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Abstract
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1 The Story So Far...

The main objects of study in linear algebra are vector spaces and linear maps between
them. In this section we will recap their definition and the main statements about them
we have learned so far. As mentioned in the beginning, we will only deal with vector
spaces over the real numbers R, the complex numbers C or the rational numbers Q in
this lecture. The thing that R, Q and C have in common is that they all fit the definition
of a field. This is a set together with an addition and a multiplication map, such that, in
particular, the set contains elements that behave like zero and one and we can divide by
any non-zero element. We will spare the reader the full definition of this structure, which
is even more involved than that of a vector space. Instead, whenever a field F' appears
in the following, the reader should replace F' by @, R or C in her or his mind. That
said, it should be mentioned that there are more general fields as well, for example, ones
that have only finitely many elements. Without further ado, here is now the definition
of a vector space over a field F'.

Definition 1.0.1. A vector space V over a field F is a set on which two operations,
called addition and scalar multiplication, are defined, so that for each z,y € V there
is a unique element = 4+ y € V and for each a € F and each x € V there is a unique
element ax € V, such that the following conditions hold:

For all z,y € V we have x +y =y + z.
For all z,y,z € V we have (z +y)+z=x+ (y + 2).
There exists an element 0 € V such that x + 0=z for all z € V.

For all x € V there exists an element y € V such that x +y = 0.

)
)
)
)
VS 5) For each x € V, 1o =z (with 1 € F).
) For all a,b € F and each x € V we have (ab)x = a(bx).
) For all a € F and each pair z,y € V we have a(z + y) = ax + ay.
) For all a,b € F' and each z € V we have (a + b)z = azx + bx.

Example 1.0.2. Let us fix ' = R and let n € N. The set V = R" is a vector space
over R. If x = (x1,...,2,) and y = (y1,...,Yn), then the element x + y is given by

(X1, yxn) + Y1y ooy Un) = (T1+ Y1,y T+ Yn) -

Moreover, for a € R the element ax is given by ax = (axy,...,az,). Likewise, C" is
a vector space over C and Q" is a vector space over Q with similar definitions of the
addition and the scalar multiplication. In general F™ is a vector space over F.

Whenever we have a vector space V over a field F', we can look for subsets W C V
that are vector spaces with respect to the addition and scalar multiplication restricted
from V' to W. Such subsets are called subspaces (or linear subspaces).



Definition 1.0.3. Let V be a vector space over a field F'. A subset W of V is called a
(linear) subspace of V' if W is a vector space over F' with respect to the operations of
addition and scalar multiplication defined on V.

Example 1.0.4. The linear subspaces of R” have a geometric interpretation and are
easy to draw for n < 2. The one-dimensional subspaces of R? for example correspond to
the lines in R? passing through the origin. (For the definition of dimension see Def. 1.0.8.)

Y

Figure 1: The blue line is a linear subspace of R2.

Not every subset S of a vector space V is automatically a linear subspace. However,
each subset S can be extended to the linear subspace generated by S, which is called
the span of S:

Definition 1.0.5. Given a non-empty subset S C V the (linear) span of S, denoted
span(.S) is the linear subspace of V' consisting of all linear combinations of the vectors
in S. We define span(()) = {0}.

A subset S C V is said to generate the vector space V if V = span(9).

Consider the vector space R3 over the field R and let v, vs,v3 € R3 be the following
vectors:

1 1 0
vy= 1|0 , va= 11 and v3=1 0
1 0 -1

Observe that for any vector w € R? we can find unique scalars o, as, a3 € R such that
w = a1v1 + agve + azvs. For example,

) 1 1 0
31 =210]+31]+0| 0 | =2v1+3va+0v3
2 1 0 -1

and a1 = 2, ag = 3, ag = 0 are the only scalars that produce the vector w = (5,3, 2).
This is no longer true for the following vectors v}, v5 and vj:

1 1 0
vi=10 , vhp=11 and vy = [ 1
1 0 -1



To see an example we can use the same vector w as above. We have

) 1 1 1 1 0
31 =2(0]+3|1)4+0{( 1 =3[0 +2|1]+1] 1
2 1 0 -1 1 0 -1

Therefore the decomposition of this particular vector w is no longer unique. Depending
on w the equation w = alvi + agvé + 053’1):,3 might have more than one solution a1, ag, as
or it could even have no solution at all. Observe that —v] + vh — v5 = 0.

The difference between the two sets 8 = {v1,v9,v3} and ' = {v},v},v4} is that 3
is linearly independent whereas (' is linearly dependent. These are two of the most
important concepts of linear algebra. They are defined as follows:

Definition 1.0.6. Let V be a vector space over a field F'. A subset S C V is called
linearly dependent if there exists a finite number of distinct vectors uy,...,uy, € S
and scalars ag,...,a, € F', not all zero, such that

arur + -+ apuy =0 .

We say that a subset S C V is linearly independent if it is not linearly dependent.
Hence, S is linearly independent if and only if for any finite number of distinct vectors
UL, ..., U, €5, the only solution aq,...,qa, € F to the equation cyuq + - - - + apu, = 0.
is given by a; = --- = a,, = 0.

The subset 3 = {v1,v2,v3} C R3 we discussed above is not only linearly independent,
but it also spans R3. Subsets with these two properties are of fundamental importance
in Linear Algebra:

Definition 1.0.7. A subset § C V is a basis for V if 3 is linearly independent and
spans V.

Let V' be a vector space over a field F. If 8 and ' are both bases for V, then there
is a bijection between them. In particular, the number of elements of any basis for V'
depends only on V' and not on the choice of basis.

Definition 1.0.8. The dimension dim(V) of V' is the cardinality (i.e. the number of
elements) of any basis 5 C V.

Given two vector spaces V and W, we can consider the maps T: V — W from V to
W that transform the addition and the scalar multiplication of V' into that of W. Such
maps are crucial for everything that follows. Hence, we make the following definition:

Definition 1.0.9. Let V and W be vector spaces over the same field F'. We call a
map 7: V — W a linear transformation (or linear map) from V to W if for all
z,y € V and a € F we have

(a) T(x +vy) =T(x)+ T(y) and
(b) T(ax) = aT(z).



The following theorem is often helpful if we want to check the linearity of a map.

Lemma 1.0.10. Let V,W be a vector spaces over the field F and let T: V — W be a
map. Then T is a linear transformation if and only if

T(ax +y) = aT'(z) + T(y) (1)
forallz,y eV anda € F.

Proof. If we set a = 1 in (1) but choose arbitrary x and y, we see that condition a) in
Def. 1.0.9 follows. Now note that for a = 1 and x = y = 0 we have T'(0) = T'(0) + 7(0),
which implies T'(0) = 0 after subtracting 7°(0) from both sides. If we now choose a and
x to be arbitrary and set y = 0 we therefore obtain b). ]

Whenever we have a linear transformation T: V' — W between two vector spaces V'
and W over a field F, there are two important subspaces of V', respectively W, associated
to T', which we define now.

Definition 1.0.11. The null space (or kernel) of 7" is denoted by ker(7") (sometimes
also by N(T')) and is defined as follows

ker(T) ={veV |T(v) =0},

i.e. it consists of all vectors in V' that are mapped to 0 in W by T'. This is a subspace
of V. The range (or image) of T is denoted by Im(7") and defined as

Im(T)={T(v) e W |veV}.

The range of T consists of all vectors in the image of T'. It is a subspace of W.

If ker(T') is finite-dimensional we define the nullity of T', denoted by nullity(7"), to be
the dimension of ker(7T"). Likewise, if Im(7") is finite-dimensional we define the rank of
T, denoted by rank(T'), to be the dimension of Im(7").

A linear transformation T: V. — W is injective if and only if ker(T)) = {0}. It is
surjective if and only if Im(7") = W. More generally, the following dimension formula
holds, which is also known as the rank-nullity theorem:

nullity (7') + rank(T") = dim(ker(7)) + dim(Im(7")) = dim(V') .

Given a basis for V' the image of T' can be obtained from the images of the basis
vectors in the following way:

Theorem 1.0.12. Let V and W be vector spaces and let T: V. — W be a linear trans-
formation. If B = {vi,...,vn} is a basis for V', then

Im(T') = span(T(5)) = span{T(v1),...,T(vn)} -



Proof. First remember that if a vector space contains a set S of vectors, then it also
contains span(.S). Since T'(v;) € Im(T') for all i € {1,...,n}, we obtain
span(B) = span{T(v1),...,T(vy)} C Im(T) .
Now suppose that w € Im(7T'). By definition there exists a v € V with w = T'(v). As 8
is a basis for V', we have that there exist ay,...,a, € F with the property that
V=a1V1 +...a,0y .
As T is linear, it follows that
w=Tw)=aT(v)+ -+ a,T(vy) € span(S)
Since w was arbitrary, this implies that Im(7") C span(f3). O

A very important property about a linear transformation is that its action on an
arbitrary vector v € V' is completely determined by its action on some chosen basis of
V. The following theorem illustrates this property:

Theorem 1.0.13. Let V' be a finite-dimensional vector space and let W be a vector
space (both over the field F). Let 8 = {v1,...,v,} be a basis for V. Consider some
arbitrary vectors w1, ..., wy, € W. Then there exists exactly one linear transformation
T:V — W such that

T(’UZ‘) = Ww;
forie{l,...,n}.
Proof. For x € V we have a unique representation with respect to the basis 3, i.e. there
exist unique scalars ay,...a, € F with the property

T = Zaivi .
i=1
We define T: V. — W by
T(z) = Zaiwi .
=1

If x = v;, then a;j = 0 for all j # ¢ and a; = 1. Therefore we obtain T'(v;) = w;
from our definition. We claim that the map T is linear. To see this, let x € V have a
decomposition as above and let y = """ | bjv;. Let ¢ € F. Then cx+y = >, (ca;+b;)v;

and
n

T(cx +y) = Z(cai + bj)w; = CZ a;w; + Z biw; = cT'(z) +T(y) .
i=1 i=1 i=1

To see that T is unique, let U be another linear transformation with the property U (v;) =
w; for all i € {1,...,n}. Then for any z = > .- ; a;v; € V we have that

Ul)=U (Z awi> = Z%’U(Ui) = Zaiwi =T(x),
i=1 i=1 i=1

where the second equality follows by linearity of U. This proves U = T'. O



If T: V — W is a linear transformation between two finite-dimensional vector spaces
of the same dimension, then it turns out that injectivity, surjectivity and bijectivity
of T actually coincide as the next theorem shows. We leave the proof as an exercise.

Theorem 1.0.14. Let V and W be vector spaces of finite dimension with
dim(V) = dim(W)

Suppose T: V. — W is a linear transformation. Then the following are equivalent:

a) T is injective (equivalently ker(T) = {0}),

b) T is surjective,

¢) dim(Im(7)) = dim(V).

Exercise 1.0.15. Prove Thm. 1.0.14.

2 Linear Transformations and Matrices

The theory of linear transformations is closely linked to matrices. In fact, every linear
transformation 7: V. — W gives rise to a matrix [T’ }g, which describes T' completely.
It depends on the choice of ordered bases S for V and « for W. These are defined as
follows:

Definition 2.0.1. Let V be a finite-dimensional vector space. An ordered basis for V
is a basis § for V endowed with a specific order.

Let V and W be finite-dimensional vector spaces over a field F' and let T: V — W
be a linear transformation between them. Let n = dim(V) and let m = dim(W). Let
B ={v1,...,v,} be an ordered basis for V and let v = {w1, ..., wy,} be an ordered basis
for W. Since 8 and ~ are bases, there are unique scalars a;; € F' with i € {1,...,m}
and j € {1,...,n} such that

m
T(Uj) = Zazjwi .
=1

Definition 2.0.2. We call the m x n-matrix A = (a;;); ; the matriz representation
of T in the ordered bases  and v and write A = [T]g If the bases involved are

clear from the context we will call [T]g just the matrixz representation of T.

To determine the matrix representation of 1T': V" — W with respect to the ordered
bases 5 = {v1,...,v,} and v = {wy, ..., w,} we therefore perform the following steps:

a) Determine the images of the basis elements in £, i.e. determine T'(v;) for all j.

b) Write each T'(v;) as a linear combination of elements in v, i.e. find a;; € F such that

m
T(Uj) = Zaijwi .
i=1



c) The coefficient a;; € F' gives the entry in the ith row and jth column of the matrix.
In particular, for fixed j the coefficients a;; with i = 1,...,m form the jth column of
the matrix.

Example 2.0.3. Consider the linear transformation
T: P3R) = R([R) , T(p)=p (2)
(i.e. taking the first derivative of the polynomial). Let
=11, z, 22 23} , y={1, 1+z, 1+2°} (3)

Now we follow the instructions outlined above: First we determine 7'(1), T'(x), T(2?) and
T (2%) and then write each resulting vector as a linear combination of the basis elements
from . Finally, the coefficients in front of the elements from + form the columns of the
matrix and we obtain:

T(1)=0= 0-1+ 0 -(1+2)+ 0-(1+2?%
T(x)=1=[1]-1+(0)- (1+2)+0)- (1 +2?) I S Y B
Ty =(0 0 2 o0
T@*)=20=-2-14 2 -(1+2)+ 0-(1+27) 00 0 3
T(2*)=32"=-3-1+ 0-(1+2)+ 3-(1+2?)

We will see throughout the whole course that these matrices provide very versatile tools
to study linear transformations. In particular, the composition of linear transformations
turns into a multiplication operation for matrices.

But first we will take a closer look at the set of all linear transformations L(V, W)
between two vector spaces V and W over the same field F'. In particular, we will prove
that £(V, W) is in fact a vector space itself. To do so we must first define the addition
of two linear maps and the multiplication of a linear map by a scalar.

Definition 2.0.4. Let V and W be vector spaces over the field F. Let T,U: V — W
be linear transformations and let a € F. We define the map T+ U to be

(T+U)(v)=T(v)+U(v)
for all v € V and we define a7 to be
(aT)(v) = aT (v)
forallv e V.

Remark 2.0.5. In fact, the last definition works in much greater generality: Whenever
we have arbitrary maps f,g: X — W from an arbitrary set X to a vector space W, we
can define the sum and scalar multiplication in the way described above, i.e. (f+g¢)(x) =

f(@) +9(x) and (af)(z) = af(z).



Theorem 2.0.6. Let V and W be vector spaces over the field F' and let T,U:V — W
be linear transformations.

a) For alla € F, aT + U is again a linear transformation.

b) Using the operations from Def. 2.0.4 and the zero map as a zero element, the collection
of all linear transformations from V to W is a vector space over F.

Proof. To prove a) we need to check that (aT'+U)(cz+y) = c¢(aT+U)(z)+ (aT+U)(y)
for all c € F' and 2,y € V (see Lem. 1.0.10).

(aT 4+ U)(cx+y) = (aT)(cx +y) + Ul(cx + y)
=a(T(cx+y))+Ul(cx+y)
a(cT(z)+T(y)) +cU(x) + Uly)
acT'(z) + cU(z) + aT'(y) + U(y)
=c(aT(x)+U(z)) + (aT 4+ U)(y)
=c(aT+U)(z)+ (T + U)(y)

In the first two lines we have used the definition of a7+ U. In the third we used the
linearity of T and U. In the fourth line we just reshuffled the terms and worked our way
back using the definition of aT" 4+ U again in lines 5 and 6.

We leave the proof of b) as an exercise (see below) and just verify two of the axioms
here: Let Ty be the zero map. To prove that VS 3) is satisfied we need to check
that T'+ Ty = T for all linear maps T: V' — W. This means we need to check that
(T +Tov)(v) =T(v) for all v € V, but this is true, since Tp(v) = 0 and T'(v) + 0 = T'(v).
To show that VS 4) holds, we need to find for a given linear map 7': V' — W another
linear map U: V — W such that T+ U = Tj. Let U = =T = (—1)T, then (T'+U)(v) =
T(w) 4+ U(v) =T(v) — T(v) = 0 and therefore T+ U = Tj. O

Exercise 2.0.7. Fill in the remaining details in the proof of Thm. 2.0.6 b).

Definition 2.0.8. Let V and W be vector spaces over the field F'. We denote the vector
space of all linear transformations from V to W by L(V,W). In the case that W =V
we also write £(V') instead of L(V, V).

If we are given three vector spaces Vi, Vo and V3 together with linear maps T': V; — Vs,
U: Vo, — V3 we can form their composition U o T': V7 — V3, which is defined by first
applying T to a vector in V; and then U to the resulting vector in V5. We will also
denote this composition by UT. The following theorem shows that UT is again a linear
transformation.

Theorem 2.0.9. Let V1, Vo and V3 be vector spaces over the field F'. Let T: V3 — Vs
and U: Vo — V3 be linear transformations. Then their composition UT = U o T is also
a linear transformation.

10



Proof. Let z,y € V4 and a € F. We have to show that UT (ax + y) = aUT (z) + UT (y)
(see Lem. 1.0.10). This follows from the computation:

UT(az+y) =UT(az+y)) =U(aT(z)+T(y))
=aU(T(x))+U(T(y)) = aUT(z) + UT(y) . O

The following theorem summarises the most important properties of the composition
of linear transformations:

Theorem 2.0.10. Let V; fori € {1,...,4} be vector spaces over the field F.
a) If T: Vi — Vo and Uy, Uy : Vo — V3 are linear transformations, then
(U +U)T = U T + UsT .
Likewise, if T1,To: Vi — Vo and U: Vo — V3 are linear transformations, then

U(T1+T2) =UT+UT; .

b) If Ts: Vi — Vi, To: Vo — Vi and Ty : V3 — Vy are linear transformations, then

(T\T%)Ts = Ty (ToT3)

c) If T:V — W is a linear transformation and Iy:V — V, Iyy: W — W are the
identities on V, respectively W, then Ty = IwT =T.

d) If To: Vi — Vo, Ty : Vo — V3 are linear transformations and a € F, then

a(TlTQ) = (aTl)Tg = Tl(aTz) .

Proof. We will only prove the first result and leave the rest as an exercise. Let T, U;
and Us be linear transformations as in the first part of a) and let = € V;. Then

(U1 4+ U2)T)(x) = (U1 + Ua)(T'(x)) = Ur(T(x)) + Ua(T(x)) = UhT'(z) + U2T (2) .
Likewise, let T1,T5 and U be as in the second part of a). Let € V3. Then

(U(Th + T2))(z) = U((Th + T2)(2)) = U(Th(z) + T2(x))
= U(Ty(z)) + U(Ta(2)) = UT(z) + UT(z) .

All other statements follow in a similar fashion by evaluating both sides on a vector
x € V1 and checking that they agree using the linearity of the maps involved. O

Exercise 2.0.11. Prove the statements b), ¢) and d) in Theorem 2.0.10.

11



Remark 2.0.12. The vector space L(V') is quite special: We can compose any two
elements T,S € L(V) and obtain another element 7'S € L(V). In particular, the
composition yields a map

o: L(V) x L(V) = L(V) , (T,8) TS . (4)

The statements in Thm. 2.0.10 a), b) and d) imply that this map is linear if we keep
either 7" or S fixed. Such a map is called bilinear. Moreover, Thm. 2.0.10 b) states
that the composition operation on £(V) is associative as well. To summarise: £(V) is a
vector space with a bilinear, associative multiplication (4) and a unit element Iy, € £(V)
(see Thm. 2.0.10 c)). In this case we also say that £(V') has the structure of a unital
algebra.

As we have seen in Def. 2.0.2 after choosing ordered bases of V' and W we can associate
a matrix to any linear transformation 7': V' — W. The following theorem shows that
this operation is well-behaved with respect to taking sums and scalar multiples of linear
transformations:

Theorem 2.0.13. Let V and W be finite-dimensional vector spaces over a field F' with
ordered bases B and vy, respectively. Let T, U:V — W be linear transformations and let
a € F. Then

o) [T+ Ul = [T; + U]},

b) [aT]g =a [T]g
Proof. Let = {v1,...,v,} and let v = {wy,...,wy,}. By definition of the matrix
representation

T(Uj) = Zaijwi and U(Uj) = Z bwwl
i=1 i=1

for all 1 < j < n. It follows that

m

(T+U)(vj) = Z(aij + bij)w;

i=1

for all 1 < j < n. From this we see that

([T + U]Zz) =ajj + b = ([T]} + [U}Zg)ij

ij

Part b) of the theorem follows in a similar way. d

2.1 Composition and matrix multiplication

As we discussed above, if two linear transformations are composed, the result is again
linear (see Thm. 2.0.9). Likewise, matrices can be multiplied to give new matrices. This
works as follows:

12



Let F be a field (e.g. F =R or F = C). Consider two matrices A € My, (F) and
B € My,xn(F). Note that the number of columns of A is equal to the number of rows
in B. If this is the case, the two matrices can be multiplied (which is usually denoted
by a dot just like ordinary multiplication) to give a matrix A - B € My, (F). If A has
entries a;; € F' and B has entries b;; € F', then the product A - B will have entries ¢;;
defined by

cij = Y aixbj - (5)
k=1

For the multiplication of a general 2 x 3-matrix with a 3 x 2-matrix this is illustrated
below:

bi1 | bi2
an ez as)) (|, 1y | = a11b11 + a12bo1 + a13b31 | a11b12 + ai2bo + a13b32
a1 azz a3 bsy | b a21b11 + ag2boy + az3bsr  az1bia + azebas + azzbsa
bi1 | bi2
an ez as)) [ 41 1] = a11b11 + a12bo1 + a13b31 | a11b12 + ai2bog + a13b32
a1 azz a23 bsy | bas a21b11 + ag2boy + az3bsr  az1bia + azebaa + azzbsa
bi1 | bi2
an ez ez \ ) 2 a11b11 + a12bo1 + a13b31  a11b12 + aizbo + a13b32
a1 a a3 ba | bay a21b11 + ag2bo1 + az3b31 | az1b12 + azeboa + a3bzz
bi1 | bi2
an ez ez \ o) a11b11 + a12bo1 + a13b31  a11b12 + aiobo + ai13b32
as)  a a3 bar | bay a21b11 + ag2boy + az3bs1 | az1bi + azebas + az3bs2

The entries of A - B defined in (5) can be obtained from the three rules listed below:
a) The rows of the first matrix are multiplied with the columns of the second.

b) This works as follows: Multiply the kth entry of the row with the kth entry of the
column and add up the results.

¢) When the ith row of the first matrix is multiplied with the jth column of the second
in this way, the result is the entry in the ith row and jth column of the result.

Remark 2.1.1. Even though the multiplication of matrices is associative in the sense
that (A-B)-C = A- (B - C), whenever the product is defined, the multiplication is
not commutative, i.e. in general A- B # B - A. If it is clear from the context that the
matrices involved should be multiplied, then the dot is sometimes omitted, i.e. A- B
would be written as AB.

13



As we will see in the next theorem, the matrix of the composition of two linear maps
corresponds to the product of the matrices associated to the linear maps themselves if
the bases are chosen in a compatible way.

Theorem 2.1.2. Let V,W and Z be finite-dimensional vector spaces over the field F
with ordered bases o, B and -y, respectively. Let T:V — W and U: W — Z be linear
transformations. Then

UT), = W1} - [T -

Proof. Let n = dim(V), m = dim(W) and p = dim(Z). Let a = {v1,...,v,}, B =
{wi,...,wp} and v = {z1,..., 2} be the ordered bases. Let A = [U]} and B = [r°.
By the definition of the matrix representation (see Def. 2.0.2)

m p
T(Uj) = Z Bkjwk and U(wj) = Z Aijzi .
k=1 i=1

For 1 < 5 <n, we have
(UT)(v;) =U(T(v5)) =U (Z Bkﬂ”k) = By U(wy)
k=1 k=1

p p m p
= > By (Z Aikzi> = Z (Z AikBkj> zi = Z Cijzi
1 i=1 =1

k= i=1 \k=1
where Cy; = Y )" A Bi;. Observe that C' agrees with the result of the matrix multi-
plication of A and B, i.e. C' = AB and therefore [UT], = [U]} [r”. O

Example 2.1.3. Let T: P3(R) — P>(R) be the linear transformation given by differ-
entiation, i.e. T(f)(x) = f'(x). Let B = {1,2,2% 2%} and v = {1,z,2?}. The matrix
representation of T' with respect to the ordered bases 8 and + is given by

[T

0100
2:0020
0 0 0 3

Let U: P2(R) — P3(R) be the linear transformation given by integration, i.e.

U(f)(x) = /O " fy)dy .

Its matrix representation with respect to v and g is given by

00 0
1 00
[U]ﬁz 1
v lo 30
00 3

14



Now consider the linear transformation TU : P»(R) — P»(R) obtained as the composition
of the two maps. By Theorem 2.1.2 its matrix representation with respect to v satisfies

[Tu)) = [T )]

0100?88 100

.,
=looz2ofl, 7 ol=(01 0)=[rnw]
0003 2 ] 00 1

00 1

where Ip,) is the identity transformation. Indeed, we can compute TU directly and
obtain

TU(ag:z:2 +ax+ag) =T (%CLQ{L'S + %alazz + aox) = agcc2 +a1x + ag .

Hence, TU is indeed the identity on the vector space P»(R). What about the other
composition, i.e. UT: P3(R) — P3(R)? Using Thm. 2.1.2 again we obtain

UT)5 = (U1 [T1
00 0 0000
0100
ot oflo 0z o) =l0 0
2
00%0003 0001

which is not the identity matrix! In fact, if we perform the operations of differentiation
and integration in this order, the constant polynomials will be in the null space of UT),
because T'(ag) = apT(1) = 0 for any ag € F.

This example also highlights the importance of Thm. 2.1.2 for applications: Suppose
we wanted to teach a computer how to differentiate and integrate polynomials of fixed
finite degree d € N. All we have to do is find the matrix of this linear transformation in
a suitable basis, like the monomials 2* for k € {0,...,d}. Performing multiple differen-
tiation and integration operations on a polynomial will then boil down to computing the
product of the corresponding matrices, which is something that is easily implemented in
any programming language.

Given a vector space V of dimension n = dim(V) < oo over a field F' with ordered
basis 3 we can associate to any x € V' its coordinate vector [x]ﬁ € F".

Definition 2.1.4. Let 8 = {uy,...,u,} be an ordered basis for a finite-dimensional
vector space V' over the field F. For x € V, let a; € F for i € {1,...,n} be the unique

scalars given by
n
T = E a;Us; .
i=1

We define the coordinate vector of x with respect to 3, denoted by [l‘]ﬁ, by

ai
wly=|: | eF.

Gn
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The following theorem shows how these coordinate vectors behave under linear trans-
formations.

Theorem 2.1.5. Let V and W be finite-dimensional vector spaces over the field F' with
ordered bases B and ~y, respectively, and let T: V' — W be a linear transformation. Then
for each uw € V we have

Proof. Fix u € V and define the linear transformation f: F — V by f(a) = au for all
a € F. Let g: F — W be the linear transformation given by g(a) = aT'(u) for all a € F.
Observe that Tf = g. Let a = {1} C F and consider « as an ordered basis for the
vector space F' over F. Let n = dim(V). We can think of the coordinate vector [u]g

as an n x l-matrix. With this identification we have [g(1)]., = [g]} and [f(1)]5 = [f]g
Using Thm. 2.1.2 we obtain
[T(w)], = [g(V), = 9% = [T = [T} [fla = (T LF(D)]5 = [T1} [uls - ]

Example 2.1.6. Let us illustrate Thm. 2.1.5 by looking at the linear transformation
T: P3(R) — P»(R) given by differentiation, i.e. Tf(z) = f'(z). Let 8 = {1,z,2% 23}
and v = {1, 2,22} be the standard ordered bases for P3(R) and P(R), respectively. Let
A = [T]}. We have that

0100
A=10 0 2 0
0 0 0 3
Let f(z) = 32% — 22 + 52 + 7. Then f € P3(R) and
7
5
Calculating T f directly we obtain T'f(z) = 922 — 2z + 5 with coordinate vector

711,

According to Thm. 2.1.5 we should obtain the same result for A[f];. Indeed we have

01 00 g 5)
[T]Za [f][a:A[f]g— 0020 1~ -2 | = [Tf]’y
00 0 3 3 9

The two Theorems 2.1.2 and 2.1.5 are crucial in Linear Algebra. They tell us that any
calculation with linear maps can be reduced to a calculation that only involves matrices
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and coordinate vectors after choosing appropriate bases for the vector spaces involved.
In particular, any Linear Algebra problem that only involves finite-dimensional vector
spaces can in principle be solved by a computer program.

As we have seen we can associate a matrix to any linear transformation between
finite-dimensional vector spaces after choosing ordered bases. We will end this chapter
by discussing in which way any matrix gives rise to a linear transformation itself.

Definition 2.1.7. Let A be an m X n-matrix with entries from a field F'. We denote by
L 4 the linear transformation given by

Ly: F* — F™ , T +— Az .
We call L4 the left-multiplication transformation.

Exercise 2.1.8. Check that L 4 is indeed a linear transformation.

1 2 3
a=(1 0 1)

Then A € May3(R). Therefore the left-multiplication transformation corresponding to
Aisamap La: R? — R2. If

Example 2.1.9. Let

then
1 2 3 D
Ly(z) = Ax = <1 0 1) —21 = <3) .

3 Invertibility of Linear Transformations

If two sets X and Y have the same number of elements, then there are maps f: X — Y
and ¢g: Y — X with the property that fog = Iy and go f = Ix. In this case we say that
f is a bijection between the two sets (so is ¢g). If we do not want to mention the maps,
we might also say that the sets are in bijection. The maps f and ¢ allow us to compare
different sets and it turns out that the number of elements, the cardinality, distinguishes
between sets that are not in bijection.

In this section we will study the analogous question not for sets, but for vector spaces.
Of course each vector space V over any field F' is in particular also a set and we could
simply look for bijections of these underlying sets. But this neglects all of the additional
structure (like the addition and the scalar multiplication) and is therefore not a good
way to compare vector spaces.

On the other hand we have already met a natural notion of map between vector
spaces, namely that of linear transformations. By definition these transformations are
well-behaved with respect to addition and scalar multiplication. Therefore we make the
following definition:

17



Definition 3.0.1. Let V and W be vector spaces (over a field F') and let T: V' — W be
a linear transformation. A map U: W — V is said to be an inverse of T if TU = Iy
and UT = Iy. If T has an inverse, then T is said to be invertible. In this case T is
also called an isomorphism. Two vector spaces V, W are called isomorphic if there
exists an isomorphism 7: V — W.

Note that the definition only requires 1" to be a linear map, whereas it seems that
the inverse U can be any map. As we will see in the next theorem, the inverse U will
automatically be a linear transformation as well. In particular, any bijective linear map
T:V — W is an isomorphism.

Theorem 3.0.2. Let V and W be vector spaces over the field F' and let T: V — W be a
linear transformation. Suppose that U: W — V is an inverse of T. Then U is a linear
transformation.

Proof. Let y1,yo € W and let ¢ € F. Let 1 = U(y1) and x2 = U(yz). Since U is an
inverse of T' we have T'(x1) = T(U(y1)) = y1 and likewise T'(xz2) = y2. We have

Uleyr +y2) = U(cT(z1) + T(x2)) = U(T(cx1 + 22)) = cx1 + 29 = cU(y1) + U(y2) ,

where we used that T is a linear transformation. This proves that U is a linear map (see
Lem. 1.0.10). O

The inverse of a linear transformation is unique. From now on we will use the nota-
tion T~! for the inverse of T. We have seen that there is a close connection between
linear transformations and matrices. Therefore it makes sense to define invertibility for
matrices as well.

Definition 3.0.3. Let F' be a field and let n € N. An n x n-matrix A € M, «,(F) is
called invertible if there exists an n x n-matrix B € M, x,(F') with the property that

AB=1 and BA=1T.
Example 3.0.4. Consider the linear transformation 7" defined as follows
T:R3 — P,(R) , (ag,a1,a2) — asx® + a1z + ao .

Note that a polynomial is uniquely fixed by the coefficients ag, a1, as € R. Therefore T
is invertible and the inverse U: Py(R) — R3 is given by

U: P,(R) — R® |, sz’ + a1z + ag — (ap,ar,az) .
Note that

T(U(agz?® + arz + ag)) = T(ag, a1, az) = agx* + a1z + ag ,

U(T(CLQ, aj, (12)) = U(CLQI‘Q + alx + ao) = (ao,al, CLQ) .

Therefore T is invertible with 7-! = U and P,(R) is isomorphic to R3.
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Example 3.0.5. Consider the two matrices A, B € Msy2(R) given by

12 1 -1
=6y el )

They satisfy AB = I, and BA = I5. In particular, A is invertible with inverse B.
Example 3.0.6. Let F be a field. As we will see later a matrix A € Mayo(F) given by

A=)

is invertible if and only if ad — be # 0. In this case the inverse of A is given by

d —b
A_l _ 1 d —b _ ad—bc  ad—bc
ad —bc \—c a —c a
ad—bc  ad—bc

It is a good exercise to check that this matrix indeed satisfies the defining condition

A At =L =4"1.4.

Lemma 3.0.7. Let V and W be vector spaces over the field ' and let T:V — W
be an isomorphism between them. Then V is finite-dimensional if and only if W is
finite-dimensional. In this case, dim(V') = dim(W).

Proof. Suppose V is finite-dimensional, let n = dim(V') and 8 = {z1,...,2,} be a basis
for V. By Thm. 1.0.12 we have span(7'(5)) = Im(7"). In particular, we have found a
finite spanning set for Im(7"). Since any basis for Im(7") has at most as many elements as
any of its spanning sets, Im(7") is finite-dimensional. But since 7" is an isomorphism, it
is bijective. Hence, we have Im(7T") = W. Therefore W is finite-dimensional. Conversely,
if W is finite-dimensional then so is V by a similar argument using 7.

Now suppose that V and W are finite-dimensional. Since T is bijective, we have
ker(T') = {0} and Im(7") = W. By the rank-nullity theorem we have

dim(V) = dim(Im(7")) + dim(ker(7)) = dim(W) 4+ 0 = dim(W) . O

Remark 3.0.8. From the above theorem we see that if V' and W are isomorphic finite-
dimensional vector spaces, then we must have dim(V) = dim(W). What about the
converse statement? Is having dim(V) = dim(W') enough to deduce that V and W
are isomorphic? Remember that to prove such a statement we need to construct an
isomorphism T: V — W. If you paid close attention in the chapter about bases you
might already have a clue how to construct such a linear transformation, but we will
revisit this later.

Example 3.0.9. Let V = P,(R) and let W = R2. From the isomorphism we constructed
in Example 3.0.4 we know that dim(V') = 3. Moreover, dim(WW') = 2. Hence, both spaces
are finite-dimensional. If they were isomorphic, we would have dim(V') = dim(W) ac-
cording to Lemma 3.0.7, which is not the case. Therefore V and W are not isomorphic.
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Choosing bases for finite-dimensional vector spaces V and W we can associate a matrix
to each linear map T: V. — W. Invertibility of T should be closely related to the
invertibility of the corresponding matrix. The following theorem makes this precise.

Theorem 3.0.10. Let V and W be finite-dimensional vector spaces over the field F.
Let B be an ordered basis for V' and let v be an ordered basis for W. Let T:V — W be
a linear transformation. Then T is an isomorphism if and only if [T}g 1s tnvertible. In
this case,

Proof. First suppose that T is invertible. By Lemma 3.0.7 we have dim(V') = dim(W).
Let n = dim(V). So [T} is an nxn-matrix. Note that T~': W — V satisfies TT ' = Iy
and T-'T = Iyy. Thus

B
[T]

L= Il = [17'7) = (1]} 111} -

Likewise, [T1} [T‘l]f = I,. Hence [T} is invertible and

Now suppose that the matrix A = [T]g is invertible. By Definition 3.0.3 this means that
there exists an n x n-matrix B such that AB = I,, and BA = I,,. In particular, A has
to be an n X n-matrix itself. Therefore dim(V) = dim(W) = n, since the number of
columns of A is the dimension of V' and the number of rows is the dimension of W. Let
w; € Wfor i € {1,...,n} be the vectors in the basis v, i.e. v = {wq,wa, ..., w,} and let
v; € Vfori € {1,...,n} be such that 5 = {vy,ve,...,v,}. Using B and the elements of
~ and 8 we can now construct a linear transformation U: W — V', which satisfies

n
U(wy) = Bijvi
i=1
for all j € {1,...,n}. By construction [U]fj = B. We have to check that U is the inverse
of T, i.e. that UT = Iyy and TU = Iy. Observe that
UT); = U2 [T]} = BA=1, .

This means that UT: V — V is a linear transformation, which is the identity on the
basis elements v; for all i € {1,...,n}. Using the linearity of UT we see that it has to
be the identity on all vectors in V. A similar argument shows that TU = Iyy. Therefore
T is an isomorphism with inverse 771! = U. O

Exercise 3.0.11. Let T: V — W and U: W — V be the linear transformations from
the proof of Theorem 3.0.10. Fill in the details of the proof that TU = Iy .
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Exercise 3.0.12. Let A be an nxn-matrix with entries in the field F'. Let L4 : F™ — F™
be the linear transformation given by L4(v) = Av. Show that L4 is invertible if and
only if A is invertible and that in this case (La)~! = L41.

Example 3.0.13. Consider the linear transformation T: Py(R) — R? given by
T: PR) =R fe (f(0),f(1), £(2)) -

The ordered set 3 = {1,z,22} is an ordered basis for P;(R). Likewise, the ordered set
v = {e1,e2,e3} is an ordered basis for R3. Evaluating 7' on the basis vectors in 3 gives
the following results

=e1+exte3,

= e9 + 4des .

1
1
1
0
T(l’) =[|1]| =es+ 2e3 R
2
0
1
4

Therefore the matrix representation of 7" in the ordered bases 8 and ~ is

10
T =(1 1
12

= = O

is an inverse of [T]g We obtain from Theorem 3.0.10 that T is invertible and that B

is the matrix representation of 77! in the ordered bases v and 3. In particular, we see
that P(R) is isomorphic to R3.

We are now in the position to answer the questions posed in Remark 3.0.8.

Theorem 3.0.14. Let V and W be finite-dimensional vector spaces over the field F.
Then V is isomorphic to W if and only if dim(V') = dim(W).

Proof. First suppose that V' and W are isomorphic. This means that there exists an
isomorphism T': V' — W. By Lemma 3.0.7 we have that dim(V') = dim(W).
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Now suppose that dim(V') = dim(W) and let n = dim(V'). Let 8 = {v1,...,v,} be an
ordered basis for V" and let v = {wy, ..., w,} be an ordered basis for W. By Thm. 1.0.13
there exists a linear transformation 7': V' — W with the property that

T(’UZ‘) = wW;
for all i € {1,...,n}. Using Thm. 1.0.12, we have
Im(T') = span(T(B)) = span(y) =W,

which implies that 7 is surjective. Using the rank-nullity theorem, dim(Im(7")) =
dim(W) and dim(V') = dim(W') we obtain

dim(V) = dim(Im(7")) + dim(ker(7)) = dim(W) + dim(ker(7")) = dim(V') + dim(ker(7"))
= dim(ker(7)) =0 .

Therefore ker(7") = {0} and T is injective as well. Thus, T is a bijective linear transfor-
mation and therefore an isomorphism. O

Remark 3.0.15. A word of caution is in order here: If V and W are isomorphic vector
spaces, then this means that there exists a bijective linear transformation 7: V — W.
It is not true, that all linear transformations V' — W are bijective. For example, the
zero map Z:V — W with Z(v) = 0 is a linear transformation. However, Z is only
an isomorphism if V' and W are both the zero vector space, i.e. if we have dim(V) =
dim(W) = 0. Otherwise Z is never bijective.

Corollary 3.0.16. Let V' be a vector space over a field F'. Then V is isomorphic to F™
if and only if dim(V') = n.

As we know from Theorem 2.0.6 the linear transformations between two vector spaces
over I’ form a new vector space over F. Furthermore, we can associate a matrix to each
such linear transformation after choosing ordered bases for the vector spaces involved. In
the next theorem we extend this observation to the statement that this association yields
an isomorphism between the vector space of linear transformations and the corresponding
vector space of matrices.

Theorem 3.0.17. Let V and W be finite-dimensional vector spaces over a field F, let
n =dim(V), m = dim(W) and let B and v be ordered bases for V and W, respectively.
Then the map ®: LIV,W) = My, xn(F), defined by ®(T) = [T]g for T € L(V,W) is an
isomorphism.

Proof. By Thm. 2.0.13 the map ® is a linear transformation. Therefore it suffices to show
that ® bijective. This is accomplished if we show that for every m x n-matrix A there
is a unique linear transformation 7: V' — W such that ®(T') = A. Let 5 = {v1,...,v,},
v = {wi,...,wy,} and let A be a given m X n-matrix. By Thm. 1.0.13 there exists a
unique linear transformation 7: V' — W with the property that

T(v;) =) Aijw;
i=1
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for 1 < j < n. But then we have [T]Zg = A by construction and therefore ®(7") = A.
Thus @ is an isomorphism. O

Corollary 3.0.18. Let V and W be finite-dimensional vector spaces over F' of dimension
n and m, respectively. Then L(V,W) is finite-dimensional and

dim(L(V,W)) =mn .

Proof. Note that dim(M,,xn(F)) = mn. By Theorem 3.0.17 the vector space L(V, W)
is isomorphic to M, xn(F') and by Theorem 3.0.14

dim(L(V,W)) = dim(Mpxn(F)) = mn . O

As we have seen in Corollary 3.0.16 any n-dimensional vector space V is isomorphic
to F™. However, this corollary does not give an explicit isomorphism, but just states
the existence of one. In the next theorem we will construct an explicit isomorphism
pg: V. — F" that depends on the choice of a basis 8 of V. It is given by mapping a
vector z € V' to the coordinate vector [z]5 of x relative to 3 (see Def. 2.1.4).

Theorem 3.0.19. For any finite-dimensional vector space V' over the field F' with or-
dered basis B and n = dim(V), the map pg: V. — F" given by pg(z) = [z]5 is an
isomorphism.

Proof. Let = {v1,...,v,}. We have to prove that g is a bijective linear transforma-
tion. We will first show that it is linear: Let z,y € V and c € F. Let [z]5 = (a1,...,an) €
F™ and [y]g = (b1,...,bn) € F™. By definition z =377, ajvj, y = > bjv; and

n

n n
Z(caj +bj)vj; =c Z(Zj’l)j + Z bjvj =cx+y .
j=1

j=1 j=1
Therefore we have

pplcx +y) = [cx +ylz = (car + b, .., can + by)
=c(at,...,an) + (b1,...,bn)
= clz]g + [yYlg = cop(x) + s(y)
and g is indeed a linear transformation. Suppose that z € V is such that (a1,...,a,) =
pp(r) = [z]5 = (0,...,0). Thismeans x =37 aju; = 37 0v; = 0. Thus, ker(pg) =
{0}. Therefore g is injective. Now let (c1,...,¢,) € F™ be an arbitrary vector and let

x =>"_;cjuj € V. By construction pg(z) = [z]5 = (c1,. .., cn). Hence, pg is surjective

as well. O

We will use isomorphisms induced by ordered bases to prove a structural result about
linear transformations in the next theorem.
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Theorem 3.0.20. Let V and W be finite-dimensional vector spaces over the field F of
dimension n and m, respectively. Let 5 and v be ordered bases for V', respectively W.
LetT:V — W be a linear transformation and let A = [T]g be the matriz representation
of T with respect to the ordered bases 5 and . Then

pyoT =Lyopg (6)

Proof. Let x € V. If the left hand side of (6) is applied to x we obtain

(py 0 T)(x) = oy (T(2)) = [T(2)], -

If the right hand side of (6) is evaluated on z we get
(Laopp)(x) = La(pp(x)) = Alz]z = [T]3 2] -

However, [T'(z)], = [T]g [z]5 by Thm. 2.1.5. Therefore (¢ o T)(z) = (La o ¢g)(z) for
all x € V. This proves the statement. ]

Remark 3.0.21. The linear transformations from Thm. 3.0.20 appear as arrows in the

diagram shown below.

v L . w

a |

m— ™
La
There are two ways of composing the arrows in this diagram from V to F"™: The first
option first runs through 7" and then through ¢, giving the composition ¢, o T' (Mind
the order of composition here!), whereas the second option runs through g and then
through L4 giving L 4 0pg. The statement ¢, 0T = L4 o pg of Thm. 3.0.20 tells us that
both compositions agree and in terms of the diagram we could phrase this by saying that
it does not matter which option of following the arrows we pick, we always end up with
the same map. Diagrams with this property appear quite often in mathematics. Since
the condition ¢, 0T = Lo g is a bit similar to commutativity, in the sense that it does
not matter in which way we compose, such diagrams are called commutative diagrams.

Remark 3.0.22. Since ¢,: W — F™ in Theorem 3.0.20 is an isomorphism, we can
rewrite (6) as
T:cpjfloLAogpg. (7)

Or in words: Any linear transformation T: V — W between finite-dimensional vector
spaces can be obtained as the composition of the inverse of a coordinate isomorphism
with a left multiplication transformation and another coordinate isomorphism. So, up to
choosing a basis any linear transformation can be described by left multiplication with
a matrix.

Exercise 3.0.23. Reprove the statement of Theorem 2.1.2 using (7) and the following
fact about left multiplication transformations: L4 o L = L ap.
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Remark 3.0.24. Consider the isomorphisms T: V — V, i.e. from the vector space V
to itself. These elements form a subset of £(V). We have already seen in Remark 2.0.12
that the vector space L£(V') is quite special in the sense that we can compose any two
elements 7,5 € L£(V). This composition is associative. Let GL(V) C L(V) be the
subset of all isomorphisms. Since the composition of two isomorphisms is again an
isomorphism, GL(V') is closed under composition. Moreover, Iy is a neutral element for
this composition and by definition any 7' € GL(V) has an inverse T~! € GL(V), which
satisfies TT—! = T—'T = I ;. Altogether we see that GL(V) is a group! This group is
called the general linear group of the vector space V.

Example 3.0.25. Let 7: R?> — R? be the linear transformation given by T'(z,y) =
(2x — y,2y — ). With respect to the standard basis a = {e1,e2} given by e; = (1,0)

and ex = (0,1) it has
o (2 -1
[T]a - <_1 2 )

as its matrix representation. We would like to compute 72°'7 by hand. This seems
impossible at first, since it requires us to perform over 2000 matrix multiplications.
However, we can make our life a lot easier by a clever choice of basis. Let 8 = {f1, fa}
be the ordered basis with f; = (1,1) and f» = (1, —1). Observe that

T(lv 1) = (17 1) = h
T(17 _1) = (37 _3) =3f2

Thus, if we compute the matrix representation of 17" with respect to the ordered basis £

we obtain
1 0
A=[T)5= <O 3> .

By Thm. 3.0.20, Remark 3.0.22 and the fact that (L4)" = La» we can now compute
powers of T":

T:SOIEIOLAOSO/B
T? = ¢z' o (La)? opp =5 oLy og

T”:@EloLAn °pg

However, since A is a diagonal matrix, it is easy to compute its nth power:

W (10
A_<0 3n).
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Therefore we just need to compute the isomorphism ¢g: R? — R?. Withe; = %(f 1+ f2)
and es = 3(f1 — f2) we obtain for (z,y) € R?

(2,y) = ze1 +yex = %x(fl + fa) + %y(fl — f2)

= S fit -9

and hence ps((z,y)) = (3(z+y),5(x—y)). Likewise, we compute cpgl((ac,y)) =
(z+y,z —y). (It is a coincidence that this turned out to be a similar formula in both
cases!) Now we just need to compose and obtain

T ((2,)) = 5" (Lazorr (p5((,9))) = 5" <LA2°” <<;(‘C +9)(o y))»

= 5" <<;(w +9), 32;)17(95 - y)))

2017 2017
- (3e+0+ 5w dern- S e )

2 2 2 2

This is a complete description of the linear transformation 72°'7 in terms of coordinates

with respect to the standard basis. We see that the basis 5 = {fi, fa} is very helpful
in this computation, since the matrix representation of 1" with respect to § is diagonal
and we can easily compute powers of diagonal matrices. This motivates the question:
For which matrices can we find a basis with the property that its matrix representation
with respect to that basis becomes diagonal?

4 Systems of Linear Equations

In this section we are going to revisit the procedure for solving systems of linear equa-
tions. This is a problem that is ubiquitous in mathematics as well as in physics. As we
will see in the two examples below, many problems can be rephrased in terms of linear
equations. We will then establish the connection between systems of linear equations
and the theory we have learned so far.

Example 4.0.1. This example highlights a common problem in engineering. Consider
the circuit shown in Figure 2. It consists of a battery as a power source and three parallel
resistors. We would like to compute the currents I, Is and I3 flowing through each of
the three branches. To achieve this, we have guessed a direction of the current, which
can be arbitrary and is indicated by the arrow over I;. The system of currents obeys
Kirchhoff’s laws

i) At each junction in the circuit the sum over the ingoing currents equals the sum of
outgoing currents.

ii) In each closed loop in the circuit, the sum over the electrical potential differences
adds up to zero. The potential difference at a resistor R; with current I; flowing
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through is given by £+ Ry I;, where the sign depends on whether the loop runs along
the arrow or against it. Likewise, the potential difference at a battery is plus or
minus its voltage value.

2Q

A |

1

_——_i 24V

I

30 2

I

69 3
Figure 2: A circuit with a battery and resistors.

In the circuit we have two junctions at which three wires meet. Since all currents flow
into the junction on the left and out of the junction on the right, the first of the two
laws stated above leads to the following two linear equations

L+L+13=0,
-1 —I,—1I3=0.

Observe that these two equations are actually equivalent in the sense that a triple
(I1, I, I3) is a solution of the first if and only if it is a solution of the second. The
loop around the upper half of the circuit yields the equation

24421 -3 =0 & -2 +3,=24
and the loop in the lower half gives
3, —6I3=0.
Altogether we arrive at the following system of linear equations

L+1I+13=0
-2+ 31, =24
3l —6I3=0

Note that we can rewrite the above system of linear equations in terms of a matrix
multiplication as follows

1 1 1 I 0
-2 3 0 I | =124
0 3 -6 I3 0
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Exercise 4.0.2. Solve the above system of linear equations by reducing the matrix to its
echelon form. How many solutions does it have? The intermediate steps of one possible
solution are shown below.

1 1 1|0 11 1710 1 0 0]—6
-2 3 0 |24 ~ 0 5 2|24 ~ 01 0| 4
0 3 -6]0 0 0 36|72 00 1] 2

As can be seen from Exercise 4.0.2, the value obtained for I; is negative. This means
that the direction we guessed for the current I in the beginning was actually wrong and
it flows in the direction opposite to the arrow shown in Figure 2.

Exercise 4.0.3. Find the system of linear equations for the circuit, in which the direc-
tion of I; is reversed and solve it. If you have done this correctly, the absolute values
of Iy, I, I3 should be the same as in Exercise 4.0.2, but the solution for I; should be
positive.

Example 4.0.4. Another example is based on approximation problems: Suppose we
want to find a polynomial p of degree d such that the value of p at the k points
r1,...,¢r € R agrees with k given values yi1,...,yx € R. A general polynomial of
degree d is of the form

d
p(t) = ajt! =agt’+ag_1t* + - +art+ap .
=0

To find a polynomial that satisfies p(x;) = y;, we have to find the right values of the
(d + 1) coefficients ao, . ..aq € R. The condition p(x;) = y; leads to the equations
adxcll—l-ad_lmcll_l +---+arx1 +ap=1m

-1
adaﬁg—i-ad,lmg + -t a1 x2+ag = Y2

d—1

agaf + agy 2y '+ -+ a1 2k + ag = Yk

Note that we fixed the values of z; € R and y; € R beforehand and we have to look at

the above system of equations as equations in the coefficients ao,...,aq. As such, we
can rewrite it as an equation for the vector (ag,...,aq) € R+,
2 d—1 d ap
1 = 7 ... a:(li i xé a Y1
2 —
I Ty ... Tg x5 s Y2
: S S| = (8)
2 A :
1 zp_q xkgl xlff% xkgl g1 Yk—1
1z x, x, xy ay Yk
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Exercise 4.0.5. Check that the vector equation (8) indeed reproduces the system of
linear equations from above.

To answer the question if and how many polynomials p with p(z;) = y; exist for given
values z; € R and y; € R we now have to solve the above system of linear equations.
Let us make this a little more precise and find all the polynomials p of degree 2 that
satisfy p(0) = 0 and p(1) = 2. In this case we have d = 2, k = 2, 1 = 0,29 = 1 and
y1 = 0,92 = 2. The system of linear equations is then given by

Gy O()-0) o

2

We obtain ag = 0 and a1 + a2 = 2. Hence, there are infinitely many solutions that can
be described as follows: Let a = a;. By the above we have as = 2 — a. Then for each
a € R the polynomial p(t) = at+(2—a)t? is a solution. It is easy to check that p(0) = 0
and p(1) = 2. The above computation shows us that these are all possible solutions.

To talk about systems of linear equations like the ones in the two examples above, we
first need some vocabulary: In general a system of equations of the form

aj Ty + -+ a1, = by (10)

2121 + - - - + a2pTy = bo

Am1T1 + -+ ATy = by,

where a;; € F (for 1 <i <mand 1< j < n), b, € F (for 1 <k < m) are scalars
in a field F' and x1,...,x, are n variables taking values in F, is called a system of m
linear equations in n unknowns over the field F'.

The m x n-matrix A given by

ail ai2 ... Qln

asy ano e aon
A=

Aml1 Qm2 ... Amn

is called the coefficient matrix of the system. Let

T1 bl
=1 | €F" and b=| : | €eF™.

Tn bm
Then we can rewrite the system of linear equations as a single matrix equation as follows:

Az =10 .
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An n-tuple (s1,...,8,) € F™ is called a solution to the system if As = b. The set
S={seF"| As=0b}

is called the solution set of the system. The system of linear equations is called
consistent if the solution set is non-empty, otherwise it is called inconsistent.

A system of m linear equations in N unknowns Az = b is said to be homogeneous
if b = 0. Otherwise it is said to be nonhomogeneous.

4.1 Solving Systems of Linear Equations

In this section we will briefly recapitulate how to solve systems of linear equations like
the one in (10). The following three operations will be crucial for us:

Definition 4.1.1. Let A be an m x n matrix. The following three operations are called
elementary row operations:

(1) interchanging any two rows of A;
(2) multiplying any row of A by a nonzero scalar;
(3) adding any scalar multiple of a row of A to another row.

Depending on whether the operations is obtained from (1), (2) or (3) we will say that
we performed an operation of type 1, type 2 or type 3.

Given a system of linear equations Az = b it will come in handy to use the following
compact notation to combine A and b into one matrix.

Definition 4.1.2. Let A be an m X n matrix and let B be an m X p matrix. The
augmented matrix (A|B) is defined to be the m x (n + p) matrix whose first n
columns are the columns of A and whose last p columns are the ones of B.

We will illustrate the recipe for solving linear equations of the form Ax = b using the
following example (we will look for solutions (z1, 2, x3,24) € R?):

3x1 + 320 + 223 — 224 =1 (11)
1+ x4+ w3 =3
T1+ xo+2x3— 14 =2

(Step 1) Identify the coefficient matrix A of the system and write down the augmented
matrix (A|b). For the system in (11) this looks like this:

33 2 =21
111 0|3
11 2 —-1]2
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(Step 2)

(Step 3)

(Step 4)

(Step 5)

(Step 6)

(Step 7)

Create a 1 in the leftmost nonzero column using row operations. This can be
accomplished in (11) by interchanging the first and third rows, which yields:

11 2 -1]2
1 11 3
33 2 =21

By means of type 3 row operations, use the first row to obtain zeros in the
remaining positions of the leftmost nonzero column. In the example, we add
(—1) times the first row to the second row and add (—3) times the first row to
the third row to obtain

11 2 —-1| 2
00 -1 1 1
00 —4 1|5

Asin (Step 2) create a 1 in the next row in the leftmost possible column without
using the previous rows. In the example the leftmost possible position is the
third column and we can create a 1 there by multiplying the second row by —1.
This produces the following matrix:

11 2 -1| 2
00 1 —-1|-1
00 -4 1|-5

Use type 3 row operations to obtain zeroes below the 1 created in the preceding
step. In the example we have to add 4 times the the second row to the third
to obtain

11 2 -1 2
001 —-1|-1
000 -39

Repeat the previous two steps on each succeeding row until no nonzero rows
remain. In the example this is achieved by dividing the last row by (—3)
(in other words multiplying by —%) The result of this step is an upper
triangular matrix, i.e. all of its nonzero entries are on or above the diagonal.
In the example this looks as follows:

112 —-1] 2
001 —-1|-1
000 1 3

Beginning with the last row add multiples of each row to the rows above it to
create zeroes above the leading 1 in each row. In the example above this can
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be done in two steps: Add the third row to the second and to the first. Then
add the (-2) times the second row to the first. The result is

110 01
00102
00013

This reduction of the augmented matrix corresponds to a system of linear equations that
is much easier to solve. Is is given by

1 +x0=1
1133:2
Ty =3

If we set t = x1, then z9 = 1 — 1 = 1 — t. Therefore the solution set 5 is

t 0 1
1-t¢ 1 -1

S = 5 |teR = o[ Tt o |teR
3 3 0

Note that the vector (1,—1,0,0) € R* is a solution of the corresponding homogeneous
system of linear equations, which we obtain by setting the right hand side equal to the
zero vector. The augmented matrix of the homogeneous system is given by:

110 0]0
00 10f0
000 1/0
and the solution set Sy of this system is
1
1 A
Sp=1t 0 |teRy CR
0

Exercise 4.1.3. Show that S}, is a linear subspace of R*. What is the dimension of S},?
What about the solution set S C R?* of the nonhomogeneous system? Is it also a linear
subspace? Why not?

In fact, we will see later that the solution set of a homogeneous system of linear
equations is always a linear subspace.

The augmented matrix we obtained for the example above in (Step 7) allows us to
directly read off the solution set. It seems sensible to give this convenient form of the
augmented matrix a name.
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Definition 4.1.4. A matrix is said to be in reduced row echelon form if the following
three conditions are satisfied.

(a) Any row containing a nonzero entry precedes any row in which all the entries are
zero (if any).

(b) The first nonzero entry in each row is the only nonzero entry in its column.

(¢) The first nonzero entry in each row is 1 and it occurs in a column to the right of the
first nonzero entry in the preceding row.

4.2 Elementary Matrices

In this section we will discuss why the three elementary row operations listed in Def. 4.1.1
do not change the solution set of a system of linear equations. We will see that the row
operations can be obtained by multiplying the augmented matrix with certain invertible
matrices.

Definition 4.2.1. An n X n-matrix F is called elementary if it can be obtained by
performing a single elementary row operation on the identity matrix I,,. An elementary
matrix F is said to be of type 1,2 or 3 according to whether the elementary operation
performed on I, is of type 1, 2 or 3, respectively.

Example 4.2.2. The following 4 x 4-matrices F1 and FEs are examples of elementary
matrices of type 1. The matrix E; is obtained from I, by interchanging the first two
rows and FEjs is obtained from I, by interchanging the first row with the the fourth one.

E = , FBo=

O O = O
O O O
O = O O
_ o O O
_ o o O
O O = O
o = O O
o O O

The 3 x 3-matrix F3 shown below is obtained from I3 by multiplying the second row by
(—4), hence it is an elementary matrix of type 2.

1 0 0
Es=10 —4 0
0 0 1

The following 5 x 5-matrix F4 is obtained from I5 by adding (—2) times the last row to
the first. Therefore it is an elementary matrix of type 3.

-2

Ey

I
coocor
coorROo
cor~ oo
o oo o
o oo
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We will now show that performing an elementary row operation really is the same as
multiplying the matrix by an elementary matrix.

Theorem 4.2.3. Let F be a field and let A € My, xn(F). Suppose that B € My, xn(F) is
obtained from A by performing an elementary row operation. Let E € My,wm(F') be the
elementary matriz obtained from I, by performing the same elementary row operation.
Then we have

EFA=B.

Proof. We will compare the matrices EA and B column by column. For this we need
the following observation: Let e; € F™ for i € {1,...,n} be the vector that has a 1 in the
ith entry and 0 in every other entry. The vectors ey, ..., e, form a basis for F™. Observe
that for k € {1,...,n} the vector Aey coincides with the kth column of the matrix A.

Suppose that F (respectively B) is obtained by interchanging the ith and jth row of I,,
(respectively A). Without loss of generality we will assume i < j. Let v = (v1,...,vp) €
F™ let k € {1,...,m} and note that

U1
0 ... 0 NUDRIUNS 0) [ : | =w (12)
k Um,

In particular, Ev is the vector with the ith and jth entry interchanged, i.e.

U1

Uj

Vi

Um

Therefore the vector EAe;, = E(Ae) € F™ is obtained from the kth column vector of
A by interchanging the ¢th and jth entry, but this is also the kth column vector of B.
This shows the statement for elementary row operations of type 1.

Next suppose that E (respectively B) is obtained by multiplying the ith row of I,
(respectively A) by a scalar A € F' with A # 0. If we multiply the ith row of E with a
vector v = (v1,...,0y), we get

U1

0O ... 0 A 0 ...0/[:]|=\u
- '

i Vi

Using the above observation together with (12), we see that FAe, = E(Aey) is obtained
from the kth column vector of A by multiplying the ith entry by A. But this agrees with

the kth column vector of B. This proves the statement for row operations of type 2.
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Now suppose that E (respectively B) is obtained by adding A times the jth row of I,
(respectively A) to the ith row of I, (respectively A). We will assume that i < j. The
proof for the case j < i is very similar. The ith row of E looks like this

O ...0 1,0 ...0 A 0.
~~ <~
If we multiply this row with a vector v = (v1,...,vy,) € F™ we get
U1
0O ... 0 1,0 ... 0 A 0)f:]|=vit+Av.
i J U

In particular, EAey = FE(Aeg) is obtained from the kth column vector of A by adding
A times the jth entry to the ith one. This agrees with the kth column vector of B. In
all cases we therefore have FA = B. O

Theorem 4.2.4. Elementary matrices are invertible, and the inverse of an elementary
matriz of type k is again an elementary matriz of type k.

Proof. Each of the three types of elementary row operations can be reversed by an
elementary row operation of the same type: Performing a type 1 operation on a matrix A
twice will return A to its original state. The inverse of multiplying a row by A € F' with
A # 0, i.e. a type 2 operation, is given by multiplying the row by %, which is again a
type 2 operation. Lastly, adding A times the 7th row to the jth one is reversed by adding
—A times the ith row to the jth and both of these operations are of type 3.

Now let E € M,,x,(F) be an elementary n x n-matrix. Let E' € M,,»,(F) be obtained
by performing the elementary row operation on I, that is inverse to the one used to
obtain E. In particular, E’ is an elementary matrix of the same type as E. Now it
follows from Theorem 4.2.3 that

EE'=FE=1,. g

We used elementary row operations to change a system of linear equations to one
which has a particularly simple form.

Definition 4.2.5. Two systems of linear equations are called equivalent if they have
the same solution set.

Theorem 4.2.6. Let F be a field, let A € My,xn(F) and let b € F™. Consider the
system Ax = b of m linear equations in n unknowns with augmented matriz (A|b). Let

C € Mpyxm(F) be an invertible matriz. Then the systems corresponding to (Alb) and
(CA|CD) are equivalent.

Proof. Let K be the solution set for Az = b. Let K’ be the one of CAx = Cb. If w € K,
then Aw = b. Therefore, (CA)w = Cb and hence w € K’'. Thus, K C K’. Conversely,
if w € K', then C Aw = Cb. Hence,

Aw = C Y (CAw) = C7H(Cb) =b ..
So w € K. Therefore K/ C K and K' = K. O
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Corollary 4.2.7. Let Ax = b be a system of m linear equations in n unknowns with
augmented matriz (A|b) as in Theorem 4.2.6 . If (A'|t)) is obtained from (A|b) by a
finite number of elementary row operations, then A'x =V is equivalent to Az = b.

Proof. If (A’|b) is obtained from (A|b) by a finite number of row operations, then by
Thm. 4.2.3 the matrix (A’|b') is obtained from (A|b) by multiplication by a matrix C
that is a product of elementary matrices Ey,...,E,, ie. C = E,E,_1---E1. Then we
have

(A']p) = C(Ab) = (CA|CD)

Since each FE; is invertible, so is C. Now, CA = A’ and Cb = V'. Thus, by Thm. 4.2.6
A’z =V and Az = b are equivalent. O

4.3 The Rank of a Matrix

Given a linear transformation T: V' — W between two vector spaces over a field F,
the rank of T is defined as the dimension of the range Im(7"). We can now use the left
multiplication transformation L4 associated to a matrix A € My, xn(F') to extend the
definition of rank to matrices.

Definition 4.3.1. Let m,n € N and let A € M, x,(F') be an m x n-matrix with entries
in the field F. We define the rank of A, denoted by rank(A), to be the rank of the left
multiplication transformation L 4: F™ — F™.

Now we have two options of associating a rank to a linear transformation 7: V — W.
We can use the usual definition rank(7") = dim(Im(7")) or we could form the matrix
A= [T]g of T with respect to ordered bases 3 and v and look at rank(A) = rank(L4).
Luckily, these two numbers turn out to be equal. But before we can prove this, we need
the following Lemma, which is interesting on its own and states that compositions with
isomorphisms do not change the rank.

Lemma 4.3.2. Let V,W, Z be vector spaces over the field F.

a) If T:'V — W is a linear transformation and S: W — Z an isomorphism, then

rank(ST) = rank(7T) .

b) If T: W — Z is a linear transformation and S: V — W is an isomorphism , then

rank(7'S) = rank(T) .

Proof. We will first prove a). Let n = rank(7T) and let 8 = {wy,...,w,} be a basis for
Im(7). We have to show that S(8) = {S(w1),...,S(w,)} is a basis of Im(ST'). Note
that 3 = S71(S(B)) is a linearly independent subset of S~1(Z) and S(w;) € S(B) has the
property that S™!(S(w;)) = w;. By Exercise 5 on Sheet 3, S(f) is linearly independent.
Now let z € Im(ST). By definition there is a vector v € V with ST(v) = z. Since
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T(v) € Im(T) and f is a basis for Im(T") we can find coefficients aq,...,a, € F with
= Z?:1 a;w;. But then

z=8T(v)=8(T(v) =S (Z aiwi> = aiS(w) .
=1 =1

Therefore Im(ST') = span(S(3)), the set S(f) is a basis for Im(ST") and rank(ST) =
n = rank(7T).

The proof of b) is much easier. Since S is an isomorphism, it is in particular surjective,
which implies

Im(TS)={TSw)eZ|veV}={Tw)eZ|weW}=Im(T) .
Thus, rank(7'S) = dim(Im(7'S)) = dim(Im(7")) = rank(7T). O
Now we are ready to prove the claim we made above:

Theorem 4.3.3. Let V and W be finite-dimensional vector spaces over the field F' with
ordered bases 8 and vy, respectively. Let T: V — W be a linear transformation. Then

rank(T") = rank <[T]g) .

Proof. Let A = [T]Z_j and let ¢g, ¢ be the coordinate isomorphisms with respect to 3
and ~, respectively (see Thm. 3.0.19). By Thm. 3.0.20 and Remark 3.0.22, the linear
transformation 7" satisfies T' = go;l o Ly o pg. Thus, Lemma 4.3.2 implies that

rank(7") = rank(go,;l o Ly opg) =rank(L o pg) = rank(L4) = rank(A) . O

The next corollary is just a reformulation of Lemma 4.3.2 in terms of matrices. Note
that if A is an invertible n x n-matrix with inverse B, then L4 is an isomorphism with
inverse Lpg.

Corollary 4.3.4. Let A be an m X n-matriz with entries in a field F'. Let P and QQ be
tnwvertible m X m and n X n-matrices with entries in F, respectively. Then

rank(PAQ) = rank(A)

Proof. Note that Lp and Lg are isomorphisms and that Lpag = LpLaLg. By
Lemma 4.3.2

rank(PAQ) = rank(Lpag) = rank(Lp Lg Lg) = rank(L4) = rank(A) . O

The next theorem provides a very helpful interpretation of the rank of a matrix in
terms of its column vectors. We will later use this description to see how we can easily
compute the rank of a given matrix.

37



Theorem 4.3.5. The rank of any matric A € My,xn(F) with entries in a field F' equals
the mazimum number of its linearly independent columns; that is, the rank of a matrix
is the dimension of the subspace of F generated by its columns.

Proof. By definition we have rank(A) = rank(L4) = dim(Im(L4)). Let 8 = {e1,...,en}
be the standard basis for F". By Thm. 1.0.12 the rank of Im(L4) can be expressed as
follows

Im(Ly) = span(La(B)) =span({La(e1),...,La(en)}) .

Now note that La(ej) = Ae; =: ¢; is the jth column ¢; of the matrix A for all j €
{1,...,n}. Therefore

Im(L4) = span({ci,...,cn})
and rank(A4) = dim(Im(L,4)) = dim(span({c1,...,cn})). O

Example 4.3.6. Let us try to find the rank of the following 3 x 3-matrix A with entries
in the field R:

1 0 1
A=10 1 1
1 0 1
Let c1, ¢, c3 € R3 be the column vectors, i.e.
1 0 1
Cc1 = 0 5 Cy = 1 5 C3 = 1
1 0 1

We immediately see that ¢; + c2 = c¢3 and that ¢; and co are linearly independent, since
they are not scalar multiples of one another. Therefore the maximum number of linearly
independent columns of A is 2 and Theorem 4.3.5 implies rank(A) = 2.

Combining Theorem 4.2.3, Theorem 4.2.4 and Corollary 4.3.4 we see that the rank of
a matrix does not change under elementary row operations. In fact, it is also true that
the rank does not change under elementary column operations. Before we prove this
statement we first need to discuss the definition of these operations. It is very similar
to Def. 4.1.1:

Definition 4.3.7. Let A be an m x n matrix. The following three operations are called
elementary column operations:

(1) interchanging any two columns of A;
(2) multiplying any column of A by a nonzero scalar;
(3) adding any scalar multiple of a column of A to another column.

Depending on whether the operations is obtained from (1), (2) or (3) we will say that
we performed an operation of type 1, type 2 or type 3.
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Since elementary row operations correspond to left multiplication by elementary ma-
trices by Thm. 4.2.3, it seems plausible that something similar should be true for ele-
mentary column operations as well. We will use the transpose of a matrix to prove the
corresponding results. Given a matrix A € M, «n(F') with entries A;; in a field F', the
transpose of A is the matrix B € M, xm,(F') with entries B;; = A;j, i.e. the ith column
of B is the ith row of A. We also write A’ for B.

Example 4.3.8. Let A be the following matrix with entries in R:
1 2 3
A= <4 5 6>

4
)

The transpose of A is given by

1
At = 1|2
3 6

Example 4.3.9. In this example we will study how the product of two matrices behaves
with respect to transposition. Let A be the matrix from Example 4.3.8 and let B €
M3,2(R) be given by

Then we have

Compare this result with the following

1 4
-1 1 0 11
B'A" = ( ) 2 5| = ( ) :
1 2
0 0 3 6 5
Thus, we get (AB)! = B'A%. In fact, this is not a coincidence as the next Lemma shows.

Lemma 4.3.10. Let F be a field and let A € My,xn(F), B € My,x,(F) be matrices with
entries in F'. Then
(AB)' = B' A" .
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Proof. For any matrix C' € Mgy(F') denote by Cj; for 1 <i < sand 1 < j <t the entry
in the position (7, ) of the matrix C. Then

n

(B' AN = (B (A")jk =Y Bji Ay
pa =1

= 3" Ay Bji = (AB)y; = ((AB)),, . -
j=1

Lemma 4.3.11. Let F be a field, n € N and let E € My, xn(F) be an elementary matriz
(see Def. /.2.1) . Then E* is an elementary matriz of the same type.

Proof. Let I, € Myxn(F') be the identity matrix. Observe that if we view the ith row
of I, as a column vector, it agrees with the ith column of I,,. Let E be obtained by
interchanging the rows ¢ and j of I,. This means that the ith column of F has a 1 in
position j and only zeroes otherwise. Likewise, the jth column of F has a 1 in position 7
and zeroes otherwise. In particular, the effect of interchanging the ith and jth row is the
same as interchanging the ¢th and jth column. Thus, for elementary matrices of type 1
we have B! = E.

Since the only nonzero entries of I,, are on the diagonal, multiplying the ith row of
I, by a nonzero scalar yields the same result as multiplying the ith column by the same
scalar. Therefore B! = E for elementary matrices of type 2 as well.

Now let E be a matrix obtained from I, by adding A times the ith row to the jth row
for some scalar A\ € F with A\ # 0. The matrix E! is then obtained from I,, by adding
A times the ith column to the jth column of I,,. Hence, the only row with non-zero off-
diagonal entries is the ith row, which has a A in position j. Therefore this is the same
matrix that is obtained by adding A times the jth row of I, to the ith row. In particular,
E' is again an elementary matrix of type 3 (This time it is a different one!). O

Theorem 4.3.12. Let F be a field and let A € My, xn(F). Suppose that B € M, xn(F)
is obtained from A by performing an elementary column operation. Let E € Myyn(F)
be the elementary matriz obtained from I, by performing the same elementary column
operation. Then we have

AE=1B.

Proof. Observe that B! € M,,«,,(F) is obtained from A' € M, «,(F) by performing an
elementary row operation. Now Thm. 4.2.3 implies that

B! = EA?

where the matrix E € My «n(F) is the matrix obtained from I, by performing the
same elementary row operation. Therefore £ = E' is the matrix obtained from I,
by performing the same elementary column operation as the one used to obtain B
from A. Note that this is again an elementary matrix by Lemma 4.3.11. We obtain
using Lemma 4.3.10

B = (EAY) = (AY'E' = AE . O
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Corollary 4.3.13. Elementary row and column operations preserve the rank of a matriz.

Proof. Let F be a field and let A € My, xn(F). Let E € Mpyxm(F), G € Myxn(F) be
elementary matrices. By Corollary 4.3.4 we have

rank(EFA) = rank(A4) ,
rank(AG) = rank(A) .

The statement follows from Thm. 4.2.3 and Thm. 4.3.12. O

Example 4.3.14. Let A € M343(R) be the following matrix
1 21
A=|1 0 3
11 2
We would like to determine the rank of the matrix A. By Corollary 4.3.13 we are allowed

to perform row and column operations without changing the rank. For example, we could
subtract the first row from the second and third to get

1 2 1
0 -2 2
0 -1 1

We can now add multiples of the first column to the second and third to obtain

1 0 0
0 -2 2
0 -1 1

If we now multiply the second row by % and subtract it from the third we get

1 0 0
0 -1 1
0 0 O

Finally, we can add the second column to the third and afterwards multiply the second
column by (—1). This yields the matrix

1 00
010
0 00

By the corollary this matrix has the same rank as A. But we can easily read off the rank
of this matrix. It is 2.

In the last example we could use row and column operations to reduce the matrix to
one, whose non-zero entries are on the diagonal and are equal to 1 or 0. We will see in
the next theorem that this can always be achieved.
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Theorem 4.3.15. Let F be a field and let A € My, xn(F). Then, by means of a finite
number of row and column operations, A can be transformed into a matriz that has one
of the following forms

I, 0 (I _ _ —
D_<0 o> , D_(0> , D=(, 0) , D=1, , D=0 (13)

for some r € {1,...,n} where I, is the r X r-matriz with ones along the diagonal and
zeroes everywhere else. The rank of A is then equal to r, or it is zero in case D = 0.

Proof. If A is the zero matrix, we are done. Suppose A # 0. We can use elementary row
operations (see Def. 4.1.1) to bring A into reduced row echelon form (see Def. 4.1.4).
Interchanging columns (i.e. using elementary column operations of type 1) if necessary
we can now turn the columns containing 1 as their only nonzero entry into the leftmost
columns of the matrix. The result will be one of the following matrices

ORI

for some r € {1,...,n} and some matrix B € M, (,—y)(F). The r columns of I, form
the standard basis for F". Therefore any column of B can be represented as a linear
combination of the r columns of I,.. Hence, we can use type 3 column operations to turn
B into another zero matrix. The resulting matrix D will then be of the form mentioned
in the statement. Since we only used elementary row and column operations to obtain
this form and the rank of D is clearly equal to r, we have rank(A) = r by Cor. 4.3.13. [

Since elementary row and column operations correspond to multiplications by invert-
ible matrices on the left or right, respectively, we can rephrase the statement of the
last theorem in the a way that will become very useful in the next chapter about the
determinant.

Corollary 4.3.16. Let F be a field and let A € Mp,xn(F) with rank(A) = r. Then
there exist invertible matrices B € Mpy,xm(F) and C € My xn(F) such that D = BAC,
where D is one of the matrices in the list (13).

Proof. By Theorem 4.3.15, A can be transformed by means of a finite number of row
and column operations into one of the matrices in the list (13). Combining Thm. 4.2.3
and Thm. 4.3.12 we see that each of these row and column operations corresponds to a
left multiplication by an elementary matrix F; € M,xm (F') for i € {1,...,p} or a right
multiplication by an elementary matrix G; € My« (F) for j € {1,...,¢}. By Thm. 4.2.4
all these matrices are invertible. Let B = E,E,_1...Fy and C = G1G2...G,. Then B
and C are invertible and

D=E,E, ,...[1AG\Gy...G, = BAC . 0
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Looking back at Example 4.3.6 we make the following curious observation: We already
noted that the maximal number of linearly independent columns of the matrix A is 2.
The row vectors of that matrix (written as column vectors) are

1 0 1
rr=10 , T2 = 1 , T3 = 0
1 1 1

Hence, r1 = r3 and the set {ri,r2} is linearly independent. Therefore the maximal
number of linearly independent rows is also 2. This is in fact not a coincidence and we
are now finally in the position to explain this phenomenon in the next corollary.

Corollary 4.3.17. Let F be a field and let A € M5 (F). Then rank(A) = rank(A?).

Proof. If X € M,x,(F) is an invertible matrix, then so is X?. In fact, (X 1) is an
inverse of X! by the following computation that uses Lemma, 4.3.10

XX WYW=x'X)=Il=1I,

T

X HX =(XXNY=I=1.

r

By Cor. 4.3.16, there exist invertible matrices B € M, xm(F') and C € My, (F') such
that D = BAC, where D is one of the matrices in the list (13). Taking transposes, we
have

D' = (BAC)" = C'A'B" .
By the first observation B!, C* are both invertible. By Cor. 4.3.4, rank(D?) = rank(A?)
and rank(D) = rank(BAC) = rank(A). But for all matrices D in the list (13) we have
rank(D) = rank(D?). Thus, rank(A) = rank(A?). O

The next theorem is a structural result about invertible matrices that is quite surpris-
ing. But this is more than just an interesting fact: It will help us in the next chapter.

Corollary 4.3.18. FEwvery invertible matriz is a product of elementary matrices.

Proof. Suppose that A € M, «,(F) is an invertible matrix. By Corollary 4.3.16, there
are invertible matrices B € M, x,(F') and C € M, x,(F') such that D = BAC. By the
proof of Corollary 4.3.16 B and C can be chosen to be products of elementary matrices,
ie. B= EpEp_1 PN El and C' = G]_G2 ‘e Gq.

If A is invertible, D is invertible as well. But the only invertible matrix in the list
(13) is D = I,. Moreover, the inverse of an elementary matrix is an elementary matrix
as well by Thm. 4.2.4. Therefore,

A=B'DC' =(E,Ey1...E) ' [,(G1Ga...Gy)™?
=E' . ENES'G. GG

is a product of elementary matrices. O
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5 Determinants

Historically, the determinant was first defined as a number associated to a system of
n linear equations in n unknowns that determines whether the system has a unique
solution. This is based on the following observation:

Theorem 5.0.1. Let F be a field and let A € Myxn(F) and b € F™. Let s € F™ be a
solution of the system of linear equations Ax = b. Then the solution set S of the system
18 given by

S={s+veF"|veker(La)}.
In particular, Ax = b has a unique solution if and only there is at least one solution
s € F™ and ker(La) = {0}. If m = n, then Ax = b has a unique solution if and only if
A is invertible.

Proof. First observe that ker(L4) C F™ is the solution set of the homogeneous system
of linear equations Az = 0. If s’ € F" is a solution of Az = b, then

A8 —s)=As' —As=b—-b=0.

Thus, v = ¢ — s € ker(L4) and s’ = s+ v. This proves S C {s+v € F" | v € ker(Ly)}.
On the other hand if v € ker(L4), then

A(s+v)=As+Av=0b+0=0.

Therefore, {s+v € F" | v € ker(La)} C S as well, which directly implies the statement
about the uniqueness of solutions.

Now suppose m = n. If A is invertible, then s = A~!b satisfies As = AA~'b = b and is
a solution of the system. Moreover, the matrix representation of L 4 with respect to the
standard basis of F" agrees with A (This is a very good exercise!). Thus, the invertibility
of A is equivalent to the one of L4 by Thm. 3.0.10, which in turn is equivalent to
ker(L4) = {0} by Thm. 1.0.14. This implies both directions of the second statement. []

The above theorem implies that a system of n linear equations in n unknowns has
a unique solution if and only if the n X n-matrix A is invertible. Let us explore this
question further for 2 x 2-matrices: Let A € Mayo(F') be given by

a b
=)
This matrix is invertible if and only if the scalar det(A) = ad — be € F' is not zero. In
fact, if det(A) # 0, then

d —b
p__ 1 d =b\ _ (@@ ww
ad —bc \—¢ a ad_—cbc adcibc

is an inverse of A, i.e. AB = Iy and BA = I5. On the other hand if det(A) = 0, then
the vector

44



satisfies Av = 0. Thus, ker(L4) # {0} and A can not be invertible. The number det(A)
is called the determinant of the 2 x 2-matrix A.

Remark 5.0.2. It is important to note here that A — det(A) is not a linear transfor-
mation. To see this let A = Iy and B = —I3. Then the sum A + B is the zero matrix.
In particular, it is not invertible and det(A + B) = 0. However, det(A) = 1 = det(B).
Therefore det(A) + det(B) = 2.

In the following definition we will generalise the determinant to arbitrary dimensions.
To characterise it we have to think of det as a map that takes the row vectors of a
matrix A and gives a scalar in F. If r; € F™ for i € {1,...,n} are given row vectors,
then we will write

det(ri,...,ry)

for det(A), where A is the matrix with ith row given by the row vector r;.

Definition 5.0.3. Let n € N and let F' be a field. The determinant is a map
det: Myxn(F) — F that is uniquely determined by the following properties:

1) Suppose r1,...,r, € F™ and y € F™ are row vectors and ¢ € F. Then for any
i€ {l,...,n}, det satisfies

det(ri, ..., 71,1 + Yy Tit1y o Th)
=cdet(ry, ..., i1, TisTigly -y Tn) +det(r1, .oy 71, Yy Tig 1y e -, Tn)

i.e. det is a linear transformation when considered as a map on a single row of a
matrix while keeping the other rows fixed.

2) If two rows of a matrix A agree, then det(A) =0, i.e. if r1,...,r, € F™ are the rows
of Aand r; =r; =y for some i,j € {1,...,n}, then

det(A) =det(ry, ..., ¥y, yy...,m) =0 .

3) The determinant of I, is 1.

Remark 5.0.4. There is a theorem hiding behind the word “uniquely” in the above
definition. We have to check that the determinant is indeed the only map with these
three properties. It is also not clear from this definition that such a map should even exist
in every dimension. We will see in the next example, that our definition in dimension 2
works and will solve the general case later.

Example 5.0.5. Let us check that the determinant of a 2 x 2-matrix has the properties
stated in the definition. Let A € Max2(F') be given by

(Y
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Let y = (a' ¥') be a row vector and k € F. Then

! /
det <ka—|—a kb+b

d > = (ka+a')d — c(kb+b") = k(ad — ¢b) + (a'd — cb')

a b a b\ / /
kdet(c d)—i—det(c d)k(ad—cb)—i—(ad—cb)

The proof for the second row is very similar. Therefore the first property holds. It
follows from the formula that det(l2) = 1. Therefore the third property is also satisfied.

Now note that
det <“ b) —ab—ab=0.
a b

Hence, the second property is also true for det.

In the next few theorems we will start proving that the properties 1) to 3) in Defi-
nition 5.0.3 fix the map det uniquely. To achieve this we will look at arbitrary maps
d: Myxn(F) — F with properties 1) to 3) and deduce step by step that they all have to
agree. We start by making the following helpful observations:

Theorem 5.0.6. Let F be a field. Let 6: Myxn(F) — F be a map with the properties
1) to 3) stated in Def. 5.0.35.

a) If A € Myxn(F) is a matriz containing a zero row, then 6(A) = 0.

b) If A € Myxn(F) is any matriz and B € Myxn(F') is obtained from A by interchanging
two rows of A, then 6(B) = —d(A).

c) If A€ Myyn(F) is any matriz and B is obtained from A by multiplying the ith row
by a scalar A € F', X\ # 0, then 6(B) = Ad(A).

d) If A € Myuxn(F) is any matriz and B is obtained from A by adding )\ times the ith
row to the jth, then §(A) = 6(B).

e) If A € Mypxn(F) is a matriz that is not invertible, then 6(A) = 0.

Proof. To prove a) let r1,...,r, € F™ be the rows of A and let i € {1,...,n} be such
that r; = (0 e O). Note that r; = Or;. Therefore by property 1) of § (with ¢ = 0 and

y=20):
0Ty ey Tiyeneytn) =0(r1, e, 0rgy oo ) =00(r1, .oy Tiy ey ) =0

To prove b) let A € My,xn(F) and let r1,...,7, € F™ be the rows of A. Let i,j €
{1,...,n} be the indices of the two rows that are interchanged to obtain B and suppose
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i < j. Using properties 1) and 2) in Def. 5.0.3 we obtain

0:6(r1,...,ri+rj,...,ri—|—rj,...,rn)
—_ =
i J

=0(ry, .. Ty, Ty, ) F0(r, Ty T T, Ty
=0(r1,. . Tiyeo o Tiyeo oy Tn) +0(71, o Thy oo Ty, )

+O0(r1, .,y Ty ) 0P, Ty T, )
=0(r1,. s Tiy. .y T3y, ) +0(11, .. Ty, T, e, )

=06(A) +0(B) .

The statement in c) follows directly from property 1) in Def. 5.0.3 (with ¢ = X and
y =0). Now let B be obtained from A as in d) and let r1,...,7, € F™ be the rows of A.
Then

0(B) =0(r1,...,Ti,..., T35+ Ay, ..., 1y)
=0(r1,. s Tiye oy Ty, ) FA(r1, o T, T )
=0(A)+0,

where we used property 1) of Def. 5.0.3 for the second equality and property 2) for the
last one. This proves d).

Let A € M,«,(F) be a matrix that is not invertible. By a sequence of elementary
row operations we can then bring A into reduced row echelon form. Call the resulting
matrix B. By part b) to d) of this theorem §(B) is equal to AJ(A) for a scalar A\ € F
with A # 0. But since A is not invertible, the matrix B will contain a row of zeroes.
Thus, we have §(B) = 0 by part a) and hence 6(A) = 0 as well. O

Exercise 5.0.7. Let A, B € M,«,(F). Suppose that A is not invertible. Prove that
AB and BA are also not invertible.

Theorem 5.0.8. Let F be a field. Let 6: Myxn(F) — F be a map with the properties
1) to 3) stated in Def. 5.0.53. Let A, B € Myxn(F). Then

5(AB) = 5(A)8(B) .

Proof. We will first prove this theorem in the special case that A = F is an elementary
matrix (see Def. 4.2.1). In this case EB is the matrix obtained from B by the same
elementary row operation that was used to obtain E from I, (see Thm. 4.2.3).

If E is a type 1 elementary matrix, then Thm. 5.0.6 b) and property 3) in Def. 5.0.3
imply §(F) = —1. If E is of type 2, i.e. obtained from [,, by multiplying a row by a
nonzero scalar A € F, then Thm. 5.0.6 ¢) and property 3) combine to give §(E) = .
In case E is a type 3 elementary matrix, we obtain §(E) = 1 in the same way using
Thm. 5.0.6 d). Thus, in each case, we obtain by combining Thm. 4.2.3 and Thm. 5.0.6
b) to d) that

)(EB) =0(E)é(B) .
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Now suppose that A € M, «,(F) is any matrix. If A or B is not invertible, then so
is AB by Exercise 5.0.7. Thus, in both cases 6(A)d(B) = 6(AB) = 0 by Thm. 5.0.6 e).
Hence, the theorem only remains to be proven for invertible matrices A and B. If A is
invertible, then it is a product of elementary matrices, say A = E; ... E,, by Cor. 4.3.18.
But by our previous observation

5(AB) = §(B ... E,B) = 6(E\)8(E, ... E,B)
= 5(E1) ... 8(E,)8(B) = §(E) ... 8(E,_1E,)(B)
= §(Ey...E,)6(B) = 6(A)5(B) .

This proves the statement for all A and B. O

Theorem 5.0.9. Let F be a field. Let 61,02: Myxn(F) — F be two maps with the
properties 1) to 3) stated in Def. 5.0.3. Then 01 = 62. In particular, det = §; = g is
uniquely determined by properties 1) to 3).

Proof. We need to show that §;(A) = d2(A) for all A € M,,»,,(F). If A is not invertible,
then we have §1(A4) = 62(A) = 0by Thm. 5.0.6 e). If A = E € M, «,,(F) is an elementary
matrix, then

e 01(E) = 02(FE) = —1if Eisof type 1 by Thm. 5.0.6 b) and property 3) in Def. 5.0.3,

e 51(F) = 5(F) = Xif E is of type 2 with multiplication by A € F, A # 0 by
Thm. 5.0.6 ¢) and property 3) in Def. 5.0.3,

o )1(F)=02(F)=1if Eis of type 3 by Thm. 5.0.6 d) and property 3) in Def. 5.0.3.

If A € Myxn(F) is an arbitrary invertible matrix, then A = E; ... E, for elementary
matrices E; € M, x,(F) by Cor. 4.3.18. Thus, by Thm. 5.0.8

0 (A)=0(E1...Ep) =61(E1)...01(Ep) = 02(E1) ... 02(Ep) = 02(Eq ... Ep) = 02(A) .
This proves the statement for all A € M,y (F). O

Exercise 5.0.10. Let A € M,,«,,(F). Prove that det(A) = det(A?) using Theorem 5.0.6
and Theorem 5.0.8.

5.1 That horrible formula

We have seen in Thm. 5.0.9 that the determinant is uniquely determined by properties
1) to 3) in Def. 5.0.3. What we still do not know up to this point is whether there exists
a map det: M, x,(F) — F with these properties. In your Vectors and Matrices lecture
you have already met a definition of the determinant. We will review it below and show
that it indeed has the properties list in Def. 5.0.3.

Remember that a permutation is a bijective map o: {1,...,n} — {1,...,n} from
the set of the first n natural numbers to itself. They form a group, denoted by S,. A
transposition is a permutation switching just two numbers and leaving the rest fixed.
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For example, 7 € S3 with 7(1) = 2, 7(2) = 1 and 7(3) = 3 is a transposition. Any
permutation o can be obtained as a composition of finitely many transpositions. How-
ever, this decomposition into transpositions is not unique. The sign sign(o) € {£1}
of a permutation is given by (—1)%) where k(o) is the number of transpositions in a
decomposition of o, i.e. ¢ = 71... 7). Even though the decomposition is not unique,

(1)) is well-defined.

Example 5.1.1. The permutation o € S given by o(1) = 2, 0(2) = 3 and ¢(3) = 1
has sign 1, since it can be obtained as the composition of two transpositions: The first
transposition switches 1 and 2 and the second transposition interchanges 2 and 3.

We are now ready to show that the determinant exists by giving an explicit formula:
Theorem 5.1.2. Let F' be a field. For a matriz A € My, x,(F) denote the entries of A
by a;j € F. Let 6: Myxn(F) — F be given by

5(A) = Z sign(a) A1,6(1) - -+ An,o(n) -
gESy

Then § has the three properties listed in Def. 5.0.3. In particular, there is a map with
the properties listed in Def. 5.0.3 and § = det.

Proof. Let r; be the ith row of A. Then 7, = (a;1,...,ain). Let ¢ € F and let
y= (y1,...,Yyn) € F™ be another row vector. Then

0(re,...,Cri+y,...,m)
= sign(o)as o1y - - - (€a10() + Vo) - - Gno(n)

CTGSn
=c < Z sign(o)ay o(1) - - - Aj (i) - - - anﬂ(n)) + Z sign(0)a1 o(1) - - Yo(i) - - - Ano(n)
oc€Sn 0ESK

=CO(r1y - s TiyeeeyTn) F (11, oYy e ey Th)

and therefore 0 satisfies property 1) of Def. 5.0.3.

To prove that property 2) also holds, let r; be the rows of the matrix A and assume
that for two distinct 4,5 € {1,...,n} we have r; = r; = y. In terms of the entries of A,
this means that a; s = a; s = ys for all s € {1,...,n}. The summand in the definition of
¢ corresponding to o € .S, is of the form

SigN(0) a1,g(1) - - - Gim1,0(i-1) Gt Lo(i+1) - - - Y—1,0(i—1)Lj+1,0(+1) - - - On,o(n) ya(i)ya(j)(v |

14

where we moved the factors arising from y, to the end. Let 7 € S;, be the transposition

that interchanges ¢+ and j. The elements o € S, and g o7 € S}, lead to summands that

have the same absolute value as the one in (14), but different signs, since o o 7 is o

composed with an additional transposition. Therefore all summands cancel and the sum
evaluates to zero. This proves that ¢ has property 2) from Def. 5.0.3.
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The entry a;; € F of the matrix A = I, is equal to 1 if ¢ = j and equal to 0
otherwise. Therefore the only summand in the definition of § that is nonzero is the one
corresponding to the trivial permutation ¢ € S,, (with ¢(k) = k for all k € {1,...,n}),
which evaluates to 1, since the sign of ¢ is also 1. Thus, ¢ has property 1) as well. O

Example 5.1.3. Let us write an element in S5 by juxtaposing the images of 1, 2 and 3.
So, for example, (213) is the transposition that interchanges 1 and 2. Then the signs of
all elements in S3 are shown in the following list:

o sign(o)
(123) 1
(231) 1
(312) 1
213) | -1
(321) | -1
(132) -1

Therefore the determinant of a 3 x 3-matrix is given by
det(A) = a1 1022033 + a1 2a2,3a3 1 + 41,302,103 2
— G1,202,1033 — 01,302,203,1 — @1,102,3032 -

Example 5.1.4. The group S5 has only two elements: the trivial permutation and the
transposition of 1 and 2. The neutral element has sign 1 and the transposition has sign
—1. Therefore the determinant of a 2 x 2-matrix according to the above formula is

det(A) = a11a22 — a1 2021 ,

which is precisely the formula we met at the beginning of this chapter.

5.2 Summary of the properties of the determinant

It might be worthwhile to summarise the properties of det, which we found along the
way while proving that it is uniquely characterised by the ones listed in Def. 5.0.3. Apart
from the properties listed in Def. 5.0.3, the determinant also has the following properties:

e The determinant is multiplicative, i.e. if A, B € M, x,(F'), then
det(AB) = det(A) det(B) .
This is Thm. 5.0.8.

e A matrix A € My x,(F) is invertible if and only if det(A) # 0. One direction is
Thm. 5.0.6 e). For the other direction we have to show that if A is invertible, then
det(A) # 0. But this follows from the fact that det(E) # 0 for any elementary
matrix £ € Mpxn(F) (see proof of Thm. 5.0.9) together with Thm. 5.0.8 and
Cor. 4.3.18.

50



e The determinant of the transpose A! of a matrix A € M,,x,(F) satisfies
det(A) = det(A") .
This is Exercise 5.0.10.
o Let A € My xn(F) be an invertible matrix. Then det(A) # 0 and
det(A) det(A™!) = det(AA™Y) = det(I,) = 1
(by Thm. 5.0.8) and therefore det(A~1) = det(A4)~!.

o If A)B € M,x,(F) and B is obtained from A by interchanging two rows, then
det(B) = —det(A) by Thm. 5.0.6 b).

o If A, B € Myxn(F) and B is obtained from A by multiplying a row of A by A\ € F
with A # 0, then det(B) = A det(A) by Thm. 5.0.6 c).

o If A, B € M,x,(F) and B is obtained from A by adding a multiple of one row of
A to another row of A, then det(B) = det(A4) by Thm. 5.0.6 d).

5.3 The determinant of a linear transformation 7: V — V

Let V be a finite-dimensional vector space over the field F' and let § be an ordered basis
for V. In this section we will discuss whether the definition of the determinant can be
extended from matrices to linear transformations of the form 7': V' — V. We would like
to define det(T") as follows:

det(T') := det ([T]g) .

But since the matrix [T]g depends on the choice of basis /3 for V, it is not clear whether
this expression depends on our choice of 5. To compare how two choices differ let v be
another ordered basis for V' and let Ag = [T]g and A, = [T]]. By Thm. 3.0.20 we can
write T in two ways

T:gpgloLAvogp,Y:(pgloLAﬁO(p,g.

Thus, to compare A, and Ag we obtain from the last computation

-1
Ly, = <¢70¢51) oLyg,o0 <(p7 ongl> .

Let n = dim(V) and let a = {ey, ..., e,} be the standard basis of F™. It is not difficult
to check that the linear transformation ¢ ogogl : F™ — F™ is given by left multiplication
by the matrix

«

C’Yﬁ = [gp,y o @El]
Altogether we obtain the following equation for A, and Ag

«

Ay =C5AsC 5.
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Taking determinants gives

det ([T]g) = det(A,) = det(C, 5 A C }) = det(C,5) det(Ag) det(C5)
= det(C,, ) det(Ag) det(C., 5) ! = det(Ap)

— det ([T]g) .

Therefore the expression det ([T]g) does not depend on the choice of basis and our

definition of the determinant of 7" makes sense.

5.4 Minors and cofactor expansion — a nice formula for a change

There are several ways to compute the determinant of a square matrix A € M, «,(F)
that are computationally more efficient than the one given in Thm. 5.1.2. In this section
we will learn another formula for det that is very efficient in computing the determinant
of a matrix which contains a row or a column with many zeroes.

Example 5.4.1. Consider the following quite randomly chosen matrix A € M3, 3(R):

A:

ESENCRTN
— 0 =
o w ©

For each i,j € {1,2,3} let M;; € May2(R) the matrix obtained from A by removing the
ith row and the jth column. For example, to get Ms; we need to remove the second row
and the first column, i.e.

N N
— W
O W ©
$
5
=
Il
VR

Define the scalar ¢;; as follows:
Cij = (—1)i+j det(Mij) .
For ¢91 in the above example we obtain

eo1 = (—1)%*+! det G 3) — _(—9)=9.

The nine values c;; computed from A this way are listed below.

C11 = -3 C12 = 21 C13 = —19
Co1 = 9 Coo = —63 Co23 = 3
C31 = —24 C39 = 6 C33 = 10
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Now we look at the first column of A and compute the following sum:
ajiciy + ag1co1 +agiezr =4 (=3) +2-9+7-(—24) = —162 .
If we perform the same computation with the second column we get:
a12¢12 + ag2c22 + azaczg =1-214+-3-(—63)+1-6 = —162 .
Let us try the analogous computation for the first row instead of the first column, i.e.
ajic1 + aecie +ajzciz3 =4-(=3)+1-21+9-(—19) = —162 .

We see that we always end up with the same result. This might just be a coincidence or
a special feature of the matrix A we chose at the beginning. However, we will see later
that it is not! In fact, in this example we have det(A) = —162 and all the numbers we
computed above therefore agree with the determinant.

Example 5.4.2. Consider an arbitrary matrix A € Max2(R), i.e.

a b
A =
(- 3
Let M;; again be the matrix obtained from A by removing the i¢th row and the jth
column. Note that these are 1 x 1-matrices over R, i.e. real numbers. We have

Miyi=d , My=b , Moaos=c , Myay=a.
As in Example 5.4.1 we define the numbers ¢;; to be
cij = (1) det(M;;) .
Since the determinant of a 1 x 1-matrix is just the number itself, we obtain
cip=d , co1=-b , cipo=—-c , cn=a.
If we now perform the computation from the above example for the first column, we end

up with
ajicil + azicer = a-d+c- (—=b) = ad — be = det(A) .

The same expansion over the second row of A yields
ag1c21 + agecoe = c- (=b) +d-a =ad — bec = det(A) .

It is straightforward to check that this computation always yields the determinant no
matter which row or column we pick.
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Definition 5.4.3. Let F be a field and let A € M,,«,,(F) be a square matrix with entries
in F. Let M;; for i,j € {1,...,n} be the matrix obtained from A by removing the ith
row and the jth column. The scalars

mi; = det(M;;)
for i,j € {1,...,n} are called the minors of A. The scalars ¢;; given by
cij = (=1)Fmy; = (=1)"7 det(M;)
are called the cofactors of the matrix A.

Definition 5.4.4. Let F' be a field and let A € M,,x,(F') be a square matrix with entries
a;j € F. Denote the cofactors of A by ¢;;. For a fixed j € {1,...,n} the sum

n
g AjjCij = A1jC15 + -+ AnjCnj
i=1

is called the cofactor expansion along the jth column. Likewise for a fixed i €
{1,...,n} the sum

n
E AjjCij = Q1Ci1 + +*+ + AinCin
=1

is called the cofactor expansion along the ith row.

Examples 5.4.1 and 5.4.2 give rise to the conjecture that the cofactor expansion along
any row or any column provides a recursive way of computing the determinant. This is
in fact true as the next theorem shows.

Theorem 5.4.5. Let F' be a field and let A € My, xn(F) be a square matriz with entries
a;j € F. Denote the cofactors of A by c;j. For a fized j € {1,...,n} we have

n

det(A) = Z aijcij s

=1

i.e. the cofactor expansion along the jth column agrees with the determinant. Likewise
for any fized i € {1,...,n} we obtain

det(A) = Z G;5Cij
j=1

i.e. the cofactor expansion along the ith row also agrees with the determinant.

Proof. First note that the second statement is a consequence of the first one. Indeed,
we have det(A) = det(A") by Exercise 5.0.10 and the cofactors ¢j; of A" satisfy ¢}; = cji.
Therefore it suffices prove the statement for expansions along columns.

54



Fix j € {1,...,n} andlet 6: Myxn(F) — F be the map defined by 6(A) = > ") _; arjcrj,
where cy; are the cofactors of A. We have to show that § has the properties listed in
Def. 5.0.3. Then the statement follows from Thm. 5.0.9.

Let i € {1,...,n} and let x,y € F™. Let A* € Myxn(F) be a matrix where the ith
row is given by z. Denote by AY the matrix having the same rows as A” except for the
ith one, which is replaced by 5. Let A € F and define A**¥ in the same way with the
ith row given by Az + y. To see that Def. 5.0.3 1) holds, we have to show that

S(AMHY) = N§(A%) + 5(AY) .

Let M}, be the matrix obtained from A® by removing the kth row and I/th column.
Define M}) and M ];\;H_y similarly by removing rows and column from AY and AN*Y,

respectively. Similarly, denote the cofactors of A%, AY and A*Y by Cip Ckz and c’\mﬂ’,
respectively. Note that for k € {1,...,n} with k 7é i we have

det(M My) Adet(M;) + det(MY))

which yields

Az+y
Cj = Acjj + ckj .

Azt+y Mg;

Moreover, we have M M f’j’, because to obtain this matrix we have to remove

the 7th row, which is the only one that is different in A%, AY and AM*1Y. Therefore,

c;=cl = c/\fﬂ’ If we denote the matrix entries of A* by a}, and similarly for AY and
AMFY | then we have azj Ty — ag; = aj; for k € {1,...,n} with k # 4, since only the ith

Am—i—y o

row is different. For the ith row we get ag; = Aaj; + ay Altogether we obtain

AAa:er Z a/\z+y62;c+y ai‘f+yci\j+y 4t a?\x—kyc%\?c—i-y 4t :\Zx-l—y Az+y

ij ij i Cnj
= alj()‘clj + Clj) + ... ()\am + ayA)cgj. 4+ 4 afm()\ci] + cy )
_ T T T Y T T Y
= Aaj;cyj +ajjcq; + -+ Aagicy; + a 5t Aagcn; + agc
_ T T Yy .y T T Yy v
= Aayjcyj +ayicy; + -+ Aagicg; + a ; +  Aagicni + A icp;

= AMafjclj + - +agie; + - +anjcnj)+a§’jc1j+--~++aij i+t ay e

= A(A") + 5(AY) .

This finishes the proof that § satisfies 5.0.3 1).

Now assume that A € My, (F) is a matrix, in which the kth and lth row agree.
Without loss of generality we may assume k < [. Let M,; be the matrix obtained from
A be removing the ath row and the jth column and denote the cofactors of A by c,;. If
a # k and a # [, then det(M,;) = 0, since the resulting matrix will still have two rows
that agree. Therefore ¢,; =0 for a # k and a # [.

The two matrices M},; and M;; agree up to a permutation of the rows: More precisely,
to obtain the matrix M;; from M}; we have to move the (I — 1)th row of Mj; up to the
kth one. This involves (I — k — 1) transpositions of rows. Therefore

det(Mkj) = (—1)l_k_1 det(Mlj) .

95



This yields cx; = (—1)*" det(My;) = (—1)"~1det(M;;) = —c;j. Since ay; = aj; we
obtain in this case

5(A) = ijakj + cljalj = ijakj - ijakj =0.

This shows that § satisfies Def. 5.0.3 2) as well.
For the unit matrix A = I,, we have ay; = 0 for all £k € {1,...,n} with £ # j and
ajj = 1. Moreover, c¢;; = (—1)% det(I,—1) = 1. Therefore

5(In) = Cijij =1-1=1.
Thus, § also has property 3) in Def. 5.0.3. This finishes the proof. O

Remark 5.4.6. Note that the definition of the cofactors of a matrix A € M,,x,(F') in-
volve determinants of smaller matrices. Therefore Thm. 5.4.5 indeed provides a recursive
way of computing det(A).

Example 5.4.7. In this example we will see how the cofactor expansion can be used
to compute the determinant of a matrix that contains a lot of zeroes. Consider the
following matrix

01 2 3
0 0 1 2
A= 1 10 13 15
0 0 3 4

We can compute the determinant of A using the cofactor expansion along the first
column. If we denote the cofactors of A by c¢;; again, we obtain

det(A)=0-c114+0-co1+1-¢c31+0-cq1 =c31 .

This means we just have to compute the cofactor c3;. Using its definition we obtain

1 2 3
c31 = (—1)3+1 det {0 1 2
0 3 4

We can compute this determinant also by cofactor expansion along the first column.
This yields

1 2 3 1 9
det {0 1 2 :1-det(3 4):4—6:—2.
0 3 4

Therefore det(A) = —2 as well.

Definition 5.4.8. Let A € M;,xn(F). The matrix C' = (c;;);';_; containing the cofactors
cij of A is called the cofactor matrix of A. Its transpose matrix, i.e.

adj(A) = C*

is called the adjugate matrix of A.
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The matrix adj(A) can be used to compute the inverse of a matrix A. This is based
on the following theorem:

Theorem 5.4.9. Let F be a field and let A € Myxn(F). Then the adjugate matrix
adj(A) satisfies

adj(A) - A= A-adj(A) =det(A) - I, .
Proof. Denote the entries of A by a;; and its cofactors by c;x. Let B = A - adj(A) with
entries b;;. Then by definition of the adjugate matrix and matrix multiplication we get

n
bi = (A-Chir = aick; -

j=1
For ¢ = k this is exactly the cofactor expansion of the determinant along the ith row from
Thm. 5.4.5. Thus, b; = det(A). For i # k the entry b, yields the cofactor expansion
of the matrix A’, where A’ is obtained from A by replacing its kth row by its ith row.
But then the resulting matrix has two rows that agree, which implies det(A’) = 0 = b.
Altogether we obtain that B is the matrix with det(A) along the diagonal and zeroes
everywhere else. The proof for adj(A) - A is very similar and we omit it. O

Corollary 5.4.10. Let F be a field and let A € My, (F). Suppose that det(A) # 0.
Then the inverse of A is given by

. 1 .
A7l = det(4) adj(A) .

Proof. There is not much left to check here. It is a direct consequence of Thm. 5.4.9

that
A <det1(A) adj(A)> _ <det1(A) adj(A)) A=T,.

d

Example 5.4.11. Let A € Msy2(R) be an arbitrary 2 x 2-matrix over the reals as in

Example 5.4.2, i.e.
a b
= (0 o)

We can read off the cofactor matrix C' of A from Example 5.4.2:

C = <Cll ClZ) < d C)
C21 C22 b a
The adjugate matrix is then given by

ity = (4 70)

—C a

and if det(A) = ad — be # 0 the inverse of A is given by

At b gy = <d _b>.

- det(A) ad—bc\—c a
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Exercise 5.4.12. Compute the adjugate and the inverse of the matrix A € M3y3(R)
given by

1 2
A=10 1
11

N O W

As the following theorem, which is known as Cramer’s rule, shows we can use
determinants to solve systems of linear equations.

Theorem 5.4.13. Let F' be a field, let A € M, xn(F) be a square matriz with det(A) # 0
and let b€ F". Fori e {1,...,n} define A; € Mpxn(F) to be the matriz obtained from
A by replacing the ith column with b. Then the unique solution x € F™ of the system of

linear equations given in matriz form by Ax = b is given by x = (x1,...,x,) with
det(Ai)
T = :
" det(A)

Proof. Since A is invertible, the solution x € F™ satisfies x = A~'b. By Thm. 5.4.9

1

=A1p =
v det(A)

adj(A)b .

But the entries of the vector adj(A)b are given by
(adj(A))i = Y bjci -
j=1

The right hand side of this equation is the determinant of the matrix obtained from A
by replacing the ith column by b, i.e. the right hand side agrees with det(A;). O

6 Diagonalisation, Eigenvalues and Eigenvectors

Let V be a finite-dimensional vector space and let T': V' — V be a linear transformation.
It is a common problem in Linear Algebra to compute powers of T, i.e. the n-fold
composition of T" with itself, denoted by

T"=To---0T .

n times

If v € V' is a vector with the property that T'(v) = Av for some scalar A\ € F, then T"(v)
is very easy to compute:

T"(v) = T H(T(v)) = T" ' (\v) = NT" L(v) = -+ = A" .

These vectors will play a crucial role in this chapter. Therefore we make the following
definition.
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Definition 6.0.1. Let V be a vector space over the field F and let T: V' — V be a linear
transformation. A nonzero vector v € V is called an eigenvector of T if there exists a
scalar A € F such that T'(v) = Av. The scalar A is called the eigenvalue corresponding
to the eigenvector v.

Let A € Myxn(F). A nonzero vector v € F™ is called an eigenvector of A if v is an
eigenvector of L 4, that is, if Av = Av for some scalar A € F'. The scalar A is called the
eigenvalue of the matrix A corresponding to the eigenvector v.

We have already seen in Example 3.0.25 that a basis consisting of such vectors, i.e. a
basis 8 = {v1,...,v,} with the property that T'(v;) = A\;v; for scalars A\; € F' can be used
to compute T (v) for arbitrary vectors v € V. In particular, the matrix representation
of T" with respect to 3 is a diagonal matrix. This motivates the following definition:

Definition 6.0.2. A linear transformation T': V' — V on a finite-dimensional vector
space V is called diagonalizable if there is an ordered basis 3 for V' such that [T]g is
a diagonal matrix. A matrix A € M,,«,(F) is called diagonalizable if L4 is diagonal-
izable.

Let T: V — V be a diagonalizable linear transformation and let 5 = {v,...,v,} be
a basis of V' such that [T]g is a diagonal matrix. Then each vector v; is an eigenvector
of T. To see why this is true let D = [T]g with entries Dj; = A\; and D;; = 0 for i # j.
Using the definition of the matrix representation we have

T(vj) = ) Dijvi = Djjuj = Ajuj -
j

Therefore the vector v; € 5 is an eigenvector of T' corresponding to the eigenvalue A;.
In particular, T" is diagonalizable if and only if there exists a basis for V' that consists
entirely of eigenvectors of T'.

We will illustrate the importance of these concepts by means of the following examples
that will accompany us all throughout this section.

Example 6.0.3. The Fibonacci sequence ( f,)nen, is defined as follows: We have fy = 1,
fi=1land f, = fr_o+ fn_1, i.e. each element is the sum of the two previous elements.
The first numbers obtained in this way are 1,1,2,3,5,... Is there a way to compute
fn directly without having to compute fy,..., fr_17

Let us rephrase this question in terms of a Linear Algebra problem: Let A € May2(R)

be the following matrix
11
= (10)

Let e; € R? be the first vector of the standard basis for RZ. Then

1 2 3 5)
A61 = <1> y A2€1 = (1) , A361 = <2> N A4€1 = (3> .
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The first coordinate of the vector A”e; seems to be the nth Fibonacci number f,,, while
the second appears to be f,—1. Indeed, this is true for n =0 (with f_; =0) and n =1

and
fn—2 fn—l fn—l

implies the general statement by induction. Therefore the problem of finding a formula
for f,, boils down to computing A™ for arbitrary n € Ny. Thus, if we could find a basis
B = {v1,v9} for R? consisting of eigenvectors of A corresponding to the eigenvalues A\
and Ag, respectively, then we could write e; as a linear combination of v; and vo, say
e1 = a1v1 + avg, and we would get

A1 = a1 A"y + as A" vy = 041)\711?}1 + ag)\g’vz = <ffn1> . (15)
e
Example 6.0.4. In the early days of the internet search engines used the PageRank
algorithm to sort the results of a search according to their importance. Since this al-
gorithm is based on finding an eigenvector of a matrix associated to a network, we will
discuss it a little in this example.

From the perspective of a search engine the internet consists of a collection of pages
and links between them. We can visualise it by drawing the pages as circles and a link
from page A to page B by a little arrow pointing from the circle of A to the one of B.
An example of such a network with five pages and ten links is shown in Figure 3. (In
mathematical terms, such a figure is called a directed graph, but this is not important

Figure 3: Our example search results.

Suppose our internet search returned the pages A, B,C, D, E as results and we would
like to sort these pages according to how important they are. Finding the right measure
for this is a tricky question. The PageRank algorithm approaches this problem as follows:
If we start on some page of our search results and randomly click from page to page,
then the pages that we will visit more often, must be more important than the rest.

The probability on which page we will end up can be encoded in a matrix in the
following way: Observe that the only link on page A will take us to page B. Therefore if
we start on page A, the probability that we end up on page B after one click is 1. There
are two links on page B: One will take us back to page A, the other one to page C.
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Thus, if we start on page B, the probability to end up on page A after one click is % and
the probability to end up on C'is also % We write these probabilities into a matrix P as
follows: Identify the numbers 1,...,5 with the pages A,..., E. The entry in column i
and row j corresponds to the probability to end up on page j after one click if we start
from page i. In our example, the matrix P looks as follows:

Y

I
o O O = O
O Ol ONI=
Wik O O wlwl—
OO OO =
O WFWIFWI= O

Let v € R® be a vector with nonnegative entries that sum up to 1. We can think
of such a vector as a probability distribution for our starting page. The probability
distribution after one click is then given by Pv. For example, if we take the vector v = es
corresponding to the probability distribution that is concentrated on page B, then Pes
has probability % to be on page A and probability % to be on page C'. Likewise, the
probability distribution after n clicks with starting distribution v is given by P™v. The
matrix P is also called a Markov transition matrix and the underlying mechanism
is called a Markov chain.

The PageRank algorithm looks for stationary probability distributions, i.e. those dis-
tributions that do not change after one click. It will sort the results according to their
values in the vector v from high to low. By our above observations this means we are
looking for a vector v € R® with nonnegative entries summing up to 1 that satisfies

Pv=v.
In particular, we are interested in eigenvectors of P with respect to the eigenvalue 1.

Example 6.0.5. Let C°°(R) denote the set of all functions f: R — R having derivatives
of all orders. This is a vector space over R with respect to the usual addition and scalar
multiplication of functions. Let T': C*°(R) — C*°(R) be the linear transformation given
by T(f) = f’, i.e. the derivative of f. Suppose that f € C*°(R) is an eigenvector of T'
with corresponding eigenvalue A € R. Then

fr=T)=Af.

This is a first-order differential equation whose solutions are of the form f(t) = ce* for
some constant ¢ € R. Consequently, every real number A € R is an eigenvalue of T', and
A corresponds to eigenvectors of the form f(t) = ce™ for ¢ # 0. Observe that for A = 0
the eigenvectors are nonzero constant functions.

If A € F is an eigenvalue of a matrix A € M, «,(F) with corresponding eigenvector
v € F™, then v is a nonzero vector in the nullspace of Lp with B = A — AI,,. This
provides us with a method of computing the eigenvalues of a matrix.
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Theorem 6.0.6. Let A € M, xn(F). Then a scalar X\ € F is an eigenvalue of A if and
only if det(A — X I,) = 0.

Proof. A scalar A € F' is an eigenvalue of A if and only if there exists a nonzero vector
v € F™ such that Av = A\v, that is, (A — A I,,)v = 0. Since v is nonzero this condition
is equivalent to the statement that A € F' is an eigenvalue of A if and only if Lp with
B = A — M1, is not injective. Since the domain and codomain of Lp: F™ — F" have
the same dimension, this is the same as saying that Lp and hence B = A — A I, is not
invertible, which is the case if and only if det(4 — A I,) = 0. O

Definition 6.0.7. Let A € My« (F). The polynomial ps(t) = det(A —t 1) is called
the characteristic polynomial of the matrix A.

Theorem 6.0.6 states that the eigenvalues of a matrix A are the zeroes of its char-
acteristic polynomial. This allows us to compute the eigenvalues before we even have
the eigenvectors. As we will see in the next example computing the eigenvectors then
reduces to solving a system of linear equations.

Example 6.0.8. Let us consider the matrix A € Mayx2(R) from Example 6.0.3, i.e.

11
A= ( : O> .
The characteristic polynomial p4(¢) of this matrix is given by

pa(t) = det <<1It _1t>> S Y S R
The zeroes A1, A2 € R of the quadratic polynomial p4(t) are given by

14++5
)\1: )
2
_1-45
— 5 .

A2

Note that A\; + A3 = 1 and A\ Ay = —1. To find an eigenvector corresponding to the
eigenvalue \; we have to solve the following vector equation

11 T T
(10) ()=
which yields the following system of equations

T+y=M\Nz
T =My
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The first equation is equivalent to y = (A1 — 1)z = —A9x. This agrees with the second
equation, because A Ao = —1. Therefore the solution set of the above equations is given

by the linear subspace
E)q:{a<)\11> |a€R}CR2.

Any vector in E}, is an eigenvector of A corresponding to the eigenvalue \;. Likewise,
any vector in the subspace ), given by

By, = {a<)\12) | aeR}

is an eigenvector of A corresponding to the eigenvalue \s. We pick one vector of each

subspace, e.g.
V1 = )\1 Vo = )\2
1 1 ) 2 1 .

We will see later that 3 = {vq,v2} is indeed a basis for R? and take that for granted for
now. Observe that e; can be written as a linear combination of v; and ve as follows

1 ( ) 1 +( 1 )
e1 = — (v — 1) = —v ——— |vo,
s YT NV
that is e; = a1v; + vy with o = (v/5)7! and as = —(v/5)~!. Comparing this result

with equation (15) we obtain the formula for A™e; we were looking for

Aoy — Aoy + A\lvy = i )‘?-H - /\g-f—l
€1 = 1A V1 (6%) 27)2—\/5 )\711_)\3

From the first component of this vector we obtain the formula for f,, we were looking

for
B L4V n+1 1_ B n+1
fn*% 92 - )

Considering the square roots appearing in this expression it is a little surprising that
each f, obtained in this way is in fact an integer. This is nevertheless true and can
easily be verified for small values of n using a computer.

We have already seen above that the determinant also makes sense as a map that asso-
ciates a scalar in F' directly to a linear transformation 7': V' — V on a finite-dimensional
vector space over F. Therefore the definition of the characteristic polynomial can be
extended as well:

Definition 6.0.9. Let V be a finite-dimensional vector space over a field F' and let
T:V — V be a linear transformation. We define the characteristic polynomial
pr(t) of T as follows

pr(t) = det(T — tly) ,

where Iy : V — V is the identity transformation.
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The next theorem shows that eigenvectors corresponding to distinct eigenvalues are
automatically linearly independent. In particular, if we can find enough of them, then
they will automatically form a basis.

Theorem 6.0.10. Let T: V — V be a linear transformation on a finite-dimensional
vector space V over a field F' and let A1, ..., g be distinct eigenvalues of T'. If vy, ..., vx
are eigenvectors of T such that \; corresponds to v; fori € {1,...,k}, then {v1,..., vk}
1s linearly independent.

Proof. We will prove this using induction. For k = 1 we only have one vector v, which
is nonzero, since it is an eigenvector of T'. Therefore {v;} is linearly independent. Now
suppose that the set {v1,...,vx_1} is linearly independent. Suppose that ay,...,a; € F'
are scalars with the property that

aiv1 + asve + - +apv =0 . (16)

If we apply the linear transformation (7" — AxI,) to both sides of the equation and use
the fact that (T"— A\ Iy )vr = 0 we obtain

ar(A1 — Ap)vr +az(Ag — Ag)va + -+ agp—1(Ag—1 — Ap)vk—1 =0 .

By our induction hypothesis the set {vi,...,vx_1} is linearly independent. Therefore
the above computation implies a;(A\; — Ag) = 0 for all i € {1,...,k — 1}. But since the
eigenvalues are distinct, we have \; —\; # 0 and therefore a; = 0 for alli € {1,...,k—1}.
Thus, the original equation (16) boils down to axvg = 0, which implies that a; = 0, since
v # 0, because it is an eigenvector. Therefore a; = -+ - = a = 0 and the set {v1,..., vk}
is indeed linearly independent. O

Corollary 6.0.11. Let V be a vector space over the field F with dim(V) = n and
let T:V — V be a linear transformation. If T has n distinct eigenvalues, then T is
diagonalizable.

Proof. Suppose that T has n distinct eigenvalues Aq,...,\,. Choose an eigenvector v;
corresponding to A;. By Thm. 6.0.10, the set {vi,...,v,} is linearly independent, and
since dim(V') = n, this set is basis for V. Thus, we have found a basis of eigenvectors
and T is diagonalizable. a

It is a consequence of the last corollary that a matrix A € M, «,(F) with n distinct
eigenvalues is diagonalizable. Let T: V — V be a linear transformation on a finite-
dimensional vector space V over a field F'. If A is an eigenvalue of T', then the eigenvectors
with corresponding eigenvalue A are never unique. They lie in a linear subspace of V
that we now define.

Definition 6.0.12. Let T: V — V be a linear transformation on a vector space V over
a field F' and let A € F' be an eigenvalue of T'. Define

Eyx={veV |T(w)=Av}=ker(T - \y) .
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The linear subspace Ey C V is called the eigenspace of T corresponding to the eigen-
value \. Analogously, we define the eigenspace of a matrix A € M, (F) to be the
eigenspace of L 4.

Example 6.0.13. The two subspaces EF, and E), in Example 6.0.8 are the eigenspaces
of the matrix A in that example corresponding to A\; and A, respectively. Notice that
in that example, both eigenspaces are one-dimensional. This does not always have to be
the case! In this example, we will see a 3 x 3-matrix with a two-dimensional eigenspace.
Let A € Msy3(R) be the following matrix:

0 0 -2
A=11 2 1
1 0 3
To compute the eigenvalues we look at the characteristic polynomial given by
-t 0 -2
pa(t) = det 1 2—-t 1 =2-t)((-t)(3—1t)+2)
1 0 33—t
= —(t—2)>%t-1)
where we used the cofactor expansion along the second column to compute the determi-

nant. Thus, the eigenvalues of A are 2 and 1. The eigenspace of A corresponding to the
eigenvalue 2 is by definition the nullspace of Lg: R?® — R? with

-2 0 -2
B=A-2L=[1 0 1
1 0 1

Thus, the eigenspace Fy of A is given by

Ey = {(z,y,2) eR? | z= -z} .
Any nonzero vector v € Fs is an eigenvector of A with corresponding eigenvalue 2. A
basis for this vector space is given by {vi,v2} with v; = (1,0,—1) and v = (0,1,0).

The eigenspace of A corresponding to the eigenvalue 1 is the nullspace of L : R? — R3
with

-1 0 -2
c=11 1 1
1 0 2

A short computation of the nullspace shows that the eigenspace Ej is given by
Ey ={a(-2,1,1) | a € R} .

and a basis of Fj is given by {vsz} with vs = (=2,1,1). In particular, § = {v1,va,v3} is
a basis of R? which consists of eigenvectors of A. Therefore A is diagonalizable with

2 0 0
[Lalj=10 2 0
00 1
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Example 6.0.14. Not all matrices are diagonalizable! In this example, we will discuss
two reasons why this can happen. Let

A= ((1) 1) € Msy2(R)

The characteristic polynomial of this matrix is

pA(t):det<<1at 1;)) = (1-1)?.

Therefore the only eigenvalue of A is 1. If the matrix were diagonalizable, then there
would be a basis 3, such that

because 1 is the only eigenvalue. But this would imply that L4 is the identity transfor-
mation, which is clearly not the case. What went wrong? The eigenspace E; of A for
the eigenvalue 1 is the nullspace of Lo with

0 1
- <0 0) |
Therefore E; is the linear subspace given by
Er ={a(1,0) eR* |a € R} .

This is just a one-dimensional subspace of R2. In particular, there can not be a basis of
eigenvectors. Note that the factor (1 —t) appears in (1 — ¢)? with power 2, whereas the
dimension of Fj is just one. We will see later that this discrepancy reveals that A is not
diagonalizable.

Now let B € Myx2(R) be the following matrix:

0 1
B— <_1 O) .
with characteristic polynomial pg(t) = t? 4+ 1. Note that this polynomial has no zeroes

on the real line! Therefore there are no eigenvalues in R.

If p € P,(F) is a polynomial, then a value a € F' is a root of the polynomial p if and
only if p can be factored as p(t) = (t — a)q(t) for some polynomial ¢ € P,_1(F'). This
motivates the following definition:

Definition 6.0.15. A polynomial p € P, (F') splits over F if there are ¢,ay,...,a, € F
(not necessarily distinct) such that

p(t) =c(t—a1)(t —ag)...(t —ayn) .
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Theorem 6.0.16. The characteristic polynomial of any diagonalizable linear transfor-
mation T:V — V on a finite-dimensional vector space V' splits.

Proof. Let 8 be an ordered basis of V' such that [T ]g = D, where D is a diagonal matrix,
say

A0 ... 0
0 A ... O
D=1. . . :
0 0 ... A\

The matrix representation of T' — tIy, with respect to the basis § is then given by

A —t 0 e 0
0 Ao —t ... 0
0 0 cee Ap—t
and therefore pp(t) = det(T' —tly) = (M —t)...(Ap—t) = (=)™ (t—=\1) ... (t—=\y). O
As we have seen in Example 6.0.14 the converse of the above statement is false. Even if
the characteristic polynomial splits, 7' need not be diagonalizable. However, the largest
power with which the factor (¢ — \) appears in the characteristic polynomial will give

us an upper bound on the dimension of E) as we will see shortly. First, we make the
following definition:

Definition 6.0.17. Let A € F' be an eigenvalue of a linear transformation T: V' — V or
a matrix A € M, «,(F) with characteristic polynomial p(t) € P,(F). The (algebraic)
multiplicity of ) is the largest positive integer k for which (¢t — A\)¥ is a factor of p.

Theorem 6.0.18. Let T: V — V be a linear transformation on a finite-dimensional
vector space V over a field F' and let A € F be an eigenvalue of T' having multiplicity m.
Then

1 <dim(Ey) <m .

Proof. Let p = dim(E})), n = dim(V') and choose an ordered basis 8y = {v1,...,v,} for
E\ C V. Extend B\ to an ordered basis 8 = {v1,...,0p, Upt1,... 05} for V. Let A =
[T]g Observe that v; is an eigenvector of T for each ¢ € {1,...,p} with corresponding

eigenvalue A, and therefore
(M, B
(v e)

with (n — p) X (n — p)-matrices B and C. Thus, the characteristic polynomial of T is

pr(t) = det(A — tI,,) = det <((A _Ot)f” o _fln))

= (A= t)Pdet(C — t1,,_,)
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where we used the cofactor expansion with respect to the first columns in the last
equality. Thus, (t —A)P = (—1)P(A—t)P is a factor of pr(t) and hence the multiplicity m
of A is at least p, i.e. m > p = dim(E)). O

Theorem 6.0.19. Let V be a finite-dimensional vector space over a field F' and let
T:V —V be a linear transformation. Suppose that the characteristic polynomial pp(t)
of T splits. Let A1,..., A\ € F be the distinct eigenvalues of T. Then

a) T is diagonalizable if and only if the multiplicity of \; is equal to dim(E),) for all
ie{l,....k}.

b) If T is diagonalizable and B; is an ordered basis for Ey, for each i € {1,...,k}, then
B=p1U---UPBk is an ordered basis for V' consisting of eigenvectors of T .

Proof. For eachi € {1,...,k} denote by m; the multiplicity of \;, let d; = dim(E},) and
let n = dim(V).

First suppose that 7" is diagonalizable and let 8 be a basis for V' consisting of eigen-
vectors of T'. For each i € {1,...,k} let 8; = BN E), be the set of vectors in  that
are eigenvectors with corresponding eigenvalue \;. Let n; € N be the number of vectors
in ;. Since (3; is a linearly independent subset of E),, which is a subspace of dimen-
sion d;, we obtain n; < d;. Moreover, d; < m; by Theorem 6.0.18. Note that the degree
of the characteristic polynomial is n. Therefore the multiplicities m; sum up to n. The
n; also sum up to n, since [ contains n elements in total. Thus,

k k k
n:Znigz:dimei:n.
=1 i=1 i=1

Therefore the above inequalities are actually equalities and

k

Z(ml—dl) =0.

=1

But m; — d; > 0 as we already observed above. This implies m; = d; for all 3.

Now suppose that m; = d; for all i € {1,...,k}. We will show that T" is diagonalizable
by constructing a basis for V' that consists of eigenvectors as described in b). This will
then also prove b). For each i let §; be an ordered basis for the eigenspace E),. Let
B8 =01 U---UpPBk. Since d; = m; for all 7, the set 8 contains

elements. Thus, to see that § is a basis for V it suffices to prove that 3 is linearly
independent. For all i € {1,...,k} let §; = {vzl, . ,véi} and let aj € F' be scalars such
that

a%v%—l—---+a}ilvél—I—a%v%—i—...a?&vfh—|—-~-+alfvlf+---+a§kv§k =0. (17)
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For each i € {1,...,k} let y; = ajv] + --- + a) v} and observe that each y; is in E),,
since it is a linear combination of basis vectors for that space. In particular, y; is either
an eigenvector of T with corresponding eigenvalue \; or it is zero. From (17) we obtain
that

y1+-+ye=0.

Suppose that at least two of the summands y; are nonzero. Then we would have a
linear combination of eigenvectors with corresponding distinct eigenvalues that sum up
to zero. This contradicts the linear independence of such vectors that we proved in
Theorem 6.0.10. Thus, all vectors ¥; have to be zero. But if y; = 0, then

ajv] + -+ +agvg =0

which implies a;'- = 0, since the vectors vt . .. ,véi form a basis for Ey,. This proves that
[ is linearly independent. Therefore /3 is an ordered basis for V' consisting of eigenvectors
of T" and we conclude that T is diagonalizable. ]

6.1 Diagonalization: A Step by Step Instruction Manual

Let V be a finite-dimensional vector space with n = dim(V') over the field F' and let
T:V — V be a linear transformation. In this section we will give an instruction manual
on how to check whether T is diagonalizable or not, and how to find a basis consisting
of eigenvectors.

(Step 1) Find the characteristic polynomial of the linear transformation 7" (see Def. 6.0.9
or Def. 6.0.7, see also Sec. 5.3). This is a polynomial of degree n given by

pr(t) = det(T — tly) .

(Step 2) Calculate the roots A1,...,Ax € F of the characteristic polynomial and check
if the polynomial splits (see Def. 6.0.15). If F' = C, then any polynomial will
split. If F = R, then t? 4+ 1 is an example of a polynomial that does not split.
If pr(t) does not split, the linear transformation 7 is not diagonalizable (see
Thm. 6.0.16). In any case the values A1, ..., Ay are the eigenvalues of the linear
transformation. If there are n distinct eigenvalues, then T is diagonalizable
(Cor. 6.0.11) and (Step 4), (Step 5) provide a basis that consists of eigenvectors.
Otherwise, proceed with (Step 3).

(Step 3) Find the multiplicity m; of \; for each i € {1,...,k} (see Def. 6.0.17). For
example, if pr(t) = (t — 2)(t — 3)?, then the multiplicity of A\; = 2 is mj = 1
and the multiplicity of Ay = 3 is mg = 2.

(Step 4) Find a basis f; for the eigenspace E\, = ker(T — \;Iy) for each i € {1,...,k}.
In case T is the left multiplication transformation with respect to a matrix
A € Myxn,(F) this will lead to a homogeneous system of linear equations. The
solution set will be a subspace that is at least one-dimensional. The basis 3;
will contain at most m; elements (see Thm. 6.0.18).
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(Step 5) Check if the dimension of Ej,, i.e. the number of elements in 3;, agrees with
the multiplicity m;. If this is true for all i € {1,...,k}, then the linear trans-
formation is diagonalizable and 8 = 51 U--- U B is a basis for V' that consists
of eigenvectors (see Thm. 6.0.19). If there is an ¢ for which this is not true,
then T is not diagonalizable.

Exercise 6.1.1. Let T': P»(R) — P»(R) be the linear transformation given as follows
T(az? +bx+c)=ca’+bxr+a.
a) Determine the characteristic polynomial pr(t) of 7" and the eigenvalues of 7.

b) Find a basis 8 for the vector space P»(R) such that [T]g is a diagonal matrix.

Exercise 6.1.2. Let T: Mayx2(R) — Msx2(R) be the linear transformation given by
transposition, i.e.

T(A) = A" .
a) Determine the characteristic polynomial pr(t) of 7" and the eigenvalues of 7.

b) Is T diagonalizable? If yes, find a basis 8 for the vector space Mayo(R) such that
[T]g is a diagonal matrix.

Exercise 6.1.3. Let V be a finite-dimensional vector space over a field F'. Let T: V — V
be an isomorphism.

a) Let A € F be an eigenvalue of T. Show that A # 0 and A~! € F is an eigenvalue of
the linear transformation 7.

b) Prove that the eigenspace E) of T corresponding to A is the same as the eigenspace
of T~1 corresponding to A~!.

c) Prove that if T is diagonalizable, then 7~! is diagonalizable.

7 The Jordan Normal Form

In this section we will discuss linear transformations that are not necessarily diagonalis-
able. In this case we can still ask the question: What is the best possible choice of basis,
such that the corresponding matrix of the linear transformation becomes “as diagonal as
possible”? We will see later what this best possible form will look like. We know from
Thm. 6.0.16 that for a diagonalizable linear transformation T': V' — V the characteristic
polynomial splits. This depends of course on the field we are using: The polynomial
2?2 +1 = (z +1i)(z — i) splits over the complex numbers C, but not over R. To avoid
these difficulties we will only consider vector spaces over C in this section.

Let V be a vector space over C and let T': V' — V be a linear transformation. Suppose
that T" has only two eigenvalues A1, Ao € C, which are distinct. Note that if v € V satisfies
T(v) = A\v and T'(v) = Agv, then we must have v = 0, since

M —=X)v=Tw) —TW)=0
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and A\ — A2 # 0. In particular, we must have Ey, N E), = {0}. This situation can be
described using the following terminology:

Definition 7.0.1. Let V' be a finite-dimensional vector space (over any field). Suppose
that Vq,..., Vi are subspaces with the properties

a) vm(zi#vj) = {0} for any i € {1,...,k},
b) V=Vi+ Vot -+ Vi

In this situation we say that V is the direct sum of the vector spaces Vi,...,V; and
denote this in the following way:

V=VieWhe el

Lemma 7.0.2. Suppose that V is the direct sum of the vector spaces Vi,...,Vi. Let
dj = dim(V;) and suppose that B; = {vj1,...vjq,} is a basis for V;. Then

k
B=pU--UB=]8

Jj=1
is a basis for V.

Proof. Since V.=V, +---+V, =span(V1 U---UV}) any vector v € V can be written as
V=111 + e + ka

with v; € Vj for all j € {1,...,k}. But for each j the vector v; is a linear combination
of the vectors vj1,...,v;q;. Therefore span(3) = V.
To see that 3 is linearly independent let a;; € F' be scalars with the property that
a1,1v1,1 + -+ 01,4, 91,4,
+ag1v21 + -+ G2,d,V2,dy
+...
+ap Vg1 + -+ g, Vkd, =0 .

Let vj = aj1vj1 + -+ + ajd;Vjd;- Then the above line boils down to v1 + -+ + v, = 0.
If we fix j € {1,...,k}, then we can rewrite this as

v+t v tvip o=y

The left hand side is in Vi +---+V;_1 + Vj41 +-- -+ V,,, whereas the right hand side is
in V. Therefore both sides are contained in the intersection of the two spaces. But by
Def. 7.0.1 a) this intersection just contains the zero vector, hence

Vj = aj1v1 + o+ a5d;V5d; = 0

for all j € {1,...,k}. This implies that all coefficients a;; have to vanish, because f; is
a basis. O
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Let T: V — V be a diagonalisable linear transformation and let Ej),,..., E), be
the eigenspaces corresponding to the distinct eigenvalues Ai,...,A; of T. Then it is a
consequence of Thm. 6.0.19 b) that

V=FE\,& - 6E), .

Exercise 7.0.3. Let V be a vector space and let V1,..., V) be subspaces of V' with the
property that V =V ® --- @ Vj. Show that for any v € V there are vectors v; € V; for
all i € {1,...,k} such that

V=01 + -+ U .

Moreover, prove that this decomposition is unique, i.e. show that if v, € V; for i €
{1,...,k} is another set of vectors with v = v| + --- + v}, then v} = v;.

7.1 Generalised eigenspaces

Suppose that V is a finite-dimensional vector space over C and that T': V' — V is a linear
transformation. For an eigenvalue A € C of T let m(A) be the multiplicity of A\. We
know from Thm. 6.0.18 that dim(E)) < m(u) and that T is diagonalisable if and only if
dim(E,) = m(u) for all eigenvalues p (Thm. 6.0.19 a)). Thus, for a non-diagonalisable
matrix it could happen that some of the eigenspaces are too small, i.e. dim(E)) < m(\)
for some A, so that Thm. 6.0.19 b) does not yield a basis of V', but only of a subspace.

Remember that
E)\ = ker(T — )\Iv) .

Definition 7.1.1. Let V be a finite-dimensional vector space over C and let T: V — V
be a linear transformation. Let A € C be an eigenvalue of 7. The subspace Ey C V
defined by

Ey={veV | (T —-\y)"(v) =0 for some n € N}

is called the generalised eigenspace of T' corresponding to the eigenvalue \.

Any linear transformation S: V' — V maps the zero vector to itself. Thus, if v €
ker(S™), then v € ker(S"*1). With S = T — Al we obtain by induction:

ker((T — AMy)™) C ker((T — My)" ™) € - C ker((T — Ay)"F)
for any k € Np. This means that we could also write E) as follows:

By = | ker((T — AIv)™) .
neN

Observe that by definition E\ C E).

Exercise 7.1.2. Check that E) is a subspace of V.
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Example 7.1.3. Consider the linear transformation L4: C2 — C? on V = C? given by

the matrix
31
= (o 3)

The vector e; = (1,0) is an eigenvector of this transformation with eigenvalue A\ = 3.
The solution space of the matrix equation Az = 3x agrees with ker(L4 —3Iy) = E3 and
is given by

Es = {(2,0) € C* | z € C} = span{e; } .

The characteristic polynomial of A is pa(t) = (t — 3)2. Therefore the multiplicity m(3)
is 2, whereas dim(E)) = 1. If I denotes the identity matrix, then

2
e (01N (00
(4-35) _<0 0) _<0 0)
Therefore B3 = ker((La — 31y)?) = C2.

Example 7.1.4. Let us look at another example: This time take the linear transforma-
tion Ly: C3 — C3 on V = C3 given by the matrix

4 0 0
A=10 3 1
0 0 3

The characteristic polynomial of A is pa(t) = (t — 4)(t — 3)2. Therefore the eigenvalues
of A are \; = 4 and \y = 3 with multiplicities m(4) = 1 and m(3) = 2. The vector
e1 = (1,0,0) is an eigenvector of A with eigenvalue 4 and eigenspace

Ey = {(2,0,0) € C* | z € C} = span{e;} .

Likewise the vector ey = (0,1, 0) is an eigenvector of A corresponding to the eigenvalue 3
and a similar computation to the one in the last example shows that

E3={(0,2,0) € Clze C} = span{es} .

We obtain the generalised eigenspace Ej by looking at the null spaces of the linear
transformations (Lp)"™ = Lpn with

0 0 O
B=A—-4I3=10 -1 1
0 0 -1
Exercise 7.1.5. Show by induction that
0 0 0
B"=[0 (-1 (~1)"ln
0 0 (=)™

and deduce that ker(Lpn) = span{e; }.
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The exercise shows that By, = E; = span{e; }. For the eigenvalue Ao = 3 we let
C = A — 313 and compute

100 100
c?=10 0 1] =(0 0 0
00 0 00 0

which implies
E3 =ker((La — 3Iy)?) = ker(L¢2) = span{es, ez} .

Observe that dim(E3) = 2 whereas dim(E3) = 1.

Exercise 7.1.6. Let L4: C* — C* be the linear transformation given by the matrix

2100
0200
00 31
0 00 3

Show that the eigenvalues are A\; = 2 and Ay = 3 and compute the eigenspaces Fo and
F5 and the generalised eigenspaces E» and FEjs.

Let V' be a vector space over a field F' and let T: V' — V be a linear transformation.
As already mentioned above we can make sense of powers of T' by defining

Tn:To...oT .

n times

Likewise, since L£(V,V) is a vector space, we can form linear combinations of linear
maps. Therefore we can apply any polynomial p with coefficients in F' to T. With
p(t) = ant™ + -+ - + a1x + ag and a; € F we have

p(T)=a,T"+ - +a1T +ap Ly .

In particular, it makes sense to apply the characteristic polynomial pr to the linear
transformation T itself. The following theorem that we are not going to prove here is a
result by Cayley and Hamilton.

Theorem 7.1.7. Let T: V — V be a linear transformation on a vector space V and let
p be its characteristic polynomial. Then p(T) = 0.

Exercise 7.1.8. Check the above theorem for the linear transformation L4: C? — C?

given by the matrix
2 1
4= (0 2) |

The next theorem gives a handy criterion to determine whether a linear transformation
of the form p(T") for some polynomial p is invertible. The proof, which we unfortunately
have to omit, is an application of the so-called spectral mapping theorem.
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Theorem 7.1.9. Let V be a finite-dimensional vector space over C. LetT:V — V be a
linear transformation with eigenvalues A1, ..., \p and let p be a polynomial. Then p(T)
is invertible if and only if

p(Ni) #0
forallie {1,...,k}.

Let T: V. — V be a linear transformation as above and let A\; be an eigenvalue of T'.
Observe that
(T—NIy)oT=T* - \T=To (T - \ly) .

By induction we obtain (T — Xjly)" oT =T o (T’ — X\;jIy)™ for any m € N. Let v € Ej,
and let m € N be a positive integer with (7' — A;Iy)™(v) = 0 (such an m has to exist by
the definition of E),). Then we have

(T = \Iy)™(T(v)) = T((T = \Iy)™(v)) = 0 .

In particular, T'(v) € E')\j for any v € E)\j, i.e. T maps the subspace EAJ. into itself.
Thus, E); CV is an invariant subspace in the sense of the following definition:

Definition 7.1.10. Let V be a vector space and let T': V' — V be a linear transforma-
tion. A subspace W C V is called an invariant subspace for T if T'(w) € W for all
w € W. In this situation we will denote the restriction of T to W by

Ty W =W
(note that we restrict the domain and the codomain).

The definition of Ey only implies that for each v € E there exists a positive integer
m € N with (T" — Ay )™(v) = 0. A priori this m will depend on the chosen vector v.
However, the next lemma shows that there is an integer that works for all v € FE).

Lemma 7.1.11. Let V be a finite-dimensional vector space over C. LetT:V — V be a
linear transformation with eigenvalues A\1,..., A\, and let E, ..., E, be the generalised
etgenspaces. Let m; be the multiplicity of the eigenvalue \;. Then

(T = Xlv)™ g, = (Tlg,, = Ailg, )™ =0
forall j € {1,...,r}.

Proof. Let p be the characteristic polynomial of T. Over the complex numbers any
polynomial splits into linear factors corresponding to the roots of p. The roots agree
with the eigenvalues of T'. Hence, we obtain

p(t) = (= A)™ (E = Ag)™ - (£ = Ap)"™

Fix j € {1,...,r} and define the polynomial p; to be

e -
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Let W = EAJ. and consider the restriction S = Ty, : W — W. Let w € W be an
eigenvector of S with corresponding eigenvalue A. Since w € FE); there exists m € N
with

0=(S—XNIw)"(w) = (A=) w .

Thus, A = )j, which means that A; is the only eigenvalue of S. By definition we
have p;(A;) # 0. Therefore Thm. 7.1.9 implies that p;(5) is invertible. Now note that
p(t) = (t — Xj)"™p;(t). Hence, Thm. 7.1.7 shows that

0=p(T) = (T = Ajlv)™p;(T) .
If we restrict both sides of this equation to W C V we obtain
0= (5 =X Iw)"™p;(5) -
However, p;(S) is invertible. Therefore we must have
(Tlg,, = Ailp, )™ = (S = AsIw)™ = 0. O

The main result of this section is the following;:

Theorem 7.1.12. Let V be a finite-dimensional vector space over C and let T:V — V
be a linear transformation with distinct eigenvalues A1,...,\.. Let Ey,,..., Ey, be the
generalised eigenspaces. Then

V:EA1@"'@E)\T .

Proof. Let p be the characteristic polynomial of 7" and denote the multiplicity of the ith
eigenvalue by m;. As in the proof of Lem. 7.1.11 we obtain

p(t) = (t— A1) (t—X2)™2 - (L= N\)™
Consider again the polynomials pi defined by

pr(t) = (t_p()l)),m = g(t —X)"™

and let ¢(t) = > p_; pe(t). Observe that ¢q(\;) # 0 for all j € {1,...,r}. By Thm. 7.1.9
the linear transformation B = ¢(7') is invertible. Now we define linear maps Py: V — V
for k € {1,...,r} as follows:

P, =B 'pi(T) .

These transformations have the following properties:
a) - P =1v,

b) Pilp, =0ifj#k,

¢) Im(P;) = Ej, and Pyo =v for all v € E),.
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Property a) is a consequence of the following short computation:

ZT:P,C =B (imn) =B Y(T)=B'B=1y.
k=1 k=1

To see that Property b) holds, note that for j # k the polynomial pj contains a linear
factor of the form (t — A\;)™, i.e. pi(t) = (t — X;j)™p;(t) for some polynomial pjx(t).
But this means that

P, = (T = XIv)™ |5, o pin(D)lg, =0 (18)

J

by Lem. 7.1.11. Thus, we also have

Aj

Pk|EAj = B_lpk(T)|E =0.

To show ¢) we first show that Im(pg(T)) C E),. By definition p(t) = (t — \g)™*pr(t).
Let w = p(T)v € Im(pg(7T)). Then

(T — M\ Ly)™ w = (T — MLy )™ pi(T)v = p(T)v = 0

by Thm. 7.1.7. Thus, w € EAk, since w is annihilated by some power of (T" — A\pIy).
Now note that Tv € EAJ. for any v € E’A]. and any j € {1,...,7}. Thus, we also have
Bv = ¢q(T)v € E)\j for any v € E)\j. This implies B~ v € E')\j for any v € E,\j. Let
w € Im(Py). Then we have w = B~ !p,(T)v for some v € V and combining the last two
ideas we see that w € F \e- Since w was arbitrary, this shows Im(P;) C E,\k.

Now let v € E,. By (18) we obtain

pr(TYv =Y pr(T)v = Bu,
j=1

which implies Py (v) = B~!Bv = v and therefore E\,_ C Im(F}), since v was arbitrary.
Now we are in position to complete the proof of the theorem. Take v € V' and define
vy = Pyv. Then according to Property c¢), v € E), and by a)

v=Iv) = Y P =Y
j=1 Jj=1

and therefore B B
VCcE\+---+E\, CV,

which implies V = E), + -+ + E),.. Now suppose that j # k and w € E’Aj N E), . Using
Properties ¢) and b) we then obtain

since w € E,. This finishes the proof. O

77



Let T: V' — V be a linear transformation as in Thm. 7.1.12, let d; = dim(EA].) and
choose a basis 3; = {vj1,...,vj4,} for each generalised eigenspace E,\j. By Thm. 7.1.12
and Lem. 7.0.2 the set

B=pHU---UpB (19)

is a basis of V. We order this basis by ordering each 3; and then taking the elements of
B1 first, followed by the elements of S and so on. For each j € {1,...,r} the subspace
E‘Aj is invariant. Thus, we see that for each i € {1,...,d;} the vector T'(v;;) can be
written as a linear combination of basis elements from ; again without using any other
set B with k # j. Thus, if we determine the matrix of T with respect to the basis 3 it
will have the following form

A 0 0

0 A, 0

AP
0 0 Ay

The full matrix [T]g is not diagonal, since every A; is still a square matrix itself. Matrices
of this form are sometimes called block diagonal.

7.2 Nilpotent linear transformations

Can we improve the block diagonal decomposition of T': V' — V7 We know already that
we can not always choose a basis, such that the matrix representation is diagonal. We
will first study the structure of each block A; separately. Let m; be the multiplicity of
the eigenvalue )\;. As was pointed out in Lem. 7.1.11 we have

mj

(T’EA]. = 'IE’A) =0,

Linear transformations which vanish when raised to a certain power are quite common
in Linear Algebra and have a special name.

Definition 7.2.1. Let V be a vector space and let N: V — V be a linear transformation.
If N* = 0 for some power k € N, then N is called a nilpotent linear transformation.

Our observations from the last section can be summarised as follows:

Corollary 7.2.2. Let V be a finite-dimensional vector space over C. Let T:V — V
be a linear transformation. Then there are transformations D:' V —V and N:' V -V
such that D 1s diagonalisable, N is nilpotent, ND = DN and T'= D + N.
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Proof. By Thm. 7.1.12 the vector space V has a direct sum decomposition of the form
V:E/\l@"'@E)\T .

In particular, by Exercise 7.0.3 each v € V has a unique decomposition v =v; +---4v,
with v; € E),. Therefore the map

D(v) = Muv1 + Xavg + -+ - + Aoy

is well-defined. Let d; = dim(E),). If we choose a basis 3 as described in the paragraph
before (19) then
A1y, 0 e 0

0 Ao Iy -+ 0

0 0 c Ao I,
where I, is the identity matrix of dimension d;. In particular, the right hand side is a
diagonal matrix and D is diagonalisable.

Now let N =T — D and note that each E); is an invariant subspace for N, D and T'.

Thus, if v = vy + - -+ + v, with v; € E),, then T(v;) € E), and T'(v1) + - - -+ T(v;.) is the
decomposition of T'(v). Therefore

TDWw) =T(Av1+ -+ M) = MT(v1) + T (v2) + -+ -+ A\T(v) = DT (v) .

We obtain DT = TD, which implies DN = DT — D?> = TD — D? = ND. Using the
definition of D we get
N\EA]. = (T - AjIV)|EAj :

This is a nilpotent linear transformation by Lem. 7.1.11. Let m; be the multiplicity of
Ai and note that n = dim (V') > m;. Thus,

(Mg, ) =0

Let v € V and let v =v1 4+ - - - + v, be its decomposition with v; € EAi- Then
N"(v) = N"(v1) + N*(va) + -+ N"(v,) =0.
Therefore N: V — V is nilpotent as well. O

Example 7.2.3. Let V = R3 and consider the linear transformation N: V — V given
by
N(ZL‘,y,Z) = (y,z—x—y,z—x)

With respect to the standard basis o = {e1, e2, e3} the matrix representation of N is

0 1 0
NS =|-1 -1 1
-1 0 1

79



This helps us to compute the powers of N:

-1 -1 1 000
(N*S=(0 o0 o0 , [N*S=10 0 0
-1 -1 1 000

In particular, N> = 0 and N is nilpotent. What is the most convenient basis for a
matrix representation of N7 The only eigenvector of N is (1,0,1) with corresponding
eigenvalue 0 and its eigenspace is one-dimensional. Hence, N is not diagonalisable.
However, the vector (0,1,1) satisfies N(0,1,1) = (1,0,1) and the vector (0,0,1) has
image N(0,0,1) = (0,1,1). Thus, even though we can not construct a basis of vectors
w; € R3 with N(w;) = \jw;, we can instead look at the vectors vy = (1,0,1), vo = (0,1, 1)
and v3 = (0,0, 1) and consider the set 8 = {v1,v2, v3} instead. As mentioned above these
vectors satisfy

N(v1) =0 , N(v2) =1 , N(v3) =vg .

Note that 8 is an ordered basis for R? with respect to which the matrix representation
of N takes the following form

0
N5 = |0
0

o O =

0

L,

0

i.e. it has only ones along the first line above the diagonal and zeroes everywhere else.

The above example tells us that we should look for sets of vectors that fit the following
definition:

Definition 7.2.4. Let N: V — V be a nilpotent linear transformation. A chain of

non-zero vectors v, ..., vp, which satisfies the following relations:
N (Ul) =0 5
N (UQ) =1,
N(vp) = vp—1

is called a cycle of generalised eigenvectors of N. The vector v; is called the initial
vector of the cycle, the vector v, is called the end vector of the cycle, and the number
p is called the length of the cycle.

In Example 7.2.3 we found a basis consisting of a cycle of generalised eigenvectors
of N. The next theorem hands us a tool to check if the union of multiple such cycles
yields a linear independent set.
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Theorem 7.2.5. Let V' be a finite-dimensional vector space. Let N:'V — V be a
nilpotent linear transformation, and let Cy,...,C, be cycles of generalised eigenvectors,
Cr, = {UE ,...,vz(,i)}, pr being the length of the cycle Cy. Assume that the set of initial
vectors {v%l), . ,UY)} is linearly independent. Then no vectors belong to two cycles, and
the union of all the vectors from all the cycles is a linearly independent set.

Proof. Let n = p1+p2o+---+p;, be the total number of vectors in all cycles. We will prove
the theorem by induction over n. In the case n = 1 we only have one cycle containing
just one non-zero vector. The set containing this vector is linearly independent, so the
theorem holds in this case.

Now let us assume that the theorem is true for all linear transformations and for all
collections of cycles, as long as the total number of vectors in their union is strictly less
than n. Note that the definition of a cycle of generalised eigenvectors implies that the

(%)

linear span of all vectors v, i.e. the subspace W = span(S) with

S={Mevije{l,....mhke{l,...,r}

is an invariant subspace for N. Therefore we can without loss of generality consider
Nl : W — W instead and assume that V = W.

Consider the subspace Im(N) C V. It follows from Def. 7.2.4 that this space is spanned
by the set of vectors

S={Mevije{l,....m-1ke{l,....r}}.
If p,, > 1, then C, = {v%k), e ,v;i)_l} is a cycle of generalised eigenvectors. If pp = 1,
i.e. if Cy contains only one vector, then it is annihilated by N. Therefore we have
finitely many cycles, and the initial vectors of the cycles C; are linearly independent. By
our induction hypothesis S’ is then also linearly independent. Since these vectors span
Im(NN), they form a basis for it. Hence,

rank(N) = dim(Im(N)) =n—1r,

since we removed the vectors vi(,? for k € {1,...,r} from S to obtain S’. On the other

hand N (vgk)) = 0 for k € {1,...,r}. Since these vectors are linearly independent by
assumption, we have dim(ker(N)) > r. By the rank-nullity theorem

dim(V) = rank(N) + nullity(N) = n —r + dim(ker(N)) >n—r+r=mn.

But V is also spanned by the set S, which contains n vectors. Thus, S forms a basis
for V. In particular, S is linearly independent. ]

The following theorem shows that a basis consisting of cycles of generalised eigenvec-
tors (similar to the one we constructed in Example 7.2.3) exists for any nilpotent linear
transformation.
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Theorem 7.2.6. Let V' be a finite-dimensional vector space and let N: V. — V be a
nilpotent linear transformation. Then V has a basis that consists of a union of cycles of
generalised eigenvectors for N.

Proof. Let n = dim (V). We will prove the statement by induction over n. If dim(V) = 1,
then any non-zero linear transformation is invertible. Since IV is nilpotent, we must have
N = 0 in this case. But then any non-zero vector v € V is a basis for V' and a cycle of
generalised eigenvectors of length 1 for N.

Now assume that the statement is true for any linear transformation acting on a
vector space V of dimension less than n. Since N is nilpotent, it is not invertible and
rank(N) < dim(V'). Therefore we can apply the induction hypothesis to Im(N) C V.
This means there exist cycles Cy, ..., C, of generalised eigenvectors for N such that their
union is a basis for Im(N). Let

Cr = (o, 0P} c Im(V)

where py is the length of C; and ng) is its initial vector. Note that U](J]Z) is in the image

of N. Hence, there exists UZ()I:)JFI € V with the property N (UI(??_H) = v](j,:). Thus, we can
extend Ci to a bigger cycle

Cr = {Uyc)’“" Pk ’ pk+1}
The initial vector of Ek agrees with the initial vector of Cy. In particular, the set of
all initial vectors is still linearly independent. By Thm. 7.2.5 the union of all cycles
Cl, .. C is then also hnearly 1ndependent

Now consider the set {vl ,...,vl } consisting of all initial vectors of all cycles. By
Def. 7.2.4 and our observations above this is a linearly independent subset of ker(NNV).
Hence, we can extend it to a basis of ker(/N) by adding vectors uy,...,u; € ker(N)
(the case ¢ = 0 might happen and corresponds to the situation where the set of initial
vectors is already a basis and we do not need to add anything). Each vector u; might
be considered as a cycle CTH = {u;} of length 1. Since the set of initial vectors of all
cycles Cl, .. CT Cr—f—l; ..., Cryq is still linearly independent, Thm. 7.2.5 implies that the
union of all these cycles is linearly independent as well.

To show that this union actually forms a basis, we count the dimensions of the spaces
involved. We know that the cycles Ci,...,C, have rank(N) = dim(Im(N)) vectors in
total. Each cycle Ck was obtained by addlng a single vector to Ci. Therefore the total
number of vectors in the union of all cycles Cy, ..., C, is rank(N) 4 r.

We know that dim(ker(N)) = r + ¢, since {Ul ), e ,vgr),ul, ..., Uq} is a basis for the
kernel. Likewise, the union of all Cp, ... ,@,CNTH, . ,C~T+q contains rank(N) + r + ¢
vectors in total. But this number of vectors agrees with dim(V'), since

rank(N) + r 4+ ¢ = rank(N) + nullity (V) = dim(V) ,

which implies that the union of 51, .. ,C~,ﬂ,5r+1, . ,5,,+q is actually a basis. O
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Remark 7.2.7. Let N: V — V be a nilpotent linear transformation and let C; be a
cycle of generalised eigenvectors of length 3, Co be a cycle of length 1 and Cs be another
one of length 2. Let = C; UCy UC3. Assume that this is a basis for V. Each cycle is
already ordered and we order 8 by taking the elements of C; first, then Cy and so on.
The corresponding matrix representation of N is

0
0

o O O O

S O O O O
S O O O~ O
O O O O O O
O O O O O O
O = O O O O

Note that the size of the coloured blocks agrees with the length of the cycles: Cy yields
a block of size 3, Cy one of size 1 and C3 another one of size 2.

The main theorem of this section, shown below, states that for any linear transfor-
mation T": V — V we can always find a basis § with the property that the only non-zero
entries of the matrix [T]g are either on the diagonal or on the line above the diagonal.
Moreover, 8 can be chosen in such a way that the entries on the line above the diagonal
are either 0 or 1.

Theorem 7.2.8. Let V be a finite-dimensional vector space over C and let T:V — V
be a linear transformation. There exists an ordered basis § (called a Jordan basis)
such that [T]g 1s a block diagonal matriz consisting of blocks of the form

A1 0 - 00
0 A1 - 00
00X - 00
JaN=1. . . . .| €M),
000 -+ X1
000 -+ 0 A

where X is an eigenvalue of T'. By definition a block of size 1 is just X\. The blocks Jy(\)
are called Jordan blocks.

Proof. Let A1,..., A\ € C be the eigenvalues of T and let E), be the corresponding
generalised eigenspaces. Let

N = (T = Mdv)lg, -

By Lem. 7.1.11 each N} is nilpotent and using Thm. 7.2.6 we can find a basis Sy, for EAk
that consists of a union of cycles of generalised eigenvectors for Ni. Note that
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Therefore the matrix representation of 7| &, 18 given by
k

Br Br
_ N I
[T|EAJB]€ = [Nu 53+ Ak - [IEAJBk = N3+ A Lo,

where di, = dim(E),). By our observation in the previous remark the matrix [Nk]g: is

only non-zero on the line above the diagonal, where it may contain zeroes and ones. If
we add A - Iy, to it, then the resulting matrix will consist of blocks of the form Jy(Ay)
for various values of £. If we now choose 5 = 51 U---U S, as in (19), then f is a basis
for V and [T]g will have the desired form. O

Definition 7.2.9. Let F be a field. If a matrix A € M,,«,(F) has the form described in
Thm. 7.2.8, then we say that A is in Jordan normal form. In particular, if T: V — V
is a linear transformation on a vector space V' and 3 is a Jordan basis, then [T]g is in

Jordan normal form.

Corollary 7.2.10. Let V be a finite-dimensional vector space over C and letT:V — V
be a linear transformation with distinct eigenvalues A1,...,A.. Denote by m; € N the
algebraic multiplicity of the eigenvalue A;. Then we have

dim(E)\i) =m;
forallie {1,...,r}.

Proof. Let f3; be the basis for the generalised eigenspace E), constructed in Thm. 7.2.8.
Then 8 = 1 U---U S, is a basis for V with the property that [T’ ]g is in Jordan normal
form. We make the following observations: The characteristic polynomial of a Jordan

block Ji(A) of size k € N is given by

Paoy(t) = (=1t = N)F .

Moreover, for a block diagonal matrix A with

A, 0 -+ 0
0 Ay -+ 0
A=1 . . | )
0 0 - A

we have pa(t) = pa, (t) - --pa, (t). Hence, if we compute the characteristic polynomial of
T using the basis 3, we see that each Jordan block Ji(\) contributes a factor (& — \)*
to pr(t). Thus, the algebraic multiplicity m; of \; is the sum s(\;) of all the sizes of the
Jordan blocks with eigenvalue A;. But these are the exactly the blocks that arise from
the basis 3; of E),. Each basis element in 3; is responsible for one column and row in a
Jordan block for A;. Thus, we have

dim(E),) = s(\;) = m; . O
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Example 7.2.11. The matrix A € M3,3(C) given below is in Jordan normal form:

310
A=1(0 3 O
0 0 3

Note that this matrix consists of two Jordan blocks. The first one is

J2(3):(3 ;) € Mays(C)

and the second one is
J1(3):3 €M1><1((C) .

This also illustrates that the eigenvalues of two blocks can agree.

Example 7.2.12. The Jordan normal form of a linear transformation is not unique.
Let A be the matrix from Example 7.2.11, let a = {ej, e2,e3} be the ordered standard
basis and let 8 = {es, e1,e2} be the basis that agrees with « as a set, but has a different
order. Then we have

Both of these matrices are in Jordan normal form. Note that they agree up to a permu-
tation of the blocks from Thm. 7.2.8. It turns out that the Jordan normal form is unique
up to such a permutation of the Jordan blocks, but we will not prove this statement in
this lecture.

7.3 Low dimensional examples

In this section we will discuss how to compute Jordan normal forms for linear trans-
formations 7': V' — V in the cases where V = C? or V = C3. The first step in all
cases discussed below is determining the characteristic polynomial pr and the eigenval-
ues Ai,..., A, i.e. the roots of pr. We will assume this has been done. Then we are left
with the following cases:

7.3.1 Dimension 2, two distinct eigenvalues \; # )\,

In this case all eigenvalues of T are distinct. Therefore by Cor. 6.0.11 the linear trans-
formation T is diagonalisable. To find the basis 8 such that [T]g is a diagonal matrix
determine the eigenspaces Ey, and E),. Any pair 8 = {v1,v2} of non-zero vectors with
v; € Ey, will form a basis of C? and

g (A O
=5 o)
is in Jordan normal form with Jordan blocks Ji(A1) = Ay and Ji(A2) = Ao Our

computation of the formula for the elements in the Fibonacci sequence (in Example 6.0.8)
is of this type.
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7.3.2 Dimension 2, one eigenvalue A = \; = )\

If the two eigenvalues of a linear transformation 7': C> — C? agree, then we have to
determine F) and compute its dimension to see whether T is diagonalisable or not. If
dim(E)) = 2, then T is diagonalisable and any basis  for F) will have the property

that
-0 3)

If dim(E)y,) = 1, then T is not diagonalisable by Thm. 6.0.19. Since there is just
one entry above the diagonal in a 2 x 2-matrix, the Jordan normal form is completely
determined. In particular, there has to be a basis 8 of E\ = C? such that

= (5 1)

To construct 5 we first have to find a basis 8/ = {v;} for the one-dimensional sub-
space F\,. Then we have to extend S’ to a cycle of generalised eigenvectors for the

nilpotent operator
N=T-Xy .

Hence, according to Def. 7.2.4 we have to find vy € C? such that
N(Ug) = T(UQ) — )\Ug =] .

By Thm. 7.2.6 the set 5 = {v1,v2} is a basis for V' and

=5 3)

Example 7.3.1. Consider the matrix A € Max2(C) given by

a=(7 1)

Its characteristic polynomial p4(t) computes to

—5—t —4
pA(t):det< ) _1_t> =0G+)1+t)+4=t>+6t+9=(t+3)>

From this we see that A = —3 is the only eigenvalue of A. The eigenspace E_j3 is ker(Lp)

with
-2 —4
B—A—|—3‘I2—<1 2)

Solving the corresponding system of linear equations yields

E 3={(z,y) €C® |z =2y} ={a(-2,1) €C? | a € C}.
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A basis for E_3 is given by the set 5’ = {v1} with v; = (=2, 1). To extend this to a cycle
of generalised eigenvectors for the nilpotent linear transformation N = Ly +3-Ic2 = Lp
we have to solve the linear equation Bvy = vy, which yields with ve = (z,¥)

-2 -4\ (x\ (-2
1 2 y) \1
The solution set of this equation is
S={(z,y) €C® |z +2y=1} .

Let v = (—1,1). This is an element of S. The set 8 = {v1,v2} is the basis we were
looking for. Indeed, we can compute

LMm):Am:<z5:ﬁ><f>:(i9:4—$4q+0m%
Lavs) = Avy = (‘15 j) (‘11> _ (_12> ot (=3) s

Hence, the matrix representation with respect to the ordered basis 5 = {vy,va} is
-3 1
La)5 = .

7.3.3 Dimension 3, three distinct eigenvalues

Just as in the 2-dimensional case Cor. 6.0.11 applies and shows that 7' is diagonalisable.
To find a corresponding basis 3, with respect to which the matrix of T is diagonal, choose
basis vectors v; for the three one-dimensional eigenspaces Fy,. The set § = {v1, v2,v3}
is then a basis for C* by Cor. 6.0.11 and

A 0 0
T5=10 X 0
0 0 As

Since the setting is very similar to the 2-dimensional case, we will not give another
example here.
7.3.4 Dimension 3, two distinct eigenvalues

Let T: C?> — C3 be a linear transformation with two distinct eigenvalues \; and \s.
Without loss of generality we can assume that the algebraic multiplicity mq of A is 2
and, likewise, that mo = 1. This means that the characteristic polynomial has the form

pr(t) = c(t — M\)%(t — Xo)

87



for some constant ¢ € C. If the eigenspace E, has dimension 2, then T is diagonalisable
by Thm. 6.0.19. Moreover, if 81 = {v1,v2} is a basis for E), and 2 = {v3} is a basis
for Ey,, then 8 = 1 U 2 = {v1,v2,v3} is a basis for C* with the property that

A 00
5=10 M 0
0 0 X

The last remaining case occurs when the eigenspace Ey, only has dimension 1. Let v;
be a basis vector for Ey,. To extend this to a cycle of generalised eigenvectors for the
nilpotent linear transformation

N=T-X\" Iy

we have to find a vector vo € C3 that satisfies the equation
N(vg) = T(v2) — Avg = v1
just as in the 2-dimensional case. In particular, note that
(T — X\ - Iv)?*(v2) = N*(v2) = N(v1) =0 .

Hence, vo € E),. Let v3 be a basis vector for the one-dimensional eigenspace E),. By
Thm. 7.2.5 and Thm. 7.1.12 the set 3 = {v1,v2,v3} is a basis for C* and

A 10
T5=(0 A 0
0 0 X

Example 7.3.2. Let Ly: C? — C3 be the linear transformation given by left multipli-
cation by the matrix

3 0 O
A=10 3 -1
-1 0 2

To find a basis 5 such that [L A]g is in Jordan normal form we first have to determine
the characteristic polynomial. We have

3—t 0 0
pa(ty=det| 0 3—t -1 |=0B-1)*2-t)=—(t-3)>%*t-2),
-1 0 2-t

where we used cofactor expansion along the first row to compute the determinant. There-
fore the eigenvalues are A\; = 3 with algebraic multiplicity m; = 2 and Ao = 2 with
multiplicity mo = 1. The eigenspace Ej3 is the kernel of L with

0 0 O
B=A-3I3=10 0 -1
-1 0 -1
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Thus, Es3 is given by
B3 ={(2,9,2) €C® | z=2 =0} = {a(0,1,0) € C* | a € C} .

Let v; = (0,1,0). Then {v;} is a basis for F3. The equation Ave — 3vy = Buy = v; for
vy = (x,y, z) leads to

0O 0 O T 0
0 0 -1 yl =11
-1 0 -1 z 0

The solution set of this system is given by
S={(ly,-1)eC’|yeC}

Let v = (1,0,—1). Then vo € S and 1 = {v1,v2} is a basis for the generalised
eigenspace F3. The eigenspace Fs is the kernel of Lo with

1 0 0
C=A4-2-I;=(0 1 -1
-1.0 0

Thus, we have
By ={(x,y,2) €C3 |z =0, y=2} ={a(0,1,1) € C* | a € C}

and with v3 = (0,1, 1) the set f2 = {v3} is a basis for Fy. Altogether we obtain a basis
B = 1 U By = {v1,v2,v3} and with respect to the § the matrix representation of L4
takes the form

310
[Lalj=10 3 0
00 2

S W =

7.3.5 Dimension 3, one eigenvalue

Now let T: C? — C3 be a linear transformation with a single eigenvalue A € C. In
this case the characteristic polynomial of T takes the form pr(t) = c(t — A)3 and the
multiplicity m of A is 3. Depending on the dimension of the eigenspace F) we have to
distinguish three cases: If dim(F)) = 3 = m, then Ey = V and by Thm. 6.0.19 the
transformation 7' is diagonalisable. Let 3 be any basis for E. Then we have

A
T]5= |0
0

o > O

0
0l =x-1; .
A

Observe that this case can only happen if T is already of the form A - Iy, since this is
the only linear transformation that has a matrix representation which is a multiple of
the identity matrix.
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Suppose that dim(E)) = 2. Let {v],v}} be a basis for E). Each of the eigenvectors
v}, vh can be seen as a cycle of generalised eigenvectors of length 1. But we only know
that a linear combination of v and v} can be extended to a cycle of length 2. Therefore
we have to replace the basis {v], v} by one that is adapted to this case. The Jordan

normal form for T with respect to the basis 3, that we still need to construct, will look
like this:

)
=Y
|

o o >

1
A
0

> O O

In particular, we know that for N =T — A\Iy, we have N2 = 0, since
2
5 0 10 0 00
[N?]5=(Vp?*=(0 0 0] ={0 0 0
0 00 0 00
Let vg € V' be any vector that is not in F) and let v; = N(v2). Then we have v # 0
and N(vi) = N2(vy) = 0. Therefore vy € E) and v; € Ey. Extend {v1} by a vector

v € E) to a basis for Ey. Then 8 = {v1,v2,v3} will be basis for C3 and the matrix
representation will be

|
=)
|

o o >

1
A
0

> O O

The last case to discuss is dim(F)) = 1. Let v; be a basis vector for E. To extend this
to a cycle of generalised eigenvectors we now have to solve two equations. We define vy
as above to be the solution of

T(vg) — Avy = vy .

Likewise, vs is obtained as the solution of
T(’Ug) — )\’Ug = V2 .
Note that these two equations ensure

T(’Uz) =v1+ Avg
T(vs) =va+ Avs .

Moreover, vy € ker((T — A Iy)?) C Ey and vz € ker((T — A Iy)3) C E). In particular,
B = {v1,v2,v3} is a cycle of generalised eigenvectors for N = T — A Iy. Hence, by
Thm. 7.2.6 it is a basis. The matrix representation with respect to 3 yields

)3

S O >

1
A
0

> = O
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Example 7.3.3. Consider the linear transformation L4 with A € M3,3(C) given by

5 —4 0
A=11 1 0
2 -3 3

The characteristic polynomial p4(t) is

5-t —4 0
pat)=det| 1 1-t 0 | =@-1)-(6-1)(1—1t)+4)
2 -3 33—t

=(3—t)(t* —6t+9) = —(t — 3)°

Hence, A has just one eigenvalue A = 3. The eigenspace Ej3 is the kernel of Lp with

2 -4 0
B=|1 -2 0
2 -3 0

2 —4 0 T 0
1 -2 0 y| =10
2 -3 0 z 0

We leave it as an exercise to check that the solution set is given by
Es =ker(Lp) ={a(0,0,1) | a € C} .

Let v; = (0,0,1). The set {v;} is a basis for F5. Note that N = T — 3Iy = Lp.
Therefore to construct v9 we need to find the solution set of

2 —4 0 T 0
1 -2 0 y] =10
2 =3 0 z 1

Since the first two rows are equivalent, this leads to the system of equations

r—2y=0,
20 —3y=1.

The vector vy = (2,1,0) is a solution. We can construct vs in a similar way by finding
a solution of the system

2 —4 0\ [z 2
1 -2 0] y]l=1]1
2 -3 0/ \z 0
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This leads to the two equations:

r—2y=1,
20 — 3y =0,

which is solved for example by the vector v3 = (—3,—2,0). By the above observations
the set 8 = {v1,v2,v3} is a basis for C? and

3
[Lalj= {0
0

S W =
w = O

8 Duals, symmetric bilinear forms and inner product spaces

Consider the vector space R? over R. The dot product (or standard inner product) of
two vectors (a1, az), (b1, b2) € R? is defined as

((a1,a2), (b1,b2)) = a1by + azbs .
In fact, we can extend this definition to R™ for arbitrary n € N by defining
<(a1, ce ,an), (bl, ce ,bn)>> =a1by +--- + ayby,

for two vectors (aq,...,an), (b1,...,b,) € R™. The dot product has a lot of applications
in geometry: For example, it can be used to define the length ||v|| of a vector v € R" via

[oll = v/ {v,v) .

The Pythagorean theorem justifies this definition as shown for n = 2 in Figure 4.

(z,9)

(0,0) (2,0)
Figure 4: The length of the vector v = (z,y) is \/22 + y? = /(v,v).
The dot product also provides us with a way of measuring the distance between two
points described by two vectors v,w € R", which turns out to be ||[v — w]||. If ¢ denotes

the angle between two vectors v, w € R, then it satisfies the equation

(v, 0) = [|v[| |Jw][ cos(ep) -
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Last, but not least, the dot product also allows us to determine whether two vectors
v,w € R™ are perpendicular (or orthogonal) to each other, which is the case if and only
if

(v,w) =0
In this section we will discuss the essential properties of this product, which will lead to
a definition that works for arbitrary vector spaces. Note that the dot product on R™ is

a map
(-, ):R*XR" 5 R.

However, even though R” x R” = R?" is a vector space, this map is not linear as can
be easily checked from the definition. Nevertheless, if we fix v € R™, then the map

(v, ): R" =R

does satisfy (v, cw; + wa) = ¢(v,w1) + (v, we) and hence is a linear map. Therefore we
will begin our journey there and study linear transformations from a vector space to its
field in the next section.

8.1 Dual spaces

Given two vector spaces V and W over the same field F' we have already seen in Def. 2.0.8
that the set £(V,W) of all linear transformations 7': V' — W is again a vector space
over F'. A special case of this definition is particularly interesting.

Definition 8.1.1. Let V be a vector space over the field F'. The vector space L(V, F') of
linear transformations ¢: V' — F is called the dual space of V and is denoted by V*.
Its elements are sometimes called linear forms on V.

Example 8.1.2. Let V = R3. The linear transformations ¢: R?* — R and 1: R? — R
given by p(x,y,z) = = and ¥(z,y, z) = x — y are both elements of V*.

Example 8.1.3. Let V = C([0, 1]) be the vector space of continuous functions on the
unit interval [0,1] C R. The linear transformation ¢: V' — R given by

1
o(f) = /0 f(2)dz

is an element in V*.

Let V be a finite dimensional vector space over the field F' with n = dim(V) and
let = {v1,...,v,} be a basis for V. Let pg: V — F" be the isomorphism from
Thm. 3.0.19, which sends a vector v to the unique vector (aq,...,a,) € F™ such that

V=a1v1 + -+ apvy, .

Let p;: F™ — F be defined by p;(ai,...,a,) = a;. Note that p; is also a linear transfor-
mation. For ¢ € {1,...,n} we define a map v;: V — F as follows

v =piowg .
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i.e. v] maps a vector v € V to its ith coordinate with respect to the basis 5. In particular,

observe that
. 1 ifi=j
v; (v;) = - (20)
0 else

Since each v} is a linear transformation, we have v} € V*.

Lemma 8.1.4. Let V' be a finite-dimensional vector space over the field F' of dimension
n =dim(V) and let § = {v1,...,v,} be a basis for V. The set f* = {v],..., v} C V*
with v} as defined in the last paragraph is a basis for the vector space V*.

Proof. The dimension of V* = L(V, F') is equal to n by Cor. 3.0.18. Hence, it suffices to
show that §* is linearly independent. To see this, let aq,...,a, € F be scalars with the
property that

avy + - +apuy =0

If we apply the left hand side to a basis vector v;, equation (20) shows that
(a1v] + -+ + apvp)(v)) = a1vi(v)) + - + anvy (v;) = a;

This is equal to the right hand side of the first equation applied to v;, but the right
hand side is the zero map. Therefore a; = 0 for all j € {1,...,n} and £* is linearly
independent. O

Definition 8.1.5. Let V be a finite-dimensional vector space over the field F' of dimen-
sion n = dim(V') and let 8 = {v1,...,v,} be a basis for V. The basis 5* of V* associated
to V and S is called the basis dual to (§ or just the dual basis if it is clear from the
context which 8 is meant.

Example 8.1.6. Let V = R3, let a = {e1,e2,e3} be the standard basis and consider
the vectors f; € R? defined by

fi=(1,1,0) , fo=(0,1,1) , f3=(0,0,1).

The set 8 = {f1, f2, f3} forms another basis for R3. We will use (20) to compute the
basis §* dual to 8. By Lemma 8.1.4 each f; can be written as a linear combination of
the vectors e}, e5 and e3. With f = a;e] + b;e5 + c;e5 we have

[F(z,y, 2)) = aiel((x, y, 2)) + bies((z,y, 2)) + cie5((z, y, 2)) = a;x + biy + ¢z .

To determine the coefficients a;, b;,¢; € R we use (20). In the case of f; we obtain, for
example

1 :fik(fl) = ff((Ll?O)) =a1+0b1,
0=fi(f2) = fi((0,1,1)) =b1 +c1,
0=f1(f3) = f1((0,0,1)) = c1 .
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This system of linear equations has a unique solution given by a1 = 1,b; = 0,¢; = 0.
Therefore ff((x,y,z)) = =.

We repeat these steps for f5 and f3. In case of f5 the system of linear equations is
the following one:

0= ;(fl) = f;((Ll?O)) =az+ by,
1= ;(f2) = f2*<(07171>) =by+c2,
0=/3(fs) = f3((0,0,1)) = c2 .

This time the solution is ag = —1,b2 = 1,2 = 0 and hence f5((z,y,2)) = —x +y. The
same procedure applied to f5 gives

0=f3(f1) = f3((1,1,0)) = az + b ,
0=f3(f2) = f5((0,1,1)) = bz + 3 ,
1=f5(f3) = £3((0,0,1)) = 3

and the solution is ag = 1,b3 = —1,c3 = 1. Thus, fi((x,y,2)) = ¢ — y + z. In summary
we have

fl*((x,y,z)) =2,
f;((l’,y,Z)) =-r+ty,
f;((l’,y,Z)) =r—y+z.

Every vector space V over the field F' has a dual space V*. In particular, we can
iterate this construction and look at V** = (V*)*. This is called the bidual of V and
by definition it is the space of linear forms x: V* — F. Now note that there is a map

Op:V = V™ , v ey,

where e,: V* — F is the evaluation map at v € V. It maps a linear form ¢ € V* to the
scalar e,(¢) = p(v).

Theorem 8.1.7. Let V be a finite-dimensional vector space over the field F'. Then the
map Oy : V — V** is an isomorphism.

Proof. We will first show that ©y is in fact a linear transformation. Let v,w € V and
let ¢ € F. Then we have Oy (cv + w) = eyt and

ecvtw(p) = p(cv +w) = cp(v) + p(w) = ceu (@) + ewlp) = (cev + ew)(p)
for all ¢ € V*, which implies that
Oy (cv + W) = ecprw = Cey + €y = cOy (v) + Oy (w) .

Now note that dim(V) = dim(V*) = dim(V**) by Cor. 3.0.18. Hence, it suffices to
prove that ©y is injective, which is equivalent to ker(©y) = {0}. Let n = dim(V),

95



let 8 = {v1,...,v,} be a basis for V and denote by * = {v],...,v:} the dual basis
for V*. Let v € ker(©y). This means that e,(¢) = p(v) = 0 for all ¢ € V*. Let
v = ajv1 + - - - + apv, be the decomposition of v with respect to the basis 3. For each
i€ {l,...,n} we have

0=v;(v) =v](a1v1 + -+ apvy) = a1v; (v1) + - - + apv; (vy) = a4
and therefore v = 0. In other words, ker(Oy) = {0} and Oy is an isomorphism. O

Remark 8.1.8. For infinite-dimensional vector spaces V it is no longer true that Oy
is an isomorphism. Nevertheless, it can still be shown to be injective in this case. Note
also that we did not have to make any choices in the construction of Oy : V — V**.
Mathematicians like to call structures that you get “for free”, i.e. without making any
choices, canonical. Therefore Oy is the canonical map between V and V**.

8.2 Bilinear forms and inner products on real vector spaces

Let V = R" and consider the dot product discussed in the introduction, i.e. the map
defined as follows:

(a1, yan), (b1, bo)) =) aib; - (21)
i=1

If we keep the first entry fixed and replace the second entry by a linear combination of
two vectors, then we see that for v = (a1,...,a,),w = (b1,...,b,) and w' = (b},..., 1))
we have

(v, cw + dw') = Z a;(cb; +db}) =c (Z aibi) +d (Z a,;bé)
i=1 i=1 i=1
=c(v,w) +d{v,w') .

The analogous statement is also true if we keep the second entry fixed and replace the
first one by a linear combination. Thus, even though (-, -) is not a linear transformation,
it is still linear if we keep one of the two entries fixed and vary the other one.

Definition 8.2.1. Let V be a vector space over a field F'. A bilinear form on V is a
map b: V x V — F such that

b(v, cwy + dws) = e¢b(v,wy) + db(v, ws) |
b(cvy + dvg, w) = eb(vy, w) + db(vg, w)

for all ¢,d € F and v,v1,ve,w,wy,we € V. A bilinear form b: V x V — F is called
symmetric if b(v, w) = b(w,v) for all v,w € V.

Remark 8.2.2. Just like linear forms, i.e. the elements ¢ € V* are special cases of
linear maps T': V' — W, bilinear forms are also instances of a more general notion: Let
V, W and X be three vector spaces over the same field F. A bilinear map

B:VxW-—=X
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is a map with the following properties:

B(v, cwy + dws) = ¢ B(v,w1) + d B(v,ws) ,
B(cvy + dvg, w) = ¢ B(vy,w) + d B(ve, w)

for all ¢,d € F, v,v1,v2 € V and w,wi,wy € W. We will not discuss these maps any
further here, but they lead to other important definitions in Linear Algebra, such as the
tensor product of two vector spaces.

The dot product on R™ has the remarkable property that a vector v € R™ is completely
determined by knowing its products with all other vectors w € R™. This property has
important consequences in Linear Algebra. Therefore we make the following definition:

Definition 8.2.3. Let V be a finite-dimensional vector space over a field F' and let
b: V xV — F be a bilinear form on V. We say that b is non-degenerate if b(v, w) = 0
for all w € V implies that v = 0.

Example 8.2.4. We have already seen above that the dot product (-, -) on R™ defined

in (21) is a bilinear form. Let v = (a1,...,a,), w = (b1,...,b,). Then we have
n n
<’U,’LU> = Zalbl = Z biai = <w,v>
i=1 i=1
which shows that the dot product is also symmetric. Let v = (ai,...,a,) € R™ and

suppose that (v,w) = 0 for all w € V. In particular, we have

0= (v,v) :Za%

but all summands on the right hand side are non-negative. Hence, we must have a; = 0
for all i € {1,...,n} or, in other words, v = 0. This means that the dot product is also
non-degenerate.

Example 8.2.5. To show that the dot product is non-degenerate we used that (v,v) =0
implies v = 0 in the last example. This gives rise to the question whether there are non-
degenerate bilinear forms with b(v,v) = 0 for some vector v € V, but v # 0. Consider
b: R™ x R" — R defined for vectors v = (ag,...,an—1) and w = (b, ...,b,—1) by

b(v,w) = —apby + a1by + -+ + ap—1bp_1 .

The vector v = (1,1,0,...,0) satisfies b(v,v) = 0 and v # 0. Nevertheless b is non-
degenerate. In fact, assume that v = (ag,...,a,—1) is a vector with the property that
b(v,w) =0 for all w € R". Choosing w = (0,ay,...,an—1) we see that

n—1

0= b(v,w) :Za? ,

=1
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which implies a; =0 for all ¢ € {1,...,n — 1}. Using w = (ao,0,...,0) we get
0=b(v,w) = —a?

which can only hold if ag vanishes as well. Therefore we get v = 0 and b is indeed
non-degenerate.

Bilinear forms of this type play a crucial role in physics: Einstein’s special theory of
relativity takes place in Minkowski space. This is the vector space R* where the first
coordinate is interpreted as the time direction and the other three components label
spatial directions. It comes equipped with the following bilinear form, which is defined
on two vectors v = (t1, 1, Y1, 21) and w = (t2, x2, Y2, 22) by

b(v,w) = —c*tity + 129 + Y1Y2 + 2122 ,

where ¢ denotes the speed of light. The time units can be chosen in such a way that
¢ = 1 holds. Therefore we can and will forget about this additional constant. Points in
Minkowski space label events in spacetime and for a vector v = (¢, x,y, z) the sign of

b(v,v) = —t2 + 2% + % + 22

has a nice interpretation: If b(v,v) > 0, then the event happening at the origin can not
affect the event taking place at the point labelled by v € R?* in spacetime, since this
would require signals that travel faster than light. These vectors are called spacelike to
the origin. On the other hand if b(v,v) < 0, then the two events can influence each other.
In this case the vector is called timelike. If b(v,v) = 0, the vector is called lightlike.

Figure 5: Sketch of Minkowski space in two dimensions, vectors pointing into the red
regions are spacelike, those pointing into the blue regions are timelike, vectors
pointing along the diagonals are lightlike.

Example 8.2.6. Let V = R3 and consider the bilinear form b: V x V — R defined for
vectors v = (a1, ag,a3) and w = (by, be, b3) by

b(v,w) = a1b; + agbs .

The vector v = (0,0, 1) satisfies b(v,w) = 0-by +0- by = 0 for all w € R3. Since v # 0,
this shows that this bilinear form is degenerate.
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Definition 8.2.7. Let F be a field and let n € N. The trace of A = (a;;)ij € Myxn(F)

is defined by
tr(A) = Z ;i -
i=1

It is a straightforward to check that tr: M, «,(F) — F is a linear transformation.

Exercise 8.2.8. Let A, B € M, «,(F). Prove that the trace satisfies the equation
tr(AB) = tr(BA) .

Example 8.2.9. Let V = M,,»,(R). Consider the map b: My, xn(R) x Mp,xn(R) = R
defined by
b(A, B) = tr(A'B) .

Let B, B € M, «»(F) and ¢, € F. Then we have
b(A,cB + ¢ B') = tr(AY(cB + ¢ B")) = tr(cA'B + d A'B") = ctr(A'B) + ¢/ tr(A'B')

using the linearity of the trace, i.e. b is linear in the second argument. A similar argument
shows that it is also linear in the first argument. Therefore b is a bilinear form on
M, xn(R). Since the diagonal entries of a matrix X € M,«,(R) and its transpose X
agree, we have tr(X) = tr(X?). Therefore

b(A, B) = tr(A'B) = tr((A'B)!) = tr(B'A) = b(B, A) ,

i.e. b is symmetric. Suppose that A € M, x,(R) satisfies b(A,B) = 0 for all B €
My xn(R). The case B = A leads to

0=0(A,A) =tr(A"A) = > af;

1,j=1

which can only be true if all a;; = 0, since a?j > 0. It follows that b is non-degenerate
as well.

Let V be a finite-dimensional vector space over the field ' and let b: V x V — F be
a bilinear form. Then it gives rise to two linear transformations

b: V—-V* , v b(u, ),

br: V= V* , v b(,v)
where b(v, -): V — F is given by w — b(v,w) and b(-,v) is defined analogously. As
we will see below, if b is non-degenerate, then knowing one of the two maps will allow

us to reconstruct b from it. We start by showing that by and bgr tell us whether b is
non-degenerate.

Lemma 8.2.10. Let V be a finite-dimensional vector space over the field F' and let
b: V xV — F be a bilinear form. Then the following are equivalent:
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1) b is non-degenerate,

2) by, is an isomorphism,

3) if b(v,w) =0 for allv € V, then w = 0.
4) br is an isomorphism,

Proof. Assume that b is non-degenerate and let v € ker(by). This means that by, (v) € V*
is the zero map and therefore

0="0br(v)(w) =b(v,w)

for all w € V', which implies v = 0. Hence, by, is injective. But since dim(V') = dim(V™*),
it must be an isomorphism. This proves 1) = 2). Likewise, if by is an isomorphism,
then it is injective. Let v € V be a vector with b(v,w) = 0 for all w € W. Then we must
have by, (v) = 0 and hence v = 0. This shows 2) = 1). The equivalence of 3) and 4) can
be proven in a similar way by replacing by, by br.

It remains to be seen that 2) and 3) are equivalent. Suppose that by, is an isomorphism,
let n = dim(V) and choose a basis = {vi,...,v,} for V. We claim that the set
{br.(v1),...,br(vy,)} is linearly independent. To see this, let a1, ..., a, € F be such that

arbp(v1) + -+ apbr(vy) = bp(ajvy + -+ + apvy) =0 .

But then ajvy + - - - + anv, € ker(br) = {0}, which gives a; = -+ = a,, = 0, because j is
a basis. Since dim(V) = dim(V™), it follows that {bz(v1),...,br(vy,)} is a basis for V*.
Let {x1,...,xn} C V** be its dual basis and observe that it satisfies

x]-(bL(m)—{l =g

0 else

By Thm. 8.1.7 the canonical map Oy : V — V** is an isomorphism. Let w; = @x_/l(Xi)
and note that a similar argument as the one above shows that v = {wi,...,w,} is
another basis for V. By construction we have

b(vi, wj) = br(vi)(w;) = Ov (w;)(br(vi)) = x;(br(vi)) = {(1) lfl:e:j ‘

Let w = cqwy + - - - + cpwy, be such that b(v, w) = 0 for all v € V. By the observations

above
n

0 — b(vi7w) = chb(vl,w]) = C;

J=1

for all @« € {1,...,n}. This proves 2) = 3). Exchanging the roles of by, and br the
statement 4) = 1) follows in a similar way. O
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Theorem 8.2.11. Let V be a finite-dimensional vector space over the field F'. There is
a 1 : 1-correspondence between the set of all non-degenerate bilinear forms b: VxV — F
and the set of isomorphisms 1: V. — V*. This correspondence maps b to by,.

Proof. We know from Lemma 8.2.10 that bz, : V' — V* is an isomorphism if and only if
b is non-degenerate. Therefore the map from forms to isomorphisms is well-defined. To
construct a map in the other direction let ¢): V' — V* be an arbitrary isomorphism and
define
by (v,w) = $(v)(w) .

By the linearity of v this is linear in the first entry, and since it maps to the vector space
of linear forms on V/, it is also linear in the second entry. Therefore by, is a bilinear form.
Now suppose that we have v € V with the property that by (v, w) = 0 for all w € V.
This means that 1)(v) = 0 € V* and hence that v € ker(y)) = {0}. But then v = 0 and
by, is non-degenerate.

If we start with a bilinear form b and with ¢ = by, then the above construction
retrieves b. If we start with an isomorphism ¢ : V' — V*, then the map by, associated to
by, agrees with 1. This shows that the two constructions are inverse to each other. []

As mentioned in the introduction the dot product on R™ allows us to determine
whether two vector are orthogonal to each other. In fact, the notion of orthogonal-
ity also makes sense for all non-degenerate symmetric bilinear forms:

Definition 8.2.12. Let V be a finite-dimensional vector space over a field F' and let
b: V xV — F be a non-degenerate symmetric bilinear form on V. We say that v € V'
is orthogonal to w € V if

b(v,w) =0

Let U C V be a subset. The orthogonal complement U+ of U in V is defined as
Ut ={veV|bw,u) =0foraluecU},
i.e. it consists of all vectors v € V' that are orthogonal to all vectors in U.

Remark 8.2.13. If b is non-degenerate, then V+ = {0}. If we drop the non-degeneracy
condition and define orthogonal complements in the same way as above, then there might
be vectors that are orthogonal to the whole space without being zero.

To define orthogonal complements for bilinear forms that are not symmetric we would
have to distinguish between left and right complement, i.e. the two sets

Ut={veV|buvu)=0foraluecU},
LU ={veV|blu,v)=0foraluecU}

would not necessarily agree. However, since we will not need these constructions, we
will not dig deeper into the technicalities here.

In the next three lemmata we prove some of the basic properties of the orthogonal
complement.
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Lemma 8.2.14. Let V be a finite-dimensional vector space over the field F and let
b: V xV — F be a non-degenerate symmetric bilinear form on V. The orthogonal
complement UL of any subset U C V is a linear subspace of V.

Proof. Let v,w € U*. By definition we have b(v,u) = 0 and b(w,u) = 0 for all u € U.
Using the linearity of b in its first argument we get

b(v+w,u) = b(v,u) + blw,u) =0
for all w € U. Let v € U+ and a € F. Using linearity again we have
blav,u) = ab(v,u) =0
for all w € U. This shows that U+ is a subspace of V. O

Lemma 8.2.15. Let V be a finite-dimensional vector space over the field F and let
b: V xV — F be a non-degenerate symmetric bilinear form on V. Let U C V be any
subset. Then we have

Ut = span(U)* .

Proof. Suppose that U; C Uz. By definition Us- is the set of vectors orthogonal to all
u € Us. Since Uy C Uy the vectors in U2L are in particular orthogonal to vectors in Uj
and therefore Us- C Ui-. Since U C span(U), we have

span(U)*t c U+ .

Let v € Ut and let u = ajuy + - - - + apug € span(U) be a linear combination of vectors
u; € U with a; € F for ¢ € {1,...,k}. Linearity of b in the second argument implies

b(v,u) = b(v,a1us + - -+ + agug) = ay b(v,uy) + ... ax b(v,u) =0 .
This means v € span(U)* and therefore U+ C span(U)*. O

Lemma 8.2.16. Let V be a finite-dimensional vector space over the field F and let
b: V xV — F be a non-degenerate symmetric bilinear form on V. For any linear
subspace W C V we have

a) dim(W) + dim(W+) = dim(V),
b) W = WL,

Proof. Let r = dim(W), n = dim(V') and choose a basis 8 = {w1,...,w,} for W. Let
0:V — F" be the linear transformation given by

O(v) = (b(w1,v),...,b(w,,v)) .
By Lem. 8.2.15 we have

ker(0) = {w1,...,w.}*- = span({wy,...,w,})T =W .
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If we can show that 6 is also surjective, then a) will follow from the rank-nullity theorem.
Just as in the proof of Lem. 8.2.10, the subset {br(w1),...,br(w,)} C V* is linearly
independent. Extend it to a basis v of V* and let v* = {x1,...,Xxn} C V** be its dual
basis. Now define w} = O, (x;) for all i € {1,...,7} C V. Then we have

1 ifj=k

b(wj, wy,) = br(wy)(wy,) = x(br(wj)) = {0 else

In particular, (w},) = e;. Let (a1,...,a,) € F" and let v’ = aqw] +--- + a,w). € V. If
we apply @ to this vector we see that

O(w') = a10(w)) + -+ a0(wl) = (ay,...,a) .
Hence, 0 is surjective and by the rank-nullity theorem
dim(V) = dim(Im(#)) + dim(ker(d)) = r + dim(W+) = dim(W) 4 dim(W=) ,

which finishes the proof of a). To show b) let w € W and note that b(w,w") = 0 for
all w' € W+. Therefore w € WL, which shows that W c WL is a linear subspace.
From a) we deduce the following two equations

dim(W) + dim(W+) = dim(V) ,
dim(W+) 4 dim(W+) = dim(V)

and subtracting the second from the first we see that dim(W) = dim(W=+). This
statement together with W C W+ implies that W = WL+ proving b). O

Example 8.2.17. In this section we will discuss some geometric examples of orthogonal
complements of subsets in R? equipped with the dot product as the non-degenerate
symmetric bilinear form, i.e. b(v,w) = (v, w).

Fix a vector v € R? and consider the orthogonal complement {v}*. This coincides
with the two-dimensional plane through the origin, which is perpendicular to v.

z
A

< )

Figure 6: The plane orthogonal to the vector (1,0,0) is the y-z-plane.
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Similarly, if v,vo € R? are two linearly independent vectors, then the vector space
W = {v1,v9} "+ is the line through the origin, which is perpendicular to the plane spanned
by v; and wvs.

Fix a vector v € R?. By Lem. 8.2.15 and Lem. 8.2.16 we have

L= {v}*" = ({v}")" = span({v})~" = span({v}) .

Therefore the vector space L agrees with the line spanned by v. More generally, if
U C R? is any subset, then by the same reasoning as above:

Utt = (Ut = span(U)*+ = span(U) .

For example, for a linearly independent subset U = {v1,vs} C R? the vector space U L
is the plane spanned by the two vectors.

Example 8.2.18. Let V = R? and consider the non-degenerate symmetric bilinear form
b: V xV — R given by

b((t1, 1), (t2,x2)) = —tity + z122 .

This is the two-dimensional version of Minkowski space as discussed in Example 8.2.5.
The orthogonal complement of the vector v = (2,1) is the vector space

{fv}t ={a(1,2) eR? |a € R} .

The line L = {a(1,1) € R? | a € R} is its own orthogonal complement with respect to
the bilinear form b, i.e. L+ = L.

Figure 7: The line £ is the orthogonal complement of the vector v with respect to the
bilinear form given above.

As pointed out above there are vectors v € R* with the property that b(v,v) < 0 for
the bilinear form from Example 8.2.5. In contrast to this, such vectors do not exist for
the form from Example 8.2.4. We capture this difference in the following definition:
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Definition 8.2.19. Let V be a finite-dimensional vector space over R. A bilinear form
b: V xV — Ron V is called positive definite if

b(v,v) >0

for all v # 0. A positive definite, symmetric bilinear form on V is also called an inner
product on V. In this case the pair (V,b) is called an inner product space.

Suppose that b: V x V — R is a positive definite bilinear form and let v € V be a
vector such that b(v,w) = 0 for all w € V. Then we must also have b(v,v) = 0 and
positive definiteness implies that v = 0. Therefore any positive definite bilinear form is
non-degenerate.

Whenever a vector space V' comes equipped with an inner product b, we can define
the length of a vector v € V by

[oll = Vb(v,v)
which is a non-negative real number, since b(v,v) > 0.

Lemma 8.2.20. Let V be a finite-dimensional vector space over R. A mapb: VxV — R
is an inner product on V if and only if it satisfies the following conditions:

a) It is linear in the second argument, i.e. for all v,wi,we € V and ¢ € F we have

b(v, cwy + wa) = eb(v,wr) + b(v,wa) .

b) It is symmetric, i.e. b(v,w) = b(w,v) for all v,w € V.
c¢) It satisfies b(v,v) >0 for allv € V and
b(v,v) =0 & v=0.
Proof. If b is a positive definite, symmetric bilinear form, then it satisfies a), b) and c).
Therefore we will only prove the converse. Suppose that b satisfies a), b) and ¢). By a)

the map b is linear in the second argument. Let vj,ve,w € V and let ¢ € F. Using b)
we get

b(cvy + vo,w) = b(w, cvy + v2) = cb(w, v1) + b(w, va) = cb(vy, w) + b(va, w) .

Therefore b is a bilinear form and by b) it is symmetric. By c) it is also positive definite
and therefore defines an inner product on V. 0

Example 8.2.21. The dot product defined in Example 8.2.4 is positive definite, since
(v,v) > 0 for all v # 0 and therefore an inner product in the sense of Def. 8.2.19.
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Example 8.2.22. Let V = M,(R) and let b: M, (R) x M, (R) — R be the bilinear form
given by
b(A, B) = tr(A'B)

as in Example 8.2.9. We have already seen there that for A = (a;;)7;_; we have

b(A,A) = zn: a};

1,7=1

Therefore b(A, A) > 0 if A # 0 and b is positive definite. Hence, it defines an inner
product on M, (R).

Example 8.2.23. Let V = R? and let b: R? x R> — R be the map
b((al, az), (bl, bg)) = 2(11[)1 — a1b2 — a2b1 + 2a2b2 .
Let v = (a1, a2), w1 = (b1, b2),wy = (V),8}), let ¢ € R. Then we have

b(v, cwy + wa) =2a1(cby + b)) — ai(cbe + b)) — as(chy + b)) + 2az(chby + bh)
=c(2a1b1 — a1by — azby + 2asbs) + 2a1b] — a1by, — asb) + 2asb)
=cb(v,wr) + b(v,ws) .

Therefore b satisfies condition a) in Lem. 8.2.20. Now let v = (a1,a2) and w = (b1, b2)
and note that

b(v,w) = 2a1b1 — a1by — azby + 2a2by = 2bja; — brag — beay + 2byay = b(w,v) .
Hence, b also satisfies condition b) in Lem. 8.2.20. To see that condition c¢) also holds

for b observe that for v = (aj, as) we have

2

b(v,v) = 2a% — 2a1as + 203 = a? + (a1 — a9)* + a3 .

This is a sum of non-negative real numbers. Hence, we have that b(v,v) = 0 if and only
if a; = ag = 0, i.e. if and only if v = 0. By Lem. 8.2.20 the bilinear form b defines an
inner product on V = R2.

8.3 Hermitian forms and inner products on complex vector spaces

Observe that bilinear forms on vector spaces over C do not behave in quite the same
way as those on vector spaces over R. For example, if we want the length of a vector to
be a positive real number, then the definition

[oll = V/b(v, )

does not work, since b(v,v) € C might not be a real number. To compensate this we need
to modify the definition of bilinear form slightly, which leads to the notion of hermitian
forms:
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Definition 8.3.1. Let V be a vector space over C. A hermitian form on V is a map
b: V xV — C with the following properties:

a) For all v,w;,ws € V and ¢ € C we have
b(v,cwy +wz) = cb(v,wr) + b(v,ws) ,
i.e. b is linear in the second argument.

b) For all v,w € V' the map b satisfies

b(v,w) = b(w,v) .

Remark 8.3.2. Let b: V x V — C be a hermitian form on V, let v1,v9,w € V and let
¢ € C. The properties a) and b) in Def. 8.3.1 imply that

b(cvy 4 v2,w) = b(w, cvy + v9) = c¢b(w,v1) + b(w, v2)

=¢b(w,v1) + b(w,vy) = ¢b(vy, w) + b(va, w) .

Therefore b is not linear in the first argument, but antilinear (a map 7:V — W is
antilinear if T'(cv + w) =¢T'(v) + T(w)). We also say that b is a sesquilinear form.

Replacing bilinear forms by hermitian ones we can now restate all definitions made in
the last section:

Definition 8.3.3. Let V be a finite-dimensional vector space over C. Let b: VxV — C
be a hermitian form on V.

a) We say that b is non-degenerate if b(v, w) = 0 for all w € V implies that v = 0.

b) We call b positive definite if b(v,v) > 0 for all v # 0. Note that this definition

makes sense, since b(v,v) = b(v,v) implies that b(v,v) € R.
A positive definite hermitian form on V is called an inner product on V.

Just as in the case of real vector spaces, a positive definite hermitian form is automat-
ically non-degenerate.

Example 8.3.4. Let V = C" and define (-, -): V x V — C on vectors of the form
v=(ay,...,ap) and w = (by,...,b,) by

<v,w> = Zn:abl .
=1

The proof that this is linear in the second argument is similar to the one in Example 8.2.4
and we omit it. Note that

(v,w) = zn:aﬁ-bi = ij-ai = (w,v)
i=1 =1
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shows that (-, -) is a hermitian form on C". We have

n n
(v,0) =Y Tai =y _la;*.
i=1 i=1

Therefore (-, -) is positive definite and defines an inner product on C™, which is often
called the standard inner product.

Example 8.3.5. In this example we will discuss the hermitian counterpart of the sym-
metric bilinear form from Ex. 8.2.9. We need the following definition:

Definition 8.3.6. Let A € M,,»,,(C). The adjoint matrix A* of A is defined to be
A* = At
i.e. if A has entries a;j, then the entry in the ith row and the jth column of A* is aj;.

If X € M,«xn(C) is a matrix with entries x;;, then the diagonal entries of X* are Ty;.
In particular, we have tr(X*) = tr(X). Now let b: M, xn(C) X Mpxn(C) — C be given
by

b(A, B) = tr(A*B) .

By a similar argument as the one given in Ex. 8.2.9 this form is linear in the second
argument. But by our observation about adjoint matrices and traces we also have

b(A, B) = tr(A*B) = tr((A*B)*) = tr(B*A) = b(B, A) ,

which shows that b is a hermitian form. We leave the proof that this is positive definite
as an exercise.

Exercise 8.3.7. Prove that the hermitian form from Example 8.3.5 is positive definite
and therefore defines an inner product on M, x,(C).

8.4 Orthonormal sets and orthonormal bases

Definition 8.4.1. Let V be a finite-dimensional vector space over F' € {R,C} and let

b: V xV — F be an inner product on V. A finite set of vectors S = {v1,...,v;} is
called an orthonormal set if for any two indices 7,5 € {1,...,k} we have
1 ifi=j
b(vi,v;) = ’
(vi,v3) {0 else

Let basis g for V' that is also an orthonormal set is called an orthonormal basis.

Observe that an orthonormal basis for a finite-dimensional inner product space consists
of vectors = {v1,...,v,} that are pairwise orthogonal and satisfy

[ill = V/blvi, vi) = 1,

i.e. the length of each vector is equal to 1. We will see in the next theorem that or-
thonormal bases for vector spaces are quite common. In fact, we can turn any basis into
an orthonormal one.
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Theorem 8.4.2. Let V be a finite-dimensional vector space over F € {R,C} equipped
with an inner product b: V. xV — F. Let n = dim(V') and suppose that = {v1,...,v,}
is a basis for V.. Then there exists an orthonormal basis v = {fi,..., fn} for V with the

property that span({f1,..., fx}) = span({vi,...,vx}) for all 1 <k <n.

Proof. We will prove the statement by induction over n = dim(V'). For n = 1 the basis
contains one element v; € V. Since v; # 0, we have b(v1,v1) > 0 by positive definiteness
of b. Let v

1

fi=
[[o]]

satisfies b(f1, f1) = 1 and span({fi1}) = span({v1}). Now suppose that {fi,..., fm—1}
exists and has the properties stated in the theorem. Define

m—1
Fro=0m = > _ b(fi,vm)fi
i=1
For each j € {1,...,m — 1} we have

m—1 m—1
b(fjs fra) = b(firvm) = > b(f5:b(fisvm) fi) = b(f5,0n) = D b(fi, vm)b(f5, f:)
i=1 i=1

:b(f]7vm)_b( jvvm) =0.

If f/, =0, then v, = Z?:ll b(fi,vm)fi and therefore v, € span({f1,..., fm-1}). But
since

span({ f1,..., fm—1}) = span({v1, ..., vm-1})

by the induction hypothesis, this would mean that {vi,...,v,,} is linearly dependent,
which is a contradiction. Hence, we must have f;, # 0 and b(f,,, f,) > 0. Let

f/
LAl

where || f1.|| = /b(f!,, f1,). For each j € {1,...,m — 1} we still get

fm_

b(fj?fm)_ (fj?f )_

Hf Al
To see that {fi,..., fi} is linearly independent let aq,...,a,, € F satisfy the equation

arfi+-+anfm=0. (22)
If we apply b(f;, -) to the left hand side we get
b(fj>a1f1+"'+amfm):alb(fjafl)+"'+amb(fj7fm) = aj

Comparing this to the right hand side we have a; = 0 for all j € {1,...,m —1}. Hence,
equation (22) turns into a,, f,, = 0. But since f,, # 0, we have a,, = 0 as well.
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It remains to be shown that span({ fi,..., fm}) = span({v1,...,vn}): First note that

fm €span({fi1,..., fm—1,Um}) -

By induction we know that span({ fi,..., fm—1}) = span({v1,...,vm—1}), which gives

span({fi,- -, fm}) C span({vr,...,vm}) -

Resorting the terms in the definition f/, we obtain vy, = || f4, || fm+ 27" b(fi, vm) fi and

therefore vy, € span({fi,..., fm}). Using span({fi,..., fm—-1}) = span({v1,...,vm—-1})
once more, we have

span({v1,...,vm}) Cspan({fi1,..., fm}) - O

Remark 8.4.3. The procedure described in the proof of the last theorem is called the
Gram-Schmidt orthonormalisation process.

Example 8.4.4. Consider the vector space V = R? equipped with the dot product,
i.e. with b(v,w) = (v,w). The set f = {v1,v2,v3} with v; = (1,0,—-1), v2 = (2,-1,0)
and vy = (1,2,1) is a basis for V. We will turn it into an orthonormal basis using
Gram-Schmidt orthonormalisation. The first step is to compute the length of v;. We

have
lv1]| = V2.

Hence, we have f; = %vl. Now we can compute f5 as follows

fa=wv2— (f1,v2) f1 .

The inner product is (f1,v2) = %(vl,vﬁ = /2. Hence, we have

fézvz—\/iﬁ =wv—v; = (1,-1,1)
and with (f3, f3) = 3 we have

Ly Lo
%]3_ \/3(17 171) :
1

To determine f; we need the inner products (fi,vs) = ﬁ<v1,v3> =0 and (f2,v3) = 0.

fo=

Therefore
fs =v3 = (f,v3) f1 — (fa,v3) fa = v3 .

Hence, the vector f3 is
1

f3= % v3 .
The set 3 = {f1, f2, f3} is an orthonormal basis for R3.
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The terms in the construction of the orthonormal basis have a geometric meaning:
Consider two vectors w,v € R? as shown in Fig. 8 and define

This vector has two properties:
a) w' € span({v}),
b) (w—w') L w.

We say that w’ is the orthogonal projection of w onto v.

Figure 8: The orthogonal projection of w onto v.

There is a generalisation of the notion of orthogonal projection to inner product spaces,
which works as follows: Suppose that (V,b) is a finite-dimensional inner product space.
Let E C V be a subspace and let {f1,..., f,} be an orthonormal basis for E. For any
vector w € V the vector

b(fi, w
i f“fl Zb fiyw

=1

satisfies w’ € span{ f1,..., f,} = F and for any j € {1,...,r} we have

b(fj,w —w') = b(fj,w) bej, (fiw) fi) = b(f;, w) bez, b(f, fi)
(fj?w)_ (fj,w):(].

Therefore (w — w') € E+. The vector w’ € F is called the orthogonal projection of
w € V onto the subspace E.

Hence, the first step in the Gram-Schmidt orthonormalisation process can be seen as
subtracting from the given vector v,, the orthogonal projection of v,, onto the subspace

Emfl = Span{fb ) fmfl}-

8.5 Adjoints and Isometries

Consider V = R? as a vector space over R equipped with the dot product (-, -). There
are many natural linear transformations 7: R®> — R3 that preserve the length of all
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vectors. For example, the rotations around a fixed axis have this property. So does
the reflection about a plane in R®. In this section we will study the analogous maps
on arbitrary finite-dimensional vector spaces over R or C equipped with arbitrary inner
products. In this context these linear maps are called isometries.

Another interesting class of linear transformations are the so-called self-adjoint ones.
It turns out that a self-adjoint linear map T: V — V is always diagonalisable and has
real eigenvalues (even though V' might be a complex vector space with a complex-valued
inner product). These operators play a central role in quantum mechanics. To define
them we first need to introduce adjoint operators.

Theorem 8.5.1. Let V and W be finite-dimensional vector spaces over R, let

by: VxV R,
bw: W xW — R

be inner products on V. and W, respectively. Let T:V — W be a linear map. Then
there is a unique linear map T*: W — V with the property that

bw (w, T (v)) = by (T"(w), v) (23)

for allv € V and w € W. Moreover, if 5 = {vi,...,v,} is an orthonormal basis for V,
v =A{wi,...,wy} is an orthonormal basis for W, then we have

) = (1773)’
v B) >
i.e. the matriz representation of T™ is the transpose of the matrix representation of T.

Proof. Since by and by are inner products, they are in particular non-degenerate. By
Lem. 8.2.10 the map bY : V — V* with bY (v1)(v2) = by (v1,v2) is an isomorphism. Let
bEV be the analogous map for W and the inner product by,. Observe that the linear map
T:V — W induces a linear transformation 7: W* — V* as follows: For p € W* the
map f(go): V' — R is given by

T(2)(v) = $(T(v)) .
Now note that (24) can be reformulated as follows:
TobV =bY oT*.
In fact, we have for v € V and w € W that
(T o) (w)] (v) = T (w)() = bl (W)(T () = b (w, T(v)) ,
(b o T*)(w)] (v) = bY. (T* (w))(v) = by (T*(w), v)

and equality of the two right hand sides is exactly the statement in (24). Since bg is an
isomorphism, T* is uniquely defined by

BY) ToTobl =T*.
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Let A = [T} with entries (a;;) and let B = [T*]g with entries (b)) be the matrix
representations of 7" and T™ respectively. Since 7 is an orthonormal basis, we have
bw (wi, w;) = 0 if k # i and by (wg, wx) = 1 and therefore

bw(’u}k,T(Uj)) = wa(wk,azjwi) = Zaijbw(wk,wi) = Cij .

i=1 i=1
Likewise,
n n
by (T*(wr),v;) = > by (biwor,v;) = > by (v, v5) = bjk
=1 =1
Hence, (24) implies that b;;, = ay;, or in other words, B = A*. O

For complex vector spaces equipped with inner products the situation only changes
slightly:

Theorem 8.5.2. Let V and W be finite-dimensional vector spaces over C, let

by:VxV—=C,
by : W x W — C

be inner products on V. and W, respectively. Let T:V — W be a linear map. Then
there is a unique linear map T*: W — V with the property that

bw (w, T(v)) = by (T"(w), v) (24)

for allv € V and w € W. Moreover, if 5 = {vi,...,v,} is an orthonormal basis for V,
v =A{w1,...,wy} is an orthonormal basis for W, then we have

) = (1113)

i.e. the matrix representation of T is the conjugate transpose of the matriz representa-
tion of T.

Proof. The proof for existence and uniqueness of 7™ is exactly the same as for Thm. 8.5.1.
Let A = [T]g with entries (a;;) and let B = [T*]g with entries (bg;) be the matrix
representations of 7" and T™* respectively. The only thing that changes in the complex
case are the two computations:

bw (wi, T(v3)) = Y b (wp, aijwi) =Y aizbw (wi, w;) = ag;
i=1 i=1

by (T*(wy), v5) = > by (buevi, v) = Y by (v, v;) = by
=1 =1

where we used that the inner product is conjugate linear in the first entry. This implies
bji, = @;, or in other words, B = At a
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In both cases, real and complex, we make the following definition:

Definition 8.5.3. Let V and W be finite-dimensional vector spaces with inner products
by and by, respectively. Let T: V' — W be a linear map. Then the associated linear
transformation T%: W — V defined in Thm. 8.5.1 is called the adjoint of T. A linear
transformation S: V' — V that satisfies S* = S is called self-adjoint.

Remark 8.5.4. For a matrix A € M,,«,(C) taking the conjugate transpose is often
also denoted by A*, i.e. o
A* = At

This is consistent with taking the associated linear map and we have (Lg)* = Ly-.
Since conjugation maps every real number to itself, we have A* = A! for A € M,,xn(R),
which is consistent with Thm. 8.5.1 for the real case, i.e. (La)* = L4~ is still true for
real matrices.

Corollary 8.5.5. Let V be a finite dimensional vector space over R or over C and let
T:V =V be a linear transformation. Let 8 be an orthonormal basis for V.. Then T is
self-adjoint if and only if

15 = (1103)
Proof. The equation T" = T* is equivalent to [T}g = [T *]g, but [T*]g = ([T ]g) by
Thm. 8.5.1 in the real case and Thm. 8.5.2 in the complex case. ]

Example 8.5.6. Let V = R?, let byy = (-, -) be the dot product and consider the linear
transformation
T:-V-=>V | (z,y)— (z,2¢+7y) .

Let B = {e1,ea} be the standard basis for R2. To find the adjoint of T we first compute
its matrix representation with respect to 8. We have

m=(3)

*
We know from Thm. 8.5.1 that [T*]g = ([T]g) , where the * in this case is just trans-

position of the matrix, since V is a vector space over R. Hence,

().

We can use the matrix representation to write down the adjoint linear map. It turns out
to be
T°: V=V . (zy)—(@+2yy)

Since T' # T*, the linear map T is not self-adjoint. We can also see this directly from
the above matrices. Let us check that the linear transformation 7™ indeed satisfies the
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defining property of the adjoint, i.e. that (w, T(v)) = (T*(w),v). With w = (z1,y1) and
v = (x2,y2) wWe get
(v1,11), T(22,92)) = ((¥1,91), (72, 222 + y2)) = T172 + 2y172 + Y1Y2
(T*(z1,51), (w2, 92)) = ((T1 + 21, 91), (T2, ¥2)) = 2172 + 29122 + Y1y2 -
Example 8.5.7. Let V = R?, let by = (-, -) be the dot product and consider the linear

transformation
T:V =V | (z,y)— (z+2y,2z+y) .

Let B = {e1,e2} be the standard basis for R?. The matrix representation of T' with
respect to [ is
g (1 2
[Tls = <2 1> :

Observe that [T]g = ([T]g>* and therefore T = T* by Cor. 8.5.5. In particular, T is
self-adjoint.

Example 8.5.8. Let n € N and consider V = P, (C). Let
1 —_—
by (p.q) = / p(z)q(z)dx .
—1

This defines an inner product on V' (It is a good exercise to check this!). Let T: V — V
be the following linear transformation: Let g(x) = 1 — 2% and define

T(p)=(g9-7),

where f’ denotes the first derivative of f. Since differentiation lowers the degree of a
polynomial by 1 and g is a polynomial of degree 2, the degree of the polynomial T'(p) is
at most n. Therefore the map is well-defined and it is also linear. Note that g(z) = g(x)
and g(1) = g(—1) = 0. Using integration by parts we obtain for any p,q € V

T L L 1
W T@) = [ 3 (o) @) do = s @)~ [ T@gta)d(a) da
1 1
_ / 0 7@ () de = / (0 7V (@) alx) dx = by (T(p). ) -

-1 -1
Since T* is the unique linear transformation, which satisfies by (p, T'(q)) = by (T*(p), q)
for all p,q € V we must have T' = T™ and therefore T is self-adjoint.

We have seen in the section about eigenvalues and eigenvectors that not all linear
transformations are diagonalisable and that the best we can hope for in the general
situation is to find the Jordan normal form. Self-adjoint linear transformations behave
very nicely in this respect: It turns out that such a map is always diagonalisable, all
its eigenvalues are real numbers (even in the case of complex vector spaces) and that
there is an orthonormal basis consisting of eigenvectors. We will prove this in the next
theorem:
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Theorem 8.5.9. Let V be a finite dimensional vector space over R or over C and let
by be an inner product on V. Let T: V — V be a self-adjoint linear transformation.

a) The eigenvalues of T are real numbers.
b) Eigenvectors corresponding to distinct eigenvalues are orthogonal.

¢) There is an orthonormal basis of V' consisting of eigenvectors for T'. In particular,
T is diagonalisable.

Proof. We only need to prove a) for vector spaces over the complex numbers. Let A € C
be an eigenvalue of 1. This means that there exists a non-zero vector v € V with the
property that T'(v) = Av. Now note that

Aby (v,v) = by (v, A\v) = by (v, T(v)) = by (T(v),v) = by (Av,v) = Aby(v,v) ,  (25)

where we used that T is self-adjoint to get by (v,T(v)) = by (T (v),v). Since v # 0 and
by is non-degenerate, we must have by (v,v) # 0. Hence, (25) implies that A = X or in
other words A € R.

Let A1, A2 € R be two distinct eigenvalues of T' (as shown in a) this means \; € R).
Let v; € V' be an eigenvector corresponding to A; for i € {1,2}. Then we have

A2 by (v1,v2) = by (v1, A2 va) = by (v1, T'(ve)) = by (T'(v1), va)
= by (A1 v1,v2) = A by (v, v2) .

But since A1 # A2, this means that by (vy,v2) = 0 or, in other words, the eigenvectors
are orthogonal. This proves statement b).

We will prove c) for vector spaces over C first and proceed by induction over the
dimension of V. If we assume that V is one-dimensional, then T: V — V is just
multiplication by a scalar A € R and any non-zero vector v € V' is an eigenvector of T'
corresponding to the eigenvalue . Let

bV(Uv U) .

The vector w = cv has length 1. Hence, 5 = {w} is an orthonormal basis for V' consisting
of eigenvectors.

Let n = dim(V) and assume that the statement is true for any self-adjoint linear
transformation S: W — W on a vector space W with dim(W) < n. Let pr(t) be
the characteristic polynomial of T'. Any polynomial over C splits. Therefore T has at
least one eigenvalue A € C. By part a) of the theorem A is a real value. Let v; € V
be an eigenvector with corresponding eigenvalue A. By rescaling we may assume that
by (vi,v1) = 1. Now consider W = {v;}! | i.e. the orthogonal complement of v;. We
claim that T restricts to a linear map 7': W — W. To see this we have to show that
T'(w) is orthogonal to vy for all w € W. This is true, since by (w,v1) = 0 implies that

by (T'(w),v1) = by (w, T (v1)) = by (w, Av1) = Aby(w,v1) =0 .
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The restricted linear map T: W — W is still self-adjoint. Since dim(W) = n — 1, the
vector space W has an orthonormal basis {vs,...,v,} consisting of eigenvectors of T" by
our induction hypothesis. But then 5 = {v1,v9,...,v,} is an orthonormal basis for V,
which consists of eigenvectors of the original map 7.

The argument is very similar for vector spaces over R. However, we need to prove
that pp(t) splits. This can be seen as follows: Fix an arbitrary orthonormal basis ~y
of V and let A = [T7]. We may consider the real entries of A as complex numbers and
look at Ls: C" — C™. Note that A* = A and therefore L 4 is self-adjoint. Moreover,
pr(t) = pa(t). Let A € C be a root of pa(t). Then it is an eigenvalue of L4 and hence
a real number by part a) of the theorem. Since this is true for all roots and p4(¢) splits
over C, we have that pp(t) splits over R. O

The next class of maps we will look at are the linear transformations preserving a
given inner product. As we will see below the set of all these transformations forms a

group.

Definition 8.5.10. Let V be a vector space over C and let b be an inner product on V.
The group of isometries or unitary group U(V) of V is defined to be

UWV,b) =Isom(V)={T:V =V | b(T(v),T(w)) =b(v,w) Vo,w € V} .

The terminology is slightly different for real vector spaces: Let V' be a vector space
over R and let b be an inner product on V. The group of isometries or orthogonal
group O(V) of V is defined to be

OV,b) =Isom(V)={T:V =V | b(T(v),T(w)) = b(v,w) Vo,w € V} .

Lemma 8.5.11. Let V be a vector space over C or over R and let b be an inner product
onV. Let T:V —V be an isometry. Then T is invertible and

T =1*.

Proof. To prove that T is invertible it suffices to show that it is injective. Let v € ker(T).
For all w € V we have

b(v, w) = b(T'(v), T(w)) = b(0, T'(w)) =0,

where we used that T is an isometry to obtain the first equality. Since b is non-degenerate,
this implies v = 0 and hence T is indeed injective. Let v,w € V now be arbitrary. Since
T is isometry, the following holds

b(v,w) =b(T(v), T (w)) =b(T*(T(v)),w) .

But because b is non-degenerate, this implies 7% o T' = Iy and therefore 7* = T~!. O
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Remark 8.5.12. The previous lemma shows that U(V,b) and O(V,b) are actually
groups with respect to the matrix multiplication. If the inner product on V is clear from
the context, these groups are also often denoted just by U(V') and O(V). If V.= C" and
b= (-, ), then U(V) is denoted by U(n). Notice that

Un)={U e M,(C) |UU*=U"U =1,} .
If V =R" and b is again the dot product, then O(V) is also denoted by O(n) and
O(n)={Ae M,(R) | AA' = A'A=1,} .

Theorem 8.5.13. Let V' be a vector space over C and let b be an inner product on V.
Let T € U(V,b).

a) All eigenvalues A € C of T satisfy |[A\| =1 (i.e. they lie on the unit circle).
b) Eigenvectors of distinct eigenvalues are orthogonal.

c) There exists an orthonormal basis of eigenvectors for T'. In particular, T is diago-
nalisable.

Proof. First note that if v is an eigenvector of the invertible linear map 7" corresponding
to the eigenvalue A, then A # 0 and v is also an eigenvector of T—! corresponding to
the eigenvalue A~'. With this observation the proof of a) is very similar to part a) in
Thm. 8.5.9. Let v € V' be an eigenvector of the unitary linear transformation 7. Then

Ab(v,v) = b(v, T(v)) = b(T*(v),v) = b(T1(v),v) = b(A L v,v) = A-Lb(v,v) ,

where we used that T is unitary to get the third equality. Since v # 0 and b is non-
degenerate, we must have b(v,v) # 0 and therefore A = A~1 or equivalently

A2=AA=1.

Let A1, A2 € C be distinct eigenvalues of 1. Let v; € V be eigenvectors with corre-
sponding eigenvalue \; for i € {1,2}. Then

)\2 b(’Ul,’Ug) = b(vl,T(’Ug)) = b(T*(’Ul),vg) = b(Tﬁl(Ul)fUQ) = Fb(vl,vg) = )\1 b(vl,vg) N

where we used that A\; \; = 1 (by part a) to get the last equality. But since A\; # Ay this
implies that b(vy,v2) = 0, which proves b).

The last statement is again shown by induction. If dim(V) = 1, any non-zero vector
of length 1 gives an orthonormal basis of V' that consists of eigenvectors (see the proof
of Thm. 8.5.9 for details). Now let n = dim(V') and assume that the statement holds
for all S € U(W,by ) with dim(W) < n. Since pr(t) splits over C, the linear map T'
has at least one eigenvalue A € C. Let v; € V be an eigenvector of T corresponding to
A. Without loss of generality we may assume b(vy,v1) = 1. Let W = {v1}* C V. Let
w € W. Then we have

0=>b(w,v1) =b(T(w), T(v1)) = Ab(T(w),v1) .
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But since |A|] = 1 by part a), we have A # 0 and therefore the above equality gives
b(T(w),v1) = 0 or equivalently: T'(w) € W. Hence, we can restrict T" to a linear transfor-
mation 7': W — W, which is an isometry, since b(wi,ws) = b(T'(w1), T (w2)) still holds
for all wy, we € W. Since dim(W) = n —1 there exists an orthonormal basis {va, ..., vy}
consisting of eigenvectors for the restricted linear transformation 7: W — W. But then
B = {vi,v2,...,v,} is an orthonormal basis for V' that consists of eigenvectors for the
original linear map 7. O
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9 What's next?

Linear algebra has an abundance of applications in other areas, and I would like to close
these notes by just mentioning a few of them. The idea of vector spaces can be generalised
in several directions. A vector space is equipped with a scalar multiplication by elements
in a field F. The integers Z do not form a field, since not every non-zero element has a
multiplicative inverse (i.e. the element 1 is not in Z if n ¢ {—1,1}). However, they still
have an addition and a multiplication, which satisfy the usual distributive laws. We say
that the integers form a ring. There are many interesting rings out there, some of which
you have already seen. The matrices M, «,(F) also form a (non-commutative) ring for
example. This gives rise to the question whether there are “vector spaces over rings”.
These exist, they are called modules over rings and they are studied in algebra. Many
of the constructions that we employed for vector spaces have to be modified or do not
work at all for modules. Hence, their theory is more complicated, but also more flexible.

Another big topic, in which the concepts outlined in this lecture will resurface, is
functional analysis. In short, this is the study of linear transformations on infinite-
dimensional vector spaces. These linear transformations are usually called operators.
Many infinite-dimensional vector spaces come equipped with natural inner products. If
a vector space is complete with respect to the norm induced by an inner product, then
it is called a Hilbert space. Operators on Hilbert spaces play a crucial role not only
in Mathematics, but also in Physics, where they appear in quantum mechanics.

We have already seen that certain bilinear forms on real vector spaces have applications
in Physics as well. To understand the theory of special relativity, physicists study
the symmetries preserving the bilinear form on Minkowski space defined above. In
particular, they look at linear transformations U: R* — R?* with the property that
b(Uv,Uw) = b(v,w) for all v,w € R% The set of all transformations that preserve
a given bilinear form is a group and there is a rich mathematical theory about these
symmetry groups. The keyword to look up here is Lie groups.

Approximation problems (for example in computer science) provide another ap-
plication of linear algebra. For example, solving a non-linear differential equation nu-
merically is sometimes possible by linearising it first, which effectively turns it into a
linear algebra problem. To find the main directions in a point cloud of data computer
scientists use the so-called principal component analysis, which boils down to finding
the eigenvectors and the eigenvalues of a certain matrix.

This list provides just some of the applications of linear algebra in “real life” and I
hope that these notes will be helpful for your journeys into some of these directions.

120



	The Story So Far…
	Linear Transformations and Matrices
	Composition and matrix multiplication

	Invertibility of Linear Transformations
	Systems of Linear Equations
	Solving Systems of Linear Equations
	Elementary Matrices
	The Rank of a Matrix

	Determinants
	That horrible formula
	Summary of the properties of the determinant
	The determinant of a linear transformation T 2mu-:6muplus1muV V
	Minors and cofactor expansion – a nice formula for a change

	Diagonalisation, Eigenvalues and Eigenvectors
	Diagonalization: A Step by Step Instruction Manual

	The Jordan Normal Form
	Generalised eigenspaces
	Nilpotent linear transformations
	Low dimensional examples
	Dimension 2, two distinct eigenvalues 1 =2
	Dimension 2, one eigenvalue = 1 = 2
	Dimension 3, three distinct eigenvalues
	Dimension 3, two distinct eigenvalues
	Dimension 3, one eigenvalue


	Duals, symmetric bilinear forms and inner product spaces
	Dual spaces
	Bilinear forms and inner products on real vector spaces
	Hermitian forms and inner products on complex vector spaces
	Orthonormal sets and orthonormal bases
	Adjoints and Isometries

	What's next?

