Exercises for the lecture
MA3008 — Algebraic Topology

Solutions of Mock Exam 01 Spring Semester 2017

Exercise 1 (Metric spaces, Continuity).

a) Give the definition of a metric space.

b) Define what it means for a map f: X — Y between two metric spaces (X,dx) and
(Y, dy) to be continuous at zy € X.

c) Let (X,dx) be a metric space and let R be equipped with the usual metric. Let
a € X and consider the map f,: X — R given by f,(z) = dx(z,a). Show that f, is

continuous.

d) Let (X,dx) be a metric space. Let d'(z,y) = In(1 + dx(z,y)) for all z,y € X. Show
that this defines a new metric on X, i.e. that (X,d’) is also a metric space. You may

use without proof that In is monotonically increasing.

Solution: A metric space (X, d) consists of a set X together with a function
d: X x X >R,

which satisfies the following properties:

a) for all z,y € X we have d(z,y) > 0,

b) d(z,y)=0 & z=y,

c¢) for all z,y € X we have d(x,y) = d(y, x),

d) the triangle inequality holds: d(z,z) < d(z,y) + d(y, 2).

A function f: X — Y between two metric spaces (X,dx) and (Y,dy) is continuous at
the point z¢p € X if for every ¢ > 0 there is a 6 > 0, such that dx(z,z9) < § implies
dy (f(x), f(z0)) <e.

Let a € X and consider f,(z) = dx(z,a) as in part ¢). Fix y € X. With Y = R and
dy (s,t) = dr(s,t) = |s — t| we have

dr(fa(2), fa(y)) = |fa(2) = fa(y)| = ldx (2,a) — dx(y,a)| .



So we need to find an estimate of the right hand side in terms of dx(x,y). By the triangle

inequality we have
dx(z,a) < dx(z,y) +dx(y,a) < dx(z,a)—dx(y,a) < dx(z,y) .
Switching the roles of 2 and y we also get: dx(y,a) — dx(z,a) < dx(x,y). Hence,
|dx (,a) — dx(y,a)| < dx(z,y) -

Given € > 0 we can now choose 0 = € and obtain that dx(z,y) < d = € implies

dr(fa(2), fa(y)) = ldx(z,a) = dx(y,a)| < dx(z,y) <e.

Therefore f, is continuous at y € X.
For part d) we need to check that d' satisfies the properties of a metric: First observe
that 1 4+ dx(z,y) > 1, In(1) = 0 and In is monotonically increasing. Therefore we have

d'(z,y) > 0. Suppose that z,y € X are two points with d'(x,y) = 0, then
In(l+dx(z,y) =0 < 1l+dx(z,y)=1 <& dx(z,y)=0 < =z=y.
Symmetry is a direct consequence of the symmetry of dx (x,y):
d'(z,y) = In(1 + dx(z,y)) = In(1 +dx(y,2)) = d'(y,2) .
To check the triangle inequality, let x,y, 2 € X. Then we have
d'(z,y) +d'(y, 2)
= In(1 +dx(z,y)) + In(1 + dx(y, 2))
- ln((l + dX(x7 y))(l + dX(y7 Z)))
In(1 +dx(z,y) + dx(y,2) + dx(z,y)dx(y, 2))
(
(

)
n(l+dx(z,y) + dx(y,2))
) =d(z,2)

> 1 )
> In(1+dx(x,2)

where we have used that dx(x,y)dx(y,z) > 0 in the second to last row and the fact that

In is monotonically increasing together with the triangle inequality for dx in the last one.



Exercise 2 (Basis of a topology).
a) Give the definition of a basis B of a topology 7.

b) Let X be a set. State the properties that need to hold in order for a family B of subsets
of X to be a basis of a topology 75.

c) Let X =R and consider the family B of all one-point subsets, i.e.
B={{z}|zeR} .
Show that this is the basis of a topology on X.

d) Let X = R and let B be as in ¢). Let X be equipped with the topology 75 obtained
from the basis B. Let Y = R be equipped with the metric topology 7 (d) with respect
to the metric d(x,y) = | — y|. Prove that the map f: X — Y given by f(x) = x is

continuous.

e) Let (X,7g), (Y,T(d)) be the topological spaces from d) and let f: X — Y be the

continuous map from d). Show that it is bijective, but not a homeomorphism.

Solution A family B of subsets of a topological space (X, T) is a basis of the topology T
if every set U € T is a union of sets from B.
Let X be a set and let B be a family of subsets of X. Let

T ={U C X | for all z € U there exists B € B such that z € BC U} .
Then 73 is a topology with basis B if and only if B has the following two properties:
a) For each x € X there exists a B € B with x € B.
b) If By, By € B and = € By N By then there exists a By € B with € B3 C By N Bo.

Now let B = {{z} | z € R} as in part c¢) of the Exercise. To see that this family is the
basis of a topology T on X, we need to check that it has the properties a) and b) above.
For z € X we can take B = {z} and we have z € {x} = B, which is property a). Now
let By, Bs € B, such that there is x € By N Bs. Using the definition of B there must be
x1,x2 € X, such that By = {x1} and By = {x2}. Therefore B; N By is either empty or
X1 = Z9, in which case By N By = {x1} = {x2}. Since we know that x € By N By, it can

not be empty and we must have © = 1 = x3. Choose Bs = {z}. Then we have

xr € B3 C BiNBy,



which is property b). Hence, B is in fact the basis of a topology 75 defined as above. Some
further thought shows that 7z is the discrete topology on R.

Let X = R be equipped with the topology 75. Let Y = R be equipped with the topology
T (d) from the metric d(z,y) = |r — y| and consider the map f: X — Y with f(z) = «.
On the underlying sets this is just the identity map. However, we have chosen different
topologies on X and on Y. Therefore it is not obvious that f is continuous. To see that it
is, it suffices to check that f~1(B,(x)) C X is open for every r > 0 and xo € X, since the
sets B, (zo) form a basis for the metric topology 7 (d). Note that f~1(B,(xg)) = B(w0).
According to the definition of 7z we have to check that we can find for every x € B, (z9) a
basis element B € B, such that z € B C B,(zg). To achieve this we can choose B = {z}.
To see that f: X — Y is bijective, we can write down the inverse map, which is given by
g: Y — X with g(x) = . On the underlying sets it is (and has to be!) the identity map
again. However, g is not continuous: In fact, g~ '({z}) = {z} and {z} € B C Tz is open
in (X, 7p), whereas it is not open in (Y, 7 (d)), since every non-empty open subset in Y

has to contain an open interval (a,b) for some a,b € R with a < b.



Exercise 3 (Subspace topology, Convergence of sequences).

a) Let (X, Tx) be a topological space and let Y C X be a subset. Show that the family

of subsets given by
Tvex ={UCY |U=VNY for some V € Tx}

is a topology on Y. (This is the subspace topology.)

b) Let X = R be equipped with the metric topology from the metric d(z,y) = |z — y].
Let )
Y:{xGRx:,nEN}U{O}CR
n

be equipped with the subspace topology. Sketch a picture of this topological space.

c) Let X and Y be the topological spaces from b). Let U C Y be an open subset with
0 € U. Show that there is x € U with x # 0. Deduce that the subspace topology
Tycx on Y is not the same as the discrete topology Tg;s on Y.

d) Let (Z,7Tz) be another topological space, let Y be as in c¢) and let f: Y — Z be
a continuous map. Define a, = f (%) for n € N. Show that the sequence (ay)nen

converges to a = f(0) in Z.

Solution We have Y = X NY and X € Tx, which implies Y € Tycx. Likewise,
) =0 NY and therefore ) € Tyx.

Suppose that U;,Us € Tycx. This means that there are sets Vi,V € Tx, such that
U =V;NnY fori € {1,2}. Since Tx is a topology on X, we have V1 NV, € Tx and
UinUs=WVinY)n(VonY)=(VinV)NY.

Let I be a set and let U; € Ty x for ¢ € I. By the definition of 7y« x this means that for
every i € I there is V; € Tx, such that U; = V;NY. Since Tx is a topology on X, we have
U,er Vi € Tx. Now note that

Uuvi=Jwiny) = (UV) ny .

icl icl icl
This proves that Ty~ x is a topology on Y.
A sketch of the topological space Y from b) is shown below:

0 1



Let U C Y be an open subset with 0 € U as in part c) of the exercise. Since U is open in
the subspace topology, there is an open subset V C R with U =V NY. Since 0 € V and
V is open with respect to the metric d, we can find an € > 0 such that (—e,e) C V. Since
the sequence a, = % converges to 0 for n — oo, there is N € N, such that the open set V'
will contain all elements a,,, for m > N. In particular, there will be at least one a,, € V.
Since % €Y, we have % eVnNnY =U. But % # 0, hence we have solved the first part of
c). Our observations show that the subset {0} C Y is not open. However, in the discrete
topology Tqis all subsets of Y are open. Therefore Ty x # Taqis-

Let f: Y — Z be a continuous map as in d). Let a, = f() € Z and a = f(0) € Z. Let
U’ C Z be a neighbourhood of a. This means that it contains an open subset U C Z with
U C U and a € U. Since f is continuous, we obtain that f~!(U) is open in Y. Note
that 0 € f~(U). Just as in the last paragraph we have that there is an N € N, such that
L e f7Y(U) for all m > N. But this means that a, = f(%) € U C U’ for all m > N.
Hence, (an)nen converges to a in Z.



Exercise 4 (Quotient topology).

a) Let (X,7T) be a topological space and let ~ be an equivalence relation on X. Give

the definition of the quotient topology on X /~.

b) Let X = R be equipped with the metric topology 7 (d) with respect to d(z,y) =
|x — y|. Let ~ be the relation defined by

Tl ~ T9 & 1 — X9 €7 .
Show that this is an equivalence relation.

c) Let [0,1) C R be equipped with the subspace topology and let X and ~ be as in b).
Prove that the map f: [0,1) — X/~ given by f(x) = [z] is continuous and bijective,

but not a homeomorphism.

Solution Let (X, 7x) be a topological space and let ~ be an equivalence relation on X.
Let ¢: X — X/~ be given by ¢q(x) = [z]. The quotient topology Tx /. on X/~ is defined
as follows:

Txm ={UC X/~ | ¢'(U) € Tx} .

To check that the relation ~ from part b) is an equivalence relation note the following:
e v —x =0 € Z implies « ~ x, which is the reflexivity of ~.

e If we have 1 ~ x9, then 21 —x9 € Z. But this means that zo — 21 = —(x; —x2) € Z

and therefore o ~ x;. This is the symmetry of ~.

o If 1 ~ x9 and z2 ~ x3, then we have 1 — x3 = (x1 — x2) + (x2 — z3) € Z, which

implies x1 ~ x3. Therefore ~ is also transitive.

Let f:[0,1) = X/~ = R/~ be the map from c). Since [0, 1) carries the subspace topology,
the inclusion map f: [0,1) — R is continuous. Let ¢: R — R/~ be the quotient map and
note that f =gqo f . Since f is the composition of two continuous maps, it is continuous.

Let x,y € [0,1) with f(z) = f(y). This means [x] = [y], more precisely:
] ={ae+k|keZ}={y+Ll|lcZ}=]y].

In particular, there has to be ¢ € Z, such that + = y + £. In other words, we have
x —y € Z. But since z,y € [0,1), the difference x — y is in the open interval (—1,1).
Since (—1,1) NZ = {0}, we have x = y and f is injective. Let [x] € R/~. Then



2 =x— |z] €[0,1) and [z] = [2/]. Moreover, f(z') = [z]. This proves that f is also
surjective and hence bijective.

To see that f is not a homeomorphism, we need to find an open subset U C [0,1), such
that f(U) is not open in R/~. Let U = [0, 7). This is open in [0,1). Observe that

) = U [—1,—j> y [o, 1) U H) o

This is not open in R. In fact, if it were, then there would be an interval of the form
(—€,€) for some € > 0 in ¢~ *(f(U)), since 0 € ¢~1(f(U)). However, this is not the case.
By the definition of the quotient topology, this means that f(U) can not be open in R/~.



