MODULAR TENSOR CATEGORIES
FROM QUANTUM DOUBLES OF FINITE GROUPS

These notes grew out of the question for the easiest non-trivial examples of modular
tensor categories. These are given by the representation categories of the Drinfeld double of
finite groups. There is a very short account of this in the book by Bakalov and Kirillov [1,
section 3.2]. We try to be as self-contained as possible in these notes.

Some important examples of modular tensor categories arise from representation cat-
egories of Hopf algebras, others from certain representation categories in conformal field
theory [3]. The representation category of the quantum double is a simple yet important toy
example of the first construction. Since this is the special case of the quantum double of a
Hopf algebra, we will need the basics about the latter first.

1. BASICS ABOUT HOPF ALGEBRAS

As we have seen in the example of 2-dimensional topological quantum field theories, the
complex group ring A = CG of a finite group G has a lot of algebraic structure. First of all,
it is an algebra over C with respect to the multiplication

AR A— A (Z/\gg)®<2phh)r—>2)\gphgh.

geG heG g,heG

with unit e € G C CG. Dual to this notion CG also carries a coalgebra structure, which
turns it into a bialgebra in the sense of the following definition [5].

Definition 1.1. A bialgebra A over a field k is a tuple (A, u, u, A, €), such that (A, p, u) is
an algebra over k with multiplication u: A ® A — A and unit u: k£ — A together with a
comultiplication A: A — AR A and a counit e: A — k, such that A and € are algebra homo-
morphisms. The algebra axioms (associativity and unit) are encoded in the commutativity
of the following diagrams

A A0 A Ag A ko AL Ao AL Agk
b TN
Ao AL A A

in which the unlabeled arrows mark the canonical isomorphisms. The axioms of a coalgebra
yield the commutativity of

A9A AR A0 4 ko ALY A0 AMS Aok
Tid@A ]A \AT /
A A2 A A
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and the compatibility of both structures forces the following diagrams to commute

(1) A® A s A A-2-A®A
s L
ARARARA—T>ARARARALS AR A k—k®k
(2) A A—ts A4 A—k
R
k@k—=k k

where the unlabeled arrows are again canonical and 7: A%* — A®? is given by 7(a @ b® ¢ ®
d)=a®c®b®d.

Example 1.2. The complex group algebra A = CG with the above multiplication and unit
together with the comultiplication

ArA=SARA 5 Y A=Y Ng®g)
gelG geG

and counit €(D_, .o Agg) = D_,cq Ay is a bialgebra. Checking this is a nice exercise.

Warning! We have seen that CG also carries a trace

tr: A—>C ; ZAggr—))\e,
geG

which endows it with the structure of a Frobenius algebra. The coalgebra structure obtained
from this differs from the one in the above definition in that the conditions (1) and (2) are
not satisfied for it. The comultiplication §: A — A ® A of a Frobenius algebra only has to
be an A-module homomorphism, whereas for a bialgebra we demand A: A - A® A to be
an algebra homomorphism with respect to the algebra structure on A. Therefore Frobenius
algebras and bialgebras should be considered as two different kind of structures.

The group algebra A = CG has yet another feature not encoded in the bialgebra struc-
ture: Each group element has an inverse. This leads to the following definition

Definition 1.3. Let A be a bialgebra. A k-linear homomorphism S: A — A is called an
antipode if it fits into the following commutative diagram

A®A S®id 4 A®A
/ X
A : 2 u A
X ) S /
A A—U% A9 A

A bialgebra A together with an antipode S: A — A is called a Hopf algebra.
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Example 1.4. The complex group algebra A = CG is a Hopf algebra with the antipode

S (Z )\gg> => Nyt

geG geqG

Remark 1.5. Using A and p we can turn Hom(A, A) into an algebra: Let f, g € Hom(A, A).
Then we define

frgr A2 AgA L Ag ALty
This multiplication, which is different from the canonical one given by composition, turns
Hom(A, A) into an algebra. The unit with respect to * is given by

uoe: A—-k— A.

Therefore the condition that S: A — A is an antipode means that it is an inverse of idy
with respect to x, i.e. idy * S = S xidy = u o e. Unravelling the definition of * yields the
commutative diagram in definition 1.3.

Lemma 1.6. Let A be a Hopf algebra over a field k, which is finite dimensional as a k-vector
space. Then its dual space A* = Hom(A, k) is in a canonical way described in the proof again
a Hopf algebra.

Proof. Since (A ® A)* = A* ® A* in the finite dimensional case, the space A* is a bialgebra
with multiplication ¢/ = A*: A* ® A* — A*, unit ' = €*: k — A*, comultiplication
A= p A* — A* ® A* and counit € = u*: A* — k. Since the dualizing functor is
contravariant, it turns the first two diagrams of definition 1.1 into the second two diagrams
and vice versa. The compatibility condition of the comultiplication A and the counit ¢ was
that they are algebra homomorphisms. Rotating the diagrams (1) and (2) by 90 degrees, we
see that this condition is equivalent to the fact that u and w are coalgebra homomorphisms.
Therefore, the corresponding diagrams for A, i/, € and «’ still commute.

If we apply the dualizing functor to the defining diagram of the antipode given in
definition 1.3, it follows from the symmetry of that diagram that S*: A* — A* is an antipode
for the bialgebra A*. O

Example 1.7. Let A = CG be the complex group algebra of a finite group G. As we have
seen above, A is a Hopf algebra. A basis for this algebra is given by the elements g € G C A.
The dual space A* also has a canonical basis, given by the linear functionals 6, € Hom(A, C)

with
1 ifg=h
0,(h) =0, = .
g() g:h {O else

Let g,h,z € G. Then the multiplication y/ = A* in A* is defined on the basis elements §,
and 9, by

(8, 30) (@) = 1 (8, © 84 (&) = A*(5, ® 6)(2)
— (3, ® 5:)(A(2)) = (6, © 84)(@ ® 2) = by G = S0 552
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Therefore we get 0, 0y = 0p, - g = g4 0g. This means that A* is a commutative algebra. Its
unit is given by u': C — A* with

W(1)(z)=1forallz e G < (1) = 269 :
9€9

For the comultiplication of a basis element d, € A* we get with z,y € G
A(8g)(z @ y) := 1" (35)(x @ y) = dg(u(x @ y)) = 0g(2y) = Ggay
= Z 5973[;;1 5h,y = Z (Sg;fl’JC 5h,y = Z((Sg;rl ® 5h)(x ® y) .

heG heG hea
Therefore A'(0g) = >, cq0gn—1 ® 0 with counit ¢: A* — C given by €(d,) = dg.. The
antipode S': A* — A* is obtained from

5'(8g) (%) = 0,(S(x)) = 0y(27") = Gy o1 = 01 (2)
for all z € G, i.e. §'(dy) = d4-1.

2. REPRESENTATION CATEGORIES OF HOPF ALGEBRAS

Finite dimensional representations of a finite group G yield an easy example of a rigid
monoidal category with a symmetry. In this section we will generalize this concept to the
case of Hopf algebras.

Definition 2.1. Let A be an algebra over the field k. A representation of A is a k-vector
space V' together with an algebra homomorphism 7: A — End(V'). Two representations 7
on V and 7’ on V' are called equivalent if there exists an isomorphism 7: V' — V'’ such that
foralae Aandv eV

(3) Tr(a)v=n'(a)Tv .

A k-linear map T': V' — V" that satisfies (3) for all a € A and v € V will be called equivariant
homomorphism or intertwiner. A representation V' is called finite-dimensional, if dim(V') <
oo. Let (V,7) be a representation. A subspace W C V is called invariant, if 7(A)W C W.
A representation V' is called irreducible, if 0 and V are its only invariant subspaces. Denote
by Rep(A) the category with objects the finite dimensional representations of A and with
intertwiners as morphisms. Equivalence classes of representations correspond to isomorphism
classes of objects in this category.

Remark 2.2. Most people would say (left) A-module instead of representation. We stick
to our notation, due to the close connection between Hopf algebras and group theory.

In case A is a bialgebra, the category Rep(A) can be endowed with a tensor product as
follows. Let (V,my), (W, mw) € obj(Rep(A)), then the tensor product V @ W over k is again
a representation with the action of A given by

Ty QW

Ty A—2-A® A End(V) ® End(W) — End(V @ W) .

The ground field k also provides a representation via the counit 7, = ¢: A — k = Hom(k, k),
i.e.a-A=e(a)Afora € Aand X € k. It is easy to check that (V &k, mymy) and (kQV, mp*my)
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are naturally isomorphic to (V, my) via the obvious isomorphism. This yields the tensor unit
in the monoidal category.
Let 7yw: VW — W ®V be the canonical twist map, let 7 = 74 4. Observe that

Tvw o (my * Ty )(a) o T‘;‘l/v = (mw P my)(a) ,
where 7y *°P 7y, is defined via

W Ty

T kP AL s AQ A—> AR A End(W @ V) .

Since 7 o A may not coincide with A, the objects (V @ W,y x ) and (W @ V, my * my)
may be non-isomorphic in Rep(A). To obtain a braided monoidal category, we need further
structure on the bialgebra A.

Definition 2.3. Let A be a bialgebra. An element R € A® A is called a universal R-matriz,
if it is invertible and satisfies the following axioms:

a) (1o A)(a) R = RA(a),

b) (idya ® A) R = Ry3 Ry2,

C) (A X ldA) R = ng R23.

Here we used the following notation: If R =Y. a; ® b; € A® A, then
R13:Zai®1®bi and R23221®a1®b2

and so on. A bialgebra A together with a universal R-matrix is called quasi-triangular.

Lemma 2.4. Let A be a quasi-triangular bialgebra with universal R-matriz R. Then

(v @mw ) (R)

oyw: VW SR veW A W eV
is a braiding on the monoidal category Rep(A).

Proof. We first have to show that oy is equivariant with respect to the actions my * myy
and my x my on V@ W and W ® V respectively. This follows from the small calculation

ovw (v @ mw)(A(a)) = Tvw (mv @ mw ) (R) (mv @ mw ) (A(a))
= tvw (mv @ mw)(RA(a)) = Tvw (v @ mw ) (7 A(a)) (Tv @ mw ) (R)
= (mw @ mv)(A(a)) Tvw (v @ Tw ) (R) = (7w @ 7y )(A(a)) ovw

where we used point a) of definition 2.3. Now let V;, V3 and V3 be three representations of A
and denote by o, the corresponding associators of the tensor product. The commutativity
of the braiding diagram

01,23

V1 ® (Ve ® V) (Ve V)@ W

(V1@ V) @ V3 Vo (Vs W)

m m

(Voo Vi) @ Vs Vo ® (V1 @ V)

@213
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follows from the following observation, in which we neglect all associators:

0123 = T123 M1 @ (Mo * m3)(R) = Ty 93 (M ® Ty ® 73)(ida ® A)(R)
= Ty23 (T ® T ® 3)(R13 Ri2) = (ide ® 71 3) (112 ®1d3) (71 @ T2 @ 73)(Ry3 Ri2)
= (ide ® 713) (712 ®1d3) (M ® T2 @ 73)(R13) (M1 @ T @ 73)(Ry2)
= (idy @ 71.3)idy ® (M @ W3)(R) (112 ® id3) (M ® o) (R) ® id3
= (ide ® 01 3) 0 (012 ®id3) .

Here we used property b) of definition 2.3. The corresponding diagram for o~ finally uses
property c). O

Remark 2.5. The converse of the above statement is also true in case A is a finite-
dimensional bialgebra, since then A € obj(Rep(A)). Then we have: If Rep(A) is braided,
then A is quasi-triangular. The universal R-matrix in this case is given by R = 7(04.4(1 ®
1) e A® A.

2.1. Hopf algebras and duals. As we have seen in the last section the representation
category of a bialgebra A is monoidal. If A is quasi-triangular, then Rep(A) is even braided.
Using the category of finite-dimensional representations of a finite group as a guideline the
next structure to consider is that of dual representations: If V' is a representation of GG then
G also acts on the dual space V* via £ — g - & with (¢-&)(v) =&(g7-v) for E€V* v eV
and g € G. We will generalize this to the case of Hopf algebras. To achieve this, we need
the following properties of the antipode:

Lemma 2.6. Let A be a Hopf algebra with antipode S, then we have

a) S(ab) = S(b) S(a) for all a,b € A,
b) S(1) =1.

In short: S is an anti-homomorphism of algebras.

Proof. Consider the space Hom(A ® A, A). This is an algebra with respect to the following
operation: Let f,g € Hom(A ® A, A) and define

AT A AR AR AL A ALt A

f*g: AALEL AR AR A® A

Associativity of this operation follows from the associativity of p and the coassociativity

of A. A unit for x is given by a ® b — u(e(a)e(b)), which we will denote by u(e - €). Define

P:A® A— Aby P=Sopu,ie Pla®b)=S(ab) and observe that

Pxp=(Sop)xpu=po((Sou)@u)o(ida®@7®ids)o (AR A)

=po(S®idsg)o(p®@p)o(ids®7T®ida) o (A®A)
=po(S®idyg)oAopu=(*ids)opu=ueop=u(e-e)

where we have used the diagrams (1) and (2) of definition 1.1. Likewise let N: A® A — A

be given by N(a ® b) = S(b) S(a). Let a,b € A and A(a) = iagl) ® aZ@ and A(b) =
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> bgl) ® b§2). Note that
(s N)a@t) = > a6V s (57) 5 () = > al” (14 + 5)(0) 5 (a?)
%, %

= ue(b) Z agl) S (az@)) = ue(b)(ids x S)(a) = u(e(b)e(a))

= u(e- e)(za ®b) .
Now we have
P=Pxu(e-€)=Px(uxN)=(Pxu)*xN=u(e-€)* N=N
i.e. S(ab) = S(b) S(a). The second claim follows from
S(1) = (S*ida)(1) = (ue)(1) =1 . O

As we see from this lemma, the antipode S of a Hopf algebra A allows us to define an
action of A on the dual space V* = Hom(V, k) of a representation V' € obj(Rep(A)) via

(a-&)(v) = &(mv(S(a))v)
for £ € V¥, v € V and a € A. More generally for two representations V, W &€ obj(Rep(A)),
then k-linear homomorphisms Hom(V, W) carry an action of A as follows: Let a € A and

Ala) = z.az(l) ® a?). Then for f € Hom(V, W)
(@ Hw) = mwla”) f(av(S(a)))

defines an action of A, where we used that A is an algebra homomorphism. This is consistent
with the previous definition, since for a € A and f € Hom(V, k) we have

(a- f)(w) =3 el@”)f(S@ ) = 1 (Z ue<a§”>5<a§”>v)

= [((ue x S)(a)v) = f(S(a)v) .
Lemma 2.7. Let VW € obj(Rep(A)). The canonical map
k:W@V*—=Hom(V,IW) ; w®&— (v—Ev)w)

1s an equivalence of representations of A.

Proof. Let a € A with A(a) = Z.az(l) ® a§2) and w® & € W ® V*. Then we have for v € V
kla(w®€)w) =Y rla w®aPe)(v) =Y alPwe(S(al?)w) = (arn(w @ €)(v)

7 %
where we have dropped the endomorphisms my, my etc. from our notation. This proves
that x is an intertwiner in the sense of equation (3). The fact that  is an isomorphism is
well-known from linear algebra. U

Lemma 2.8. Let V € obj(Rep(A)). The unit map u: k — End(V) ; A — Aidy is an
intertwiner.
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Proof. Let a € A with A(a) = ( ) ®a( )and v € V. Then the action of a on idy is given
by

(a-idy)( Za al?) Jv=(ida * S)(a)v =€(a)v .

The claim follows from this. O

Lemma 2.9. Let V € obj(Rep(A)). The pairing ey: V* @V — k is an intertwiner.

Proof. Let a € A with A(a) = iagl) ® a(-2) and § ®v e V*® V. We have

evia- (€@ v) =3 ev(ale®afo) = 4(S(@)ae) =£(S ida)(@)v) = e(a) ) -
Thus, ey is equivariant with respect to the action of A. O

Combining the last two lemmata, we get that V* € obj(Rep(A)) together with the
intertwiners

ev: V'@V =k and iy: kLEnd(V)LV@)V*

is a right dual of V' in the sense of rigid monoidal categories. To see this, let e; € V' be a
basis of the finite-dimensional vector space V and denote by e’ € V* the dual basis, then

iv(1) = >, e; @ e'. Therefore for v e V
(4) (ldV & €V) (ZV X ldV Z €; € =

and for £ € V*
(5) (ev ®idy-) o (idy- @ i)(E) = S €(es)e’ = ¢

Thus, the snake relations hold. It is tempting to think that there should be no difference
between left and right duals in the category Rep(A), since (4) and (5) are just a matter
of linear algebra. However, due to the asymmetry of the tensor product, lemma 2.7 and
lemma 2.9 do not hold for these left duals. To obtain the right left duals’, we therefore need
to change the action of A on Hom(V/ k).

Let A be a Hopf algebra over k with invertible antipode S and define *V = Hom(V/ k)
with the action of A given by

(a-&)(v) =&(mv(S(a))v) .

Lemma 2.10. Let V € obj(Rep(A)), let e; be a basis of V and denote by e' the dual basis.
The maps

ivik— VeV ; A= A) dee
ev: VeV -k 3 v@&—Ev)
are intertwiners.

Lpun not intended
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Proof. Let a € A and let A(a) =), agl) ® a(.Q). Since S‘l(l) = 1 we have
ey(a-(v®E)) Zevag v®a Zf al? 11 v)

= 25 (at)aP) v) = E(STV((S * ida)(a)) v)
= s<s- (e(a)l)o) = e(a) E(v) = a- ey (v D E) .

The equivariance of the linear map iy only needs to be checked at 1 € k, i.e. a-iy(1) =
iv(a-1). This follows from the following small calculation:

a-iy(l Za e]®a ej = Za ®a()

4,5,k

—Zef ek e ®a( )eJ Ze ®a €j63 a 51))619)

4,5,k 4,5,k

:Zek®a£2)5 1)y ek—Ze ® 5 (0" S(a 2))ek
—Zek@)s Ze ®er=1iy(a-1). O

The analogous equations of (4) and (5) hold for *V showing that it provides a left dual
to V. Therefore we have shown

Theorem 2.11. Let A be a quasi-triangular Hopf algebra with invertible antipode S. Then
Rep(A) is a rigid braided monoidal category.

2.2. Ribbon Hopf algebras. A ribbon category possesses a natural identification dy: V' —
V** that is compatible with the tensor product. This is equivalent to the following definition

Definition 2.12. A rigid braided monoidal category (C, ®, ... ) is said to be a ribbon category
if it comes equipped with a family 6y : V' — V of isomorphisms indexed by V' € obj(C) that
satisfy

a) Ovew = (v ® bw) ow,y 0 ovw
where f* denotes the adjoint morphism to f in C. The morphisms 6y are called the twists
of C.

This definition has a mirror image in quasi-triangular Hopf algebras, which ensures that
the corresponding representation category is ribbon.

Definition 2.13. Let (A, u,u, A€, R, S) be a quasi-triangular Hopf algebra with invertible
antipode. An invertible element € Z(A) (where Z(A) denotes the center of A as an
algebra) is called a twist, if it satisfies

a) A(0) = (r(R)R)" (0 @ 6),

b) S(0) = 6.
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A quasi-triangular Hopf algebra A with invertible antipode together with a twist 6 is called
a ribbon Hopf algebra.

This definition is taylored to make the following theorem work.

Theorem 2.14. Let A be a ribbon Hopf algebra with twist 0 € Z(A). Then Rep(A) together
with the natural morphism

Oy: V=V ; v a0 H0)
1s a ribbon category.

Proof. Since § € Z(A), multiplication by ! commutes with the multiplication by any other
element a € A. Therefore 6y is indeed equivariant and defines an isomorphism in Rep(A).

To prove that 0y defines a twist, let V, W € obj(Rep(A)). Then we have for every v € V
and w € W:

Oy @ Ow) owy ooyw(v@w) = (my @) (07 @071 7(R) R) (v ® w)
= (my @ mw)(A0™)) (v @ w) = (mv *mw) (07 (v ® w)
= Oyew(v®@w)
by condition a) of definition 2.13. Moreover, for { € V* and v € V
(0v)"(€)(v) = £(Ov (v)) = &(mv(07")(v) = E(mv (S(O7))(v))
= (my+(07)())(v) = Ov-(E)(v)
where we have used property b). O

Remark 2.15. For finite dimensional quasi-triangular Hopf algebras, the converse of the
above statement is also true, i.e. if Rep(A) is a ribbon category, then A is a ribbon Hopf
algebra. In this case A € obj(Rep(A)) and similar to the above considerations it can be
checked that 6 = (64(1))~! provides a twist for A.

3. THE QUANTUM DOUBLE OF A FINITE GROUP

Let G be a finite group. As we have seen in our introductory example A = CG is
a Hopf algebra. Since A is finite dimensional with canonical basis ¢ € G C A, it follows
from lemma 1.6 that A* is a Hopf algebra as well and we refer to example 1.7 for a detailed
explanation of the structure. A construction of Drinfeld endows the tensor product A ® A*
with the structure of a Hopf algebra quite similar to the semidirect product of groups. This
is called the quantum double of A. We will only need it in the case A = CG, even though it
works for all finite-dimensional Hopf algebras — in fact even the condition dim(A) < oo may
be relaxed: Let D(G) = A ® A* as a vector space and equip it with a new multiplication
according to the rule

(916n,) - (920ny) = G192 5g;1h1 020h2 5
where we have dropped the ®-symbol on both sides. On the right hand side we use the

multiplications in A and A* respectively. It is easy to check that this operation is associative.
Let 1* = > . d, be the unit in A*, 1 € A be the one in A then 1 ® 1* is a unit in D(G),
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which we will write as 1-1*. To obtain the coproduct on D(G), we need to use the opposite
comultiplication on the dual space defined by A% = 70 Ay« and set

A(gon) = Aalg) AR (0h) =D 902 ® gOher -
zeG

Again, the coassociativity of A is straightforward to check. A counit for A is given by the
linear extension of

€(g0n) = €a(9) €a=(0n) = depp -

Observe that there are algebra homomorphisms CG — D(G) and (CG)* — D(G) given by
g+— g1* and oy — 16,. We will sometimes drop the units from our notation and consider
g € D(G) and 6, € D(G) via these inclusions. We define our candidate for the universal
R-matrix in D(G) to be

R=> gl"®1é,=» g®, € D(G)@D(G) .

ge@ geG
Furthermore, we define S: D(G) — D(G) to be the linear map
S(g0n) = Sa-(0n) Salg) = 0h-19~" =g Sgn1g1 -
For the twist we set

(6) 0=> g0, €D@G).

geG
Theorem 3.1. With the above definitions, D(G) is a ribbon Hopf algebra.

Proof. What remains to be checked to prove that D(G) is a bialgebra, is that A is an algebra
homomorphism. This follows from

Ag16n,) - Alga bn,) = (Z 910, @ g1 &W) : (Z 920, @ g %yl)
x Yy
= Z g192 5g;1zgz6y ® 9192 5g;1h1w*1925h2y*1
z,y

- 5h2,g2—1h192 Z 9192 0z @ G192 Opye—1

= A(gng 5h27g;1h192 5h2) - A(gl 5’7«1 ' g2 5}12)
Likewise we have for the counit:
6(91 (Shl " 92 5h2) - 59;1h192,h2 6(9192 6h2) - 59;1h1927h2 5h2,e - (5951h192,6 (5h2,e
= 5h1,6 5h276 = 6(91 5h1) ’ 6(92 5h2)

It is easily checked that A(1-1*) =1-1*® 1-1* and €(1 - 1*) = 1. Therefore the diagrams
(1) and (2) commute.



12 MODULAR TENSOR CATEGORIES

Next we will check that the map S defined above provides an antipode for the bialgebra
D(G). This follows from

(o (S®@ida) o A)(gon) =Y o119 " GOt =0ne Y o1 = e 1" = ue(gdy) ,

zeG zeG
(,uO(ldA(X)S OA 95/1 295 5:vh 191—6}162959 _6hezég:cg1_ueg§h)'
zeG zelG zelG

Note that S is invertible, in fact we have S? = idp(q).
To see that D(G) is in fact quasi-triangular with universal R-matrix R as above, we
need to check the conditions a) to ¢) in definition 2.3. Regarding b) and c) note that

RiyRiz= ) (z0(1-1046)(yed,e(1-1)= ) (ty©§,©d,)

z,yeG z,yeG
:Zg@ (Zéy@)égyl) Zg@A ldD ®A)(R) ,
geG yeG geG
RisRys= Y (2®(1-1)@05)(1- 1)®y®5)= > 10Y®i,d,
z,yeG z,yeG
=) 1146, = (A®idpe)(R) .
zeG

Regarding point a) we calculate

RA(gdn) = Z g0y @ 0y g Opy—1 = Z g0y @ §g-1440ny-1

z,yeG z,yeG

= Z gi: (Sy & gdjéhy_l = Z géjygc—l z® géhy_lé;c

=) GOhyn1 B gOuy105 = Y gong—1 F @ g0z0; = (To A)(gon) R,
z,yeG z,9€G

where we have used 0,103 = 0z py—1 0z from the second line to the third. An inverse for R
is given by R°' =% 27! ®4d, € D(G) ® D(G), since

R-R'=% g l®dd,=) (1-1N06=(1 1901 1)=R"R.

g,2€G zeG

The remaining part of the proof concerns the twist € D(G). First we need to see that
6 is in fact a central element:

0-qgd, = Z x! 0z g0 = Z x_lg Og-14g0n = Z :E_lg Ou.ghg—10n = gh_1 o

zeG zeG zeG

gop -0 = Z gopx o, = Z g Sppp—1 0, = gh™ 1 Oy, .

zeG zeG
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We also obtain the invertibility of § from this calculation with §~1 = > sec s Regarding
the conditions a) and b) from definition 2.13 we have that

T(R)YRAWO) = Y b,ha™' 6, @g0ha " Gy = > 0,ha™" 6, @ g™ Gupgr Oy

g,h,x,yeG g,h,x,yeG

= Y Sy 0, ®@gr by = Yy 10, @ g Oy
9,2,9€G g,2,y€G

=Y Y@y 6y =Y yle,@r 6, =080,
z,yeG z,yeG

where from the first to the second row we have carried out the sum over h and from the

second to the third row we summed over g. Since g commutes with d,-1, it is also clear that
S(0) =6. OJ

Corollary 3.2. The representation category Rep(D(G)) is a ribbon category.

3.1. Semisimplicity of Rep(D(G)). In this section we will see that any object in Rep(D(G))
decomposes into a direct sum of irreducible ones and that the number of irreducible repre-
sentations is finite, i.e. we show that Rep(D(G)) is semisimple.

Lemma 3.3. Let V € Rep(D(G)) be a finite-dimensional representation of D(G) and W C

V' a subrepresentation (i.e. an invariant subspace). Then V has a decomposition
VewaeWw

as D(G)-representation.

Proof. Choose a C-linear map E: V' — W, such that E(w) = w for all w € W, e.g. by
completing a basis of W to a basis of V' and sending the basis vectors of W to themselves
and any other basis vector to 0. Now define P: V' — W by

P(v) == Y mw(zd,) E(my(s,2~")v) .

z,yeG

Since the restriction of my to W agrees with my, by definition of subrepresentation, we will
drop my and 7y, from our notation. Now observe that for w € W we can drop the E and
have

- 1 x
P(w):@ Z x 0y T 1w:@ Z 5zy$71w225yw:(1-1 Jw=w .
z,yeG z,yeG yeG

Thus, P is an idempotent projecting onto W. It is also an intertwiner as follows from the
following calculation for v € V', g9, € D(G):

1 1
gop P(v) = € Z 9T 013y 6y B (6, 771 0) = € Z 920, E(8y 6p-1pa ' 0)
z,y€G z,yeG
1 1 N .
= > grd, E(, 2" 6, v) = > &6, E(6,& " gonv)
‘ ’ z,yeG | | T,yeG

:P(géhv) .
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Thus, V' decomposes as W @ ker P as a representation of D(G). U

Remark 3.4. The argument given above is just a special case of a far more general state-

ment: The element s = ﬁ (deG g) J. satisfies €(s) # 0 and

sa=¢(a)s
and therefore constitutes what is called a left integral in the theory of Hopf algebras. The

general statement now says that a finite dimensional Hopf algebra A is semisimple if and
only if there exists left integral for A [5, Theorem 5.1.8].

Corollary 3.5. Fach finite-dimensional representation decomposes into a finite direct sum
of irreducible ones.

Proof. This follows from the above lemma by induction over the dimension n. Since the
trivial representation is certainly irreducible, the statement is true for n = 1. Suppose it is
true for all £ < n and let V' be a representation of dimension n. If it is irreducible, there
is nothing to prove, if not, there is a proper subrepresentation W C V' of dimension k£ < n.
By the lemma V = W & W’ as D(G)-modules and dim(W’) < n. Thus, W and W’ both
decompose into a finite direct sum of irreducible representations. 0]

An algebra A such that any (left) A-module M has the property described in lemma 3.3
is called semisimple itself. If we assume A to be finite-dimensional, then A € obj(Rep(A)).
The following structure theorem about semi-simple algebras follows from a theorem that was
proven by Wedderburn and Artin (see [4, Theorem 3.5]).

Theorem 3.6. Let A be a finite-dimensional semisimple algebra. Then the number of iso-
morphism classes of irreducible representations of A is finite. Let V; with i € I and |I| < oo
be a complete set of representatives, then

A= P

as representations of A, where n; = dim(V;). In particular, dim(A) =Y, ; dim(V;).

In the case A = D(G) we can give a concrete description of the irreducible represen-
tations. The following observations are blatantly copied from [2, Section 6]: Let g € G.
Denote by C, the conjugacy class of g and by Z(g) its centralizer. Then we have

G=|]JC,
k=1

for some chosen representatives g, € G, where k runs through the finite list of all conjugacy
classes of G . We choose g1 = e. Let Zy = Z(gx), Cr, = C,, and let A, = CZ; be the
complex group ring of Z;. For each s € C}, choose a fixed 7, € G such that s = 7, g 7, "
Choose 75, =e € G.

Lemma 3.7. a) G = UsECk TsZy and the union is disjoint.
b) Let g € G, s € Cy, then fort = gsg~' we have

T{lgTs € 7 .
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Proof. Suppose we have h,h' € Z, with ;h = 7,h/. Then 7, ', = W'h™! € Z; and
t=rqp7 ' = TSTs_thngt_lTsTs_l = ngkTs_l =s.
Therefore 7,7, N 77, = () unless s = t and

U TsZk

s€Cl

=Y 1zl =11z = C] .

s€Cl

This proves a). As to b) note that for g € G and s € C} there exists a unique t € C} with
h:= thlgTs € Z;. But

gsg " =gTegeTs g =mhghT T =nger =t 2

Let V¥ with o € J be a complete set of representatives of the isomorphism classes of
irreducible representations of Z; and define

Vk@ = (CG) XA, vk

«

By lemma 3.7 a) it is spanned by vectors of the form v, = 7, ® v with v € V¥ and s € Cj.
Thus, dim(Vj o) = |Cy| - dim(V¥). The action of CG on Vj, in this notation looks like

-1
g'vs:<(7_s—g7—s>'v> )
gsg~" gsg—1

which makes sense since Tg_sé,l gTs € Zi by lemma 3.7 b). The important point is that we
can extend this to an action of D(G) as follows

(7) 5h *Us = 5h,s Vs ,

i.e. d, projects to the subspace Vi o(h) C Vi o spanned by the vectors v, € Vi . As a vector
space V}, o decomposes into a direct sum:

(8) Vi = P Vials) -

s€Cl.

Each summand Vj ,(s) is an irreducible representation of Z(s) = 75 Z, 7, *. That (7) indeed
defines an action follows from
G10n, - (G2 0ny * Vs) = Ong,s G1 Oy - (Tg;ig_lgTs U)
2

—1
9259,

-1

- 6h d -1 <7 -191927 U)
2,8 Yh 928 1Y1Y27s
1,92595 g1925(9192) 1925(g1 2)_1

= 0192 5g;1h1925h2 Vg = (91 5h1 © g9 5h2) * Vs .
Lemma 3.8. The D(G)-representations V. o are irreducible.

Proof. Let ¢, = Zhe()k dn € D(G) and choose w € Vi, with w # 0. Then ¢ - w = w.
Therefore there exists an s € Cy with d;w # 0. Note that d;w € Vi o(s), which is an
irreducible Z(s)-representation. Therefore

Via(s) =CZ(s)d,w € D(G)w .
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The subspace g Vi.o(s) C Vio(gsg™!) forms a non-zero Z(gsg—')-subrepresentation. By the
irreducibility of Vi o(gsg™!) the inclusion is an equality. Therefore

Vk@(gsg_l) =9 Via(s) CD(G)w .
The decomposition (8) now yields

Via = @D Via(s) S D(G)w C Via -

This shows that any non-zero subrepresentation of Vj, , already coincides with all of V}, ,.i.e.
the latter is irreducible. O

Lemma 3.9. The irreducible D(G)-representations Vi o and Vi g are isomorphic if and only
if k=1 and V} and Vﬂl are isomorphic as Zy-representations (i.e. o« = ().

Proof. Suppose k = [ and ¢: VF — Vﬁk is an equivalence of Zj-representations. Then
¥(vs) = ((v)), provides an isomorphism of D(G)-representations.

For the other direction let ¢: Vi o — V) 3 be a D(G)-equivariant isomorphism. Because
¢ commutes with s, it has to map Vj o (s) to V;(s), which is only possible if Cy and C;
agree, i.e. | = k. In case s = g; we have Vio(s) = e @ VF and ¢(e @ V) C e ® V as
Zy-representations. By the irreducibility of V¥ and Vﬁk this has to be an isomorphism. [

Lemma 3.10. Every irreducible D(G)-representation is isomorphic to one of the Vi .

Proof. Observe that
> dim(Via)® =Y |G dim(VE)?
k,a k «

Since CZj, is a semisimple algebra, it follows from lemma 3.3 that > _ dim(V¥)? = |Z;| and

the above sum evaluates to
SICKP 12l = 1G1 ICkl = 1GI* .
k k

Again by lemma 3.3, it follows that the sum over the dimensions of inequivalent irreducible
representations equals dim(D(G)) = |G|?. Therefore the representations Vj, exhaust all
irreducibles. O

To summarize our efforts in this section: We have proven

Theorem 3.11. Let G be a finite group. Then Rep(D(G)) is a semisimple abelian ribbon
category with simple objects Vi, 4.

3.2. Modularity of Rep(D(G)). The last missing piece is the proof of modularity of
Rep(D(G)). To compute the S-matrix, we first need to know how the twists act in the
irreducible representations V,, ;. By theorem 2.14 and (6) we have for v, € V,

O (v5) = D v, (909) (0) = (myp (77157 (0)), = (mvp (9 (v)), = trégag‘%k)ﬂ o

geG
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We will abbreviate tr(myx(z)) by tror(z) and set 0, = 0y, ,. The S-matrix is then given
by

9) Stam 1) = Oap 057 t <9v;7k®vﬁ,l)

Note that (V,x)* is isomorphic to V-« g+ for some new indices o* and k*. Since J, € D(G)
acts on V7, via pullback with S(d,) = 61, the direct sum decomposition of V7, is indexed

by Cgk_1. Therefore g+ is the representative that is conjugate to gk’l. Note that Zp« =

hZ(g;')h~t for some h € G. o* is equivalent to the representation of Z;- = Z(g; ') = Z
dual to . Let x € Zy«, then

troe o () = tr(mpes () = tr(myey- (R 2h)) = tr(mye (b 27 h)) = trau(h 2" h) .
In particular, we have tro« g« (gr+) = trak(gx)-

Lemma 3.12. Let G be a finite group. The S-matriz of Rep(D(G)) is given by

G _ _
S(ak),(8.1) = Zd121 ; trae e (Rgih™) tray (R gie )

hglhfleZ(gk*)

Proof. According to (9) we need to determine v+ gy, , first. Since we are only interested in
its trace, we will compute GVQ*,k@Vﬁ,z- Let vy @ wy € Vi i+ @ Vg

0Va*,k*®vl3,l(vs ® wy) = A(g_l)(vs ® wy) = Z (7 6y) vs @ (2 5acy*1) Wy

z,yeG
- (tS) Vs ® (t‘S) wy = (Tt;t{l ts Ty U)tstfl ® (%t;tls*ltfl ts T w)tstsflfl :

In view of the direct sum decomposition (8), we only need to consider those vectors vs ® wy,
whose image lies again in Vi« g« (s) ® Vj,(t). By the above computation this corresponds to
the condition that ¢ € G commutes with s € G. Taking the trace of 0Va*,k*®vﬁ,l therefore
amounts to summing over the traces of the restriction of this map to those subspaces:

tr (HVQ*,M@VW) = Z trox g (Tt;tl—l ts TS) trg, (%t;tls—lt—l ts ﬂ)

SGCgk* ,tGCgl
st=ts

= Z trox g+ (7'3_1 ts 7'3) trg, (ft_l ts 7’})

SGCgk* teCgy
st=ts

“1- -1 -1 -1 -
= § tro e (75 ' 717 To g ) trpa (0077 o g Ty U T)
sECgk* ,tECgl
st=ts

_ tl‘a*,k*(gk*) tl‘g’l(gl) Z
dim(VE) dim(V})

-1 -1
T o (hs,t qi hs,t) trgy (hs,t G hs,t)
s€Cg,« t€Cy,

st=ts

where we defined h,; = 7,'7;. By the trace property, we could replace hy; by 7 hyy =

rlr  y = (rsx) ' Ty with € Zp» and y € Z; without changing the factors under the
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sum. Additionally summing over x and y corresponds to a sum over all elements of G by
lemma 3.7 a). Therefore the above corresponds to

1 1
=00k 081 5= 57 tro for a b g b la trg, b la i+ a” b
iz ( ) tro { )
a_lbgl b_laEZk*
= ea,k 9/371 ﬂ Z tl"a*Jg* (h q hil) tr/&l (hil [ h)
Zil |21 =
hgrh—1ezx
from which the assertion follows. OJ

To calculate the structure constants p™ and p~ of Rep(D(G)) and to finally see the in-
vertibility of S we need some prerequisites from character theory — the orthogonality relations
of characters. Let G be a finite group and denote by I the set that labels the isomorphism
classes of irreducible representations. Choose a representative m; for each ¢ € [ and let 7
and 7’ be arbitrary representations. Then

1 tra(g)
(10) — ¥ trp(h)trp(hg) = Op s

P> trx(e)

1 1 if g and h are conjugate in G
11 ——— Y tro(g)tr, (h) =65, = :
U0 gy & e 0 e () = {0 cle

Using (11) our calculation for 6, shows that

) tTak(gk) .
p+ = Zgwk dlm(Va,k)Q = W |Ck|2 dlIIl(‘/j)2 = Z|Ck|2 Ztrmk(gk) tr(a,k)* (6)
o,k ok o k @

= |C* | Zk| 6k1 = |G| |Ch| = |G
k

tra,k(gk_l)
dim(VF)

and since 0} = we also have p~ = |G|.
Lemma 3.13. Let G be a finite group and let S be the S-matriz of D(G). Then we have
S*=|G*PC

where Cla k), (ym) = Oaxy Ok=m- In particular, S has non-vanishing determinant and therefore
18 1nvertible.

Proof. We will deduce this from the following form of S, ) 3,y which we derived during the
proof of lemma 3.12:

S(a,k),(ﬁ,l) = Z tros o (7';1 th) trg; (7_',;1 57_}) .

s€Cq, x t€Cy,
st=ts



MODULAR TENSOR CATEGORIES 19

Then we have

> Stk @) S@a).eram)

:Z Z Z tros gx (T;lth) trg (7, ( 1 57}) trgs p= ( 1vau) try m (5;1u5@)

B, s€Cx,teCp uelx,veCm
st=ts UV=vU

Let h € G be such that hgh™! = g;'. A small calculation shows that ho, b=t = 7, -1 a
for some a € Z;. Instead of summing over u € Cj we will sum over & = huh™' € ngl'

Observe that 2! € (). Since we then form the sum over all t € ¢} and all u € ngl for
all I, we might as well sum over t € Z(s),u € Z(v) if we introduce a factor 6% ;. Denote
the trace on the dual representation of Vﬁl by tr(s)-. Then the above simplifies to

—Z Z Z (5 o1t k( th) trgl( 37}) trg, oy ( UTu) trvm(a uav)

s€CLx vECM

teZ(s) UwEZ(v)
Due to the factor 6%, we must have & = at™" a™" for a € G/Z(t). Observe that 7,;-1,-1 =
aT,-1b=aTb for some b € Z;. Thus, if we set 0 = a~! v a the above simplifies further to

= Z Z Z tro- k* —1 th) trg (7, ( 1 57}) tr(g,- (‘t ! '177_}) try m (651 t1 5:5)

s€Cx veCm
teZ(s) a€G/Z(t)

=" S ICHZH 670 troe g (77 oy (55071 5

s€Crx veCy,
teZ(s)

where Z! denotes the centralizer of s € Z(¢). Note that this sum only yields non-vanishing
terms if v € Cj« due to the factor 55?. Therefore we have &, = 7,. Moreover, like above we
have 7 = csc™! for some ¢ € Z(t)/Z!. Thus, after a transformation as above, we have

=) |CHZ ()] 0o am trae e (77 E7) W2 qmy (72 E72)

SECk*
teEZ(s)
= |G| S+ m Z tr o g (7';1 th) T (g ) (T;lth)
s€C*
teZ(s)
= |G| 0km > 12(8) 0ar y = |GI? Oy Oacr - O
s€Cx

We have finally proven the following:

Corollary 3.14. The representation category Rep(D(G)) of the quantum double D(G) of a
finite group G is a modular tensor category.
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