 1): P/R™ — R. This means that ¢ gives
the trivial element of H'(P/R",Z); that is, our sequence is exact also at H'(P/R",Z). The
natural isomorphisms Br(P) & H3(P,Z) and Pic(P) = H*(P,Z) are well-known. O

7.4.1 Non-associative algebras

We now interpret actions of the crossed module G as non-associative Fell bundles over the
group R". Taking the “section algebra” of such a non-associative Fell bundle gives the
non-associative algebras of [22].

Let (A, E,w,U) be an action of G on a C*-algebra. This consists of imprimitivity A, A-
bimodules E; for t € R™ with a continuity structure £ and with a continuous multiplication
map w: | |F; ®4 Ey, — || Ew, and with a homomorphism A*R™ — ZUM (A), & — U, to
the group ZUM (A) of central unitary multipliers of A; here we use the same arguments as
in the proof of Theorem to see that the isomorphism F; — F; associated to the bigon
§:t =t does not depend on t, belongs to the centre, and that the map § — Ug is a group
homomorphism. In addition, these arguments show that the unitaries Ug are “invariant”
under the R"-action; this means here that left and right multiplication by Us on FE; gives
the same map for each t; this is more than being in the centre of A, it means being in the
centre of the whole Fell bundle.

We view the maps w as a multiplication in a generalised Fell bundle. The cocycle
condition for w says that

Ty - (xu : xv) = Ut/\u/\v : (xt : xu) * Ty
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7.4 Lifting actions to continuous trace algebras

for all x; € Ey, x, € By, x, € E,, t,u,v € R". Thus the multiplication in our generalised
Fell bundle is not associative, but in a controlled fashion given by U. We do not have a Fell
bundle over R™ unless U is trivial. The section C*-algebra of an ordinary Fell bundle over R™
plays the role of the crossed product with R™ for ordinary actions by automorphisms. For a
non-associative Fell bundle as above, we may still consider the space of compactly supported
continuous sections of F and define a convolution product

(fi* f2)(t) = - fi(@) fo(t — z) da.

The convolution product is, however, no longer associative. The non-associative algebras
in [22] are of this form. It is not clear which analogue of a C*-norm one could use on such
a non-associative convolution algebra.

7.4.2 Making the action strict

So far, our actions on continuous trace C*-algebras are actions by equivalences of the Lie
bigroupoid G. We are going to turn these into strict actions of the crossed module H.
First, the equivalence between H and G shows that actions of G and H are “equivalent.”
In particular, Brg(P) = Bry(P). Secondly, any action by correspondences of the crossed
module H is equivalent to a strict action by automorphisms, and equivalences among such
actions are equivariant Morita equivalences in an almost classical sense.

Let (A, E,w,U) be an action of G x P by correspondences. This is a morphism from the
bicategory G x P to the correspondence bicategory, satisfying some continuity conditions.
We may compose this with the morphism Cy x P — G x P induced by 7: Cy — G; this gives
an action of Cy X P by correspondences. Conversely, an action of Cy x P gives an action
of G x P by composing with the morphism induced by ¢: G — C4. Going back and forth
induces a bijection between equivalence classes of actions because ¢ and 7 are inverse to each
other up to equivalence. All this follows from general bicategory theory, which tells us how
to compose morphisms between bicategories, how to compose transformations between such
morphisms vertically and horizontally, and that there are related multiplication operations
on modifications; in brief, bicategories with morphisms, transformations and modifications
form a tricategory.

Everything above also works for topological bicategories and continuous morphisms,
transformations and modifications. The correspondence bicategory, however, is not a topo-
logical bicategory in the usual sense. The continuity of a map from a locally compact space X
to the set of C*-algebras is defined in an ad hoc way by giving a Cy(X)-C*-algebra as an
extra datum. So continuity is not a property of a map, but extra structure. Consider a
continuous map f: Y — X between locally compact spaces and a continuous map from X
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7 Crossed module actions on continuous trace C*-algebras

to C*-algebras, given by a map = — A, to C*-algebras and a Cy(X)-C*-algebra A with fi-
bres A,. Then the pull-back f*(A) = Co(Y) ®@¢,y(x) A is a Cy(Y')-C*-algebra with fibres Ay(,;
this is how we compose a continuous map to C*-algebras with the continuous map f. Simi-
larly, we may pull back C*-correspondences along continuous maps, and operators between
them. This is how we compose continuous maps from locally compact spaces to the arrows
and bigons in the correspondence bicategory. The general theory implies, in particular:

Theorem 7.4.5. Let P be a locally compact R™-space. The morphisms m and t between
G and H induce an isomorphism Brg(P) = Bry(P). If P is second countable and the R"
action factors through T™, then any continuous trace C*-algebra over P carries an action
of H lifting the action of R™ on P.

Let (A" E', ', U") and (A, E,w,U) be actions of H and G corresponding to each other.
Then the equivariant Picard groups Picg(A, E,w,U) and Picy(A', E', W', U’) are canonically
1somorphic. [

We also use the notation H x P for the bigroupoid Cy x P. Now we make explicit how
a continuous action (A, E,w,U) of G x P gives a continuous action (A’, ', ', U") of H x P.
We put A" = A, and EEt,n) = E; with E' = prj(FE), where pr;: R” x A2R"® — R" maps
(t,n) = t. Moreover, Uj, = Ug for all 0 € AR, € € AR™. The map «' is defined by
composing
w(t1,t2,p2
EEtl)nl’atg (p2)) ® EE

= Et1,00, (p2) @ Lt p) Bty 415,p9)

U(wﬂ((tlunl)v(t%n?)))

t2,m2,p2)

v
E(t1+t2,1l>2) - E(t1+t2,771+?72+t1/\t2,p2)’

where wr((t1,m1), (t2,72)) = t1 Ao and where the tensors are over A, (,,). Thus

W' ((t1,m), (t2,m2,p2)) = U(ty A2, pa) - w(ty, t2, p2).

It is routine to check that (A, E',w’, U’) is a continuous action of H x P.
Let (A%, B, w',U?) for i = 1,2 be two continuous actions of G x P and let (F,V) be
a transformation between them. Construct actions ((A"), (E'), (w"), (U")") of H x P for
i = 1,2 as above. The induced transformation (F’, V') between these actions of H x P is
given by F' = F' and
V(/t%p) = Vip: (El)/( Ray Iy = E(lt:p) ®ay Fy

Vip
— Fat(p) ®Ait(

t,m,p)

2 2
Bl = Foautr) @2, (B (-

P a¢(p)

This is indeed a transformation, and it remains an equivalence if (F, V') is one. Thus equiv-
alent actions of G x P induce equivalent actions of H x P, as asserted by Theorem [7.4.5|
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7.4 Lifting actions to continuous trace algebras

There is nothing to do to transfer modifications between G x P and ‘H x P.
Strict actions of crossed modules of topological groupoids are defined in [28]. We make
this explicit in the case we need:

Definition 7.4.6. Let A be a Cy(P)-C*-algebra. A strict action of H x P on A by auto-
morphisms is given by continuous group homomorphisms a: H' — Aut(A) and u: H*> —
U(M(A)) with appy = Adyp) for all h € H? and oy, (ug,) = ue, ) for all h € H, k € H?, such
that the homomorphism Cy(P) — ZM(A) is H'-equivariant, where H' acts on P through
the quotient map H' — R", (t,n) > t.

Such a strict action of H x P by automorphisms induces an action by correspondences.
First, we take E' = r*(A) as a left Hilbert A-module, with the right action of s*(A) through «:
(- a)(t,n,p) = x(t,n,p) - ary(alt,n,p)) for all z € E, a € s*(A); so a(t,n,p) € A, and
apy(a(t,n,p)) € Aap) = Arep 2 x(t,n,p), as it should be. The isomorphisms w map
21 @ @y = T - iy (T2) for 21 € By, 2 € Bty map)s and Ugo.0).0mp) - Etnp) = Enron)
multiplies on the right with the unitary w(6,£)*. This is an action by correspondences as
defined above.

Theorem 7.4.7. Any action of H X P by correspondences is equivalent to an action that
comes from a strict action of H x P by automorphisms.

Proof. This is contained in [29, Thm. 5.3]. O

By construction, the action by correspondences coming from a strict action has F =
r*(A) as a left Hilbert A-module and E = s*(A) as a right Hilbert A-module. Therefore,
if Fis a C*-correspondence between A! and A? for two such actions (A!, E',w!', U'), then
E' @4+ (a1) s*(F) = s*(F) as a right Hilbert s*(A)-module and r*(F) ®,«(42) E* = r*(F) as a
left Hilbert r*(A)-module. In particular, these are isomorphisms of Banach spaces. The iso-
morphism V' in a transformation is therefore given by bounded linear maps Vj: Fyy) — Fy(y);
the extra conditions to induce an isomorphism of correspondences E! Rgr(ary $*(F) —
T*(F) @+ (a2) E? are exactly the usual equivariance conditions for an equivariant correspon-
dence. Thus the notion of equivalence for actions of H x P by correspondences amounts to
a standard notion of equivariant Morita equivalence.

Theorem 7.4.8. Let A be a C*-algebra. A strict action of H on A is equivalent to a pair
of continuous maps @: R™ — Aut(A) and @: A’R™ — UM (A) with the following properties:

(a) asapa_s—¢ = Adgspe) for all s,t € R™ and oy = id;
(b) u is a group homomorphism;

(c) as(u(t Av))u(t Av)* € UM(A) is central and fized by a, for all elements s,t,v,w € R";
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7 Crossed module actions on continuous trace C*-algebras

(d) as(a(t Av))u(t Av)* =a(s Av)a(a(s Av))* for all s,t,v € R™.

Proof. Let & and u have the required properties. We claim that there are well-defined group
homomorphisms

a: H' — Aut(A), (t,n) = Adggy o ay,
u: H* — UM(A), (0,8 N 0Oy) — u(0) - as(u(bz))u(f2)".

The map « is clearly well-defined. Since a,(u(n))u(n)* is central, the automorphisms Adg,)
and Adgs, () are equal for all s € R", n € A’R". Hence

afti,m) o altz,m) = Adg(y,) © auy © Adg(y,) © iy
= Ada(n) © Ada,, (a(n)) © O, © O
= Ada(y,) © Ada(n,) © Adagty aty) © Oty vt = Ada)am)atint) © Qb+

= Ada(ytmyttiat) © Oty r, = (s +t2, M1 + M2 + 11 Ata).

Thus « is a homomorphism. We have u(6,£) = u(6,0) u(0,£) and 6 — u(6,0) is a group
homomorphism. By assumption, the map (s,¢,v) — u(0,s At A v) is antisymmetric and
additive in ¢ and v; thus it is additive also in s and hence descends to a group homomorphism
on A’R™. Since u(0,s At Av) is central, u is a well-defined group homomorphism. We have
Q) (Uge) = uoereno and ooy = Adye,e) by construction, so o and u form a strict action
of the crossed module H. Conversely, such a strict action (a,u) gives back (&, @) as above
by taking a; = oo and 4, = u, 0. O

Remark 7.4.9. Crossed products for crossed module actions are studied in [28] in the strict
case, and in [30] for actions by correspondences. This construction is, however, not very
useful in our case because the crossed product is simply zero whenever the associator U
is non-trivial. More precisely, the analysis in [30] shows that the crossed product factors
through the quotient of A by the ideal generated by (Us — 1)a for all a € A, £ € AR". In
the interesting case where the associator is needed, this quotient is zero.

To get a non-zero C*-algebra, we may first tensor A by some other action B of ‘H with
the opposite associator, so that the diagonal action of H on A ® B has trivial associator.
Thus A® B carries a Green twisted action of R", and the crossed product with H on A® B
is the appropriate R"-crossed product for such twisted actions. We do not know, however,
how to choose B so that (A® B) x H could play the role of the usual crossed product by R"
in T-duality.
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7.5 Computing the lifting obstruction

Let P be a T"-space with orbit space X and let A be a continuous trace C*-algebra over P.
We have seen that the T"-action on P lifts to an R"-action on A if and only if a certain
tricharacter y: A’R™ — C'(X,R) vanishes. How can we compute x?

Let pe P,let 1 <i < j <k <n,and let T;j;, € T" be the three-dimensional subtorus
given by the coordinates 4, j, k. The value of x at e; A e; A e, and the orbit of p may also be
computed by the smaller system where we replace T", P and A by Tjx, Tijr - p € P, and
the restriction of A to the orbit T;j;; - p; this is because the lifting obstruction x is natural.
Thus it suffices to compute the lifting obstruction in the case of a transitive action of a
three-dimensional torus T? on a space P, with some continuous trace C*-algebra A over P.
If the stabilisers in P are not discrete, then P is two-dimensional, so H?(P,Z) = 0 and A is
a trivial bundle of compact operators. In this case, the T"-action clearly lifts to a T"-action
on A, so the lifting obstruction vanishes. So we may assume that the stabilisers of points
in P are discrete.

We replace the action of T by one of R3, which we want to lift to A. This action is
still transitive, and by assumption the stabiliser of a point is a lattice ' € R3. We choose
coordinates in R” so that this lattice becomes Z3 C R3. Thus we are reduced to computing
the lifting obstruction in the case where P = R3/Z3 with the standard R3-action.

Our theory tells us that the continuous trace C*-algebra carries an action of the crossed
module of Lie groupoids H x P. Since R? acts transitively on P, this crossed module is
equivalent to the H-stabiliser of a point in P; for general n € N this is the crossed module
of groups H with H! = Z" x A2R™ and H? = A2R" @ AR" with the restrictions of d and ¢
from H. In our situation, the usual construction of induced actions of groups generalises to
crossed modules. As we will see, any action of H x P on our continuous trace C*-algebra A
is induced from an action of H, namely, the restriction of the action of H x P on a single
fibre A, = K.

A strict action of # on K consists of two group homomorphisms &: H' — Aut(K) and
@: H? — U(M(K)) such that Gy = Adagy and a(c,(h)) = a4(i(h)) for g € HY, h € H?.
Let

A=Tndff,(K) = {f € G(H"K) | f(G-9) = a5(f(g)) forall g € H', g€ H'}

be the induced C*-algebra. By [I13, Cor. 6.21] it has continuous trace with spectrum
H'/H' = T". It carries a canonical action a: H' — Aut(A) given by ax(f)(g) = f(g - h).
Let u: H?> — U(M(A)) be defined by uy(g) = a(cy(k)) for g € H' and k € H?. The pair
(v, u) defines a strict action of H x P on A in the sense of Definition [7.4.6, The proof is
straightforward, using that 9(H?) ¢ H' lies in the centre of H.
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7 Crossed module actions on continuous trace C*-algebras

Similarly, an equivalence (F, V') between two strict actions (&, @) and (&', @’) induces an
equivalence between the induced actions. Since any action of H on A by correspondences
is equivalent to a strict one by Theorem [7.4.7] induction descends to a well-defined group

homomorphism Ind: Br(#) — Bry(T"). Restricting an action to the fibre yields another

group homomorphism Res: Bry (T") — Br(#).

Lemma 7.5.1. Let H and H be the crossed modules described above acting on a stable
continuous trace algebra A with spectrum T™. Restriction to the fibre of A and induction of

Y

a strict action to H x T™ are inverse to each other and yield a group isomorphism Br(H)

Proof. If we restrict the induced action to the fibre over 0, we regain the action on K we
started with. Thus Res o Ind = idp, 5.

Let po =0 € T* = R"/Z". Let (o, u) be a strict action of H x T" on A. Let (&, @) be the
restricted action of H' on A(py), which we identify with K. Let A’ = Indgi(K) and denote
the induced action by (o, u’). Consider the Cy(P)-algebra homomorphism ¢: A — A’, which
maps a € A to f, with fo(g) = ag(a)(po). Since fo,(a)(9) = fa(gh), it is equivariant. It is
norm-preserving and therefore injective. Local triviality and a partition of unity argument
show that it is also surjective, hence an isomorphism. The extension of ¢ to the multiplier
algebra maps u to u’. Therefore, ¢ is an isomorphism that intertwines the two actions of
H x T", which implies Ind o Res = idg;,, (rn). O

To compute Br(#H) we may further simplify the situation by weakening. The equivalence
between H and G restricts to one between H and G, where G! = 7", G? = A3R™ with the
restriction of the bigroupoid structure from G. Since K is equivalent to C, strict actions of H
on K by automorphisms are equivalent to actions of G by correspondences on C.

Such an action has A = C and £, = C for all g € G' = 7" because this is, up to
isomorphism, the only imprimitivity bimodule from C to itself. The multiplication maps and
the action of bigons give maps w: Z" x Z" — T and U: A3R™ — T because an isomorphism
C — C is simply multiplication by a scalar of modulus one. The conditions for an action
require the following:

(i) w(0,0) = w(k,0) =1 for all k,l € Z™;
(ii) U is a continuous group homomorphism;
(ili) wk 4+, m)w(k, DUk NI AmM) = w(k,l +m)w(l,m) for all k,1,m € Z".

For a discrete group I' and a I'-module M, we denote the group cohomology of I with
coefficients in M by HE(T', M).
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7.5 Computing the lifting obstruction

Theorem 7.5.2. Let k = (g) The pair (w,U) associated to an action of G on C has the

following properties:
(a) U is trivial on A*Z" and therefore yields a character on TF = ASR"™/A3Z",
(b) w is a group 2-cocycle representing a central extension of Z" by T.

Moreover, we have group isomorphisms
Bry(T") = Br(H) = Br(G) = Z* x H_.(Z",T).

Proof. Tt follows from (c) in the conditions listed above that the restriction of U to A3Z"
is the coboundary of w. In particular, it represents the trivial element in cohomology. This
is impossible if U is a non-trivial tricharacter on Z". Thus w is a 2-cocycle classifying a
central T-extension of Z" and U is a character on A3R™/A3Z™ = T*. The group of all such
characters is the Pontrjagin dual of T*, which is Z*.

An equivalence (F, V) between two actions (w,U) and (w',U’) has to have F' = C, and
V. Z™ — T has to satisfy V(0) =1 and w(k, )V (k+1) = V()V (k) (k1) for all k,l € Z".
Therefore (w,U) and (w’,U’) are equivalent if and only if U = U’ and w differs from w’ by
a coboundary. Moreover, the product of elements in the Brauer group of the bigroupoid G
translates into the product of characters and cocycles. Since conditions (a)—(c) above fully
characterise an action of G on C by correspondences, every pair (w,U) is associated to such
an action. Altogether, we have constructed a group isomorphism Br(G) — ZF x I oz, T).
The isomorphism Bry (T") 2 Br(H) was constructed in Lemma [7.5.1) and Br(G) = Br(H)
follows from the equivalence of the two bigroupoids. O

We can make the inverse of the isomorphism Bry (T") = Z x HZ (7", T) more explicit:
We first have to transfer the action of G to H using the functor m, then make that weak
action strict by passing to a stabilisation by [29, Thm. 5.3]. We have Uye) = Ug for
6 € A’R", ¢ € A3R" because 7(0,€) = . For ki, ko € Z", n1,m0 € A*R", the natural
transformation 7 (ky, m1)-w(k2, m2) = 7((k1,m1)-(k2,12)) in G is k1 Ana, 50 w((ky, 1), (K2, m2)) =
ngl/\nz w9 (o, k). ~

To turn this action of the crossed module H by correspondences into a strict action by
automorphisms, we take the Hilbert space of L*-sections of the Fell bundle (C), 1 over H'.
In our case, this is simply K = L?(Z" x A*R"). The multiplication in the Fell bundle given
by w forms an action of H on this Hilbert module over C.

We give K(K) the induced action, so that K is an equivariant Morita equivalance between
K(K) and C with the given action of H. Since the action of # on C is non-trivial, K is
not a Hilbert space representation of H, but only a projective Hilbert space representation.
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7 Crossed module actions on continuous trace C*-algebras

On H', this is given by
((k2,m2) - f)(kr,m) = w((k1,m), (K2, m2)) f (k1 + ko, +m2 + k1 A ko)

for ki, ky € Z™ and 1,1, € A’R". This induces an action a: H' — Aut(K(K)). Together
with the homomorphism u: H?> — U(K) given by

woe)(f)(k,n) = US(E+k AB) f(k,n+0)

this is the strict action of # on K(K) that corresponds to the action by correspondences
of G on C given by (wg, Ug).

Finally, we induce the action of H on K(K) to H x T". As described above, this
produces an action of H x P with P = R™/Z"™. More precisely, we get an action of H x P
on a continuous trace C*-algebra over P.

Theorem 7.5.3. Let A be the continuous trace C*-algebra that corresponds to the element
(1,0) € Z x HZ(Z? T) = Bry(T?). Then the Dizmier-Douady invariant dd(A) € H*(T*, Z)
1S a generator.

Proof. Let (0,2) € Z x HZ.(Z?,T) and choose a cocycle w: Z° x Z* — T representing z. The
action of H on C by correspondences associated to this pair is pulled back from an action
of Z3 on C by correspondences via the canonical functor H — Z3. Let K' = L*(Z%). The
group Z3 acts projectively on K’ via w. This induces an honest representation a: H! —
7? — Auwt(K(K')) of H' on the compact operators. Let u: H?> — U(M(K(K'))) be the
trivial homomorphism. The pair (a,u) is a strict action of # on K(K'). By the same
reasoning as above, we may choose A to be the C*-algebra obtained by inducing this H-
action to an H-action. Since A = C(T? K(K')), its Dixmier-Douady class vanishes. But
Bry (T?) — Br(T®) = H3(T3, Z) is surjective, therefore (1,0) has to be mapped to a generator
of H¥(T?,Z) = Z. O

Corollary 7.5.4. Let k = (g) The group homomorphism

ZF x H2.(Z",T) = Bry(T") — H*(T", Z),

which maps an element ([U], [w]) to the Dizmier—Douady class of the associated continuous
trace C*-algebra restricts to an isomorphism ZF — H*(T™ Z) and maps HgQr(Z”, T) to zero.
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7.6 Crossed module actions and T-duality

Proof. Each projection p;j.: T" — T? for 1 <4 < j < k < n induces a commutative diagram

k n n
ZF x H2(Z",T) — H3(T", Z)

PfjkT ]pfjk

Z x H2(Z3,T) — H3(T%, Z).

Since the vertical arrows are split by corresponding inclusions T? — T", they are injective.
In particular, pj;.(1) € {Fei Aej Aer} C A3Z™ = 7ZF. The statement now follows from
Theorem because Z* x H gr(Z", T) is generated by the images of all pj,.. [

7.6 Crossed module actions and T-duality

Let A be a continuous trace C*-algebra whose spectrum is a T"-space P with orbit space X.
A second such pair A’ with spectrum P’ and the same orbit space is said to be (topologically)
T-dual to A if the R™action on P lifts to one on A with A’ = A x R™. In particular,
this implies an isomorphism of twisted K-groups K.(A) = K,_,(A’) by the Connes—Thom
isomorphism. In the case of principal T!-bundles, any pair (A, P) has a unique T-dual.

A T-dual need no longer exist for higher-dimensional torus bundles. The first obstruction
against it is the lifting obstruction discussed above. Even if it vanishes, the crossed product
need not be a continuous trace C*-algebra. Whether this is the case is determined by a class
in HY(X,Z") for { = ( ) which is derived from the Mackey obstruction as in [97, Thm. 3.1].
If it does not vanish, the crossed product turns out to be a bundle of non-commutative tori.

A (non-associative) Fell bundle (F,w,U) given by an action of H x P on A by cor-
respondences combines all of the obstructions into one structure: We have already identi-
fied the lifting obstruction. By Theorem [7.5.2] the Brauer group of the fibre Bry (T") =
ngr(Z",']I‘) X H3(T™,Z) may be interpreted as the group of all possible Dixmier-Douady
classes and Mackey obstructions of T". As described in [109], the group HZ (Z",T) can be
equipped with a natural topology, and [109, Lem. 3.3] gives a homomorphism

M : Bry(P) — C(X, H2.(Z",T)) ,

which sends [A] € Bry(P) to the function that maps z to the Mackey obstructlon of [
Bry(T"). The homotopy class [M(A)] € mo(C(X, HZ(Z",T))) = H'(X,Z") for ¢
vanishes if and only if there is a classical T-dual, see [97, Lem. 3.1].

(z)] €
= ()

To summarise: The lifting obstruction of the Fell bundle (E,w, U) vanishes if and only
if the multiplication in the Fell bundle is associative. If it is, then we can form the “section”
C*-algebra associated to the Fell bundle. This will again be of continuous trace if and only
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7 Crossed module actions on continuous trace C*-algebras

if [M(A)] vanishes. If it does, then the section algebra is the classical T-dual of A, else
it is a non-commutative T-dual. As can be seen from this, the non-associative Fell bundle
obtained from the crossed module action contains all information of the T-dual in case it
exists and all residual information in case it does not. Therefore it should be considered the
more fundamental object.
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